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FOREWORD 


THE PLAN to publish a memorial to Irving Langmuir, including all of the 
scientific output of his brilliant career in research, was announced to me by 
Captain I. R. Maxwell, managing director of Pergamon Press, late in 1958. 
My associates and I were asked to aid the venture by providing editorial advice 
and counsel, by enlisting the cooperation of scientific friends and acquaintan- 
ces, and by assisting in the collection and identification of material. Our enthu- 
siasm for the project and our willingness to cooperate sprang from two impor- 
tant considerations. 

First, Langmuir’s career provides an outstanding example of how free, 
but discriminating, inquiry in pure science may yield not only vital new know- 
ledge and understanding of nature, but also a great bounty of practical use- 
fulness for society. Secondly, Langmuir’s associates hold him not only in great 
respect, but in very great affection as well. Hence the preparation of these 
volumes has been more than a service; it has been a labor of love. 

The original plan was to publish Langmuir’s works in three or four volumes, 
but for very good reasons, which developed during the course of the project, 
the series has grown to twelve volumes. The quantity of Langmuir’s published 
scientific work proved to be far greater than we had estimated, and some 
previously unpublished wartime research and reports on meteorological studies 
were of such importance that their inclusion in the volumes was mandatory. 
Moreover, some exceptionally interesting philosophical papers and publications 
served to round out the literary portrait of Langmuir as a man and as a scientist. 

My associate editors, Sir Eric Rideal and Professor P.\W. Bridgman, have con- 
tributed generously from their great wealth of knowledge and their intimate 
acquaintance with Dr. Langmuir. It is a pleasant duty to acknowledge that the 
many members of the Honorary Editorial Advisory Board have participated 
in this venture with enthusiasm,"and that their editorial contributions to the 
separate volumes have added tremendously to the appraisal! and interpreta- 
tion of Langmuir’s collected works. I particularly want to acknowledge with 
gratitude the valuable work of Professor Harold E. Way of Union College 
who, in the capacity of Executive Editor, has carried the major task of assuring 
that our responsibilities and commitments were fulfilled. 

I first met Irving Langmuir in the General Electric Research Laboratory 
when I joined the research staff in 1930, but our first meeting might equally 
well have taken place on a ski hill in the Adirondacks, at Lake George where 
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he liked to spend the summer, or on a climb on Mt. Marcy, for he had a prevail- 
ing love of the out-of-doors. Whether in the Laboratory or in the mountains, 
an intense curiosity about natural phenomena constantly pervaded his thoughts. 
In fact, I have never met anyone else who was so well coupled to nature. 

I am sure that, like all observant people, Langmuir perceived the beauty 
of nature as portrayed by the qualities of form, color, mass, movement, and 
perspective. In addition, however, Langmuir was delighted and entranced 
even more by the challenge to understand the working of nature as portrayed 
in the phenomena of everyday life — clouds, ripples on water, bubbles in ice, 
the temperature fluctuations of air and of water, the plastic quality of snow, 
the flight of a deer fly, and the thousands of “‘simple” phenomena which nearly 
everyone takes for granted. These manifestations of nature held endless fas- 
cination for Langmuir, and he constantly challenged himself to explain basic 
phenomena in terms of known laws of science. Of course, the same curiosity 
characterized his work in the Laboratory, and hence, provided the unifying 
motivation for his career, whether at “work” or at “play”. 

Langmuir’s scientific work is so completely and perceptively described 
and appraised in the separate volumes of this work that only a few general 
comments and observations are appropriate, or indeed possible, at this point. 

One striking feature of his research method was its instrumental simplicity. 
Although his career extended into the glamour age of science, characterized 
by large, impressive, and expensive machinery such as the cyclotron, the 
synchrotron, and particle and radiation diffraction equipment, his own ex- 
periments were almost invariably simple and uncluttered. He seemed posi- 
tively attracted to simple experimental techniques, in refreshing contrast to 
what sometimes appears to be a fashionable reliance on impressive and expen- 
sive complexity of research equipment. His work with heat transfer in gases, 
and later with electron emission phenomena from metals, employed laboratory 
glassware of stark simplicity. His studies of surface films, especially films 
on water, employed beautifully simple experimental equipment. The Labor- 
atory work on aerosols and smokes, and later on the nucleation of supercooled 
clouds, was all carried on with apparatus that could be assembled from the 
equipment of a typical home. His classical experiments on the “speed of deer 
fly” came about as close as possible to the string, wax, and paperclip approach 
to science; yet they sufficed to establish the essential facts sought by the inves- 
tigation. Probably few scientists, before or since Langmuir, have gained 
so much important new knowledge of nature with such simple research equip- 
ment. 

Similarly, Langmuir preferred to work with a few collaborators, rather 
than a large group or team of researchers, for this favored a close contact 
with the work on a participating basis. His ability to apply mathematical anal- 
ysis to physical problems was of a high order, and he divided his time about 
equally between experimental work and theoretical work. The combination 
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of outstanding experimental and analytical ability which he possessed occurs 
but rarely ina single individual; most scientists have somewhat greater interests, 
aptitudes, and hence accomplishment in one area or the other. 

Langmuir almost invariably worked on an intense basis and was generally 
completely preoccupied with his current problems. His concentration was 
exceptional, and he might pass you in the hall without seeing you. If you 
reminded him of it, he would smile and acknowledge that he was highly excited 
about some experiments that were in progress, or about some calculation 
that was presenting some puzzling aspects. 

We spend a good deal of time and thought nowadays on the question of 
motivation for scientists, seeking to understand the source and character 
of their drive. In Langmuir’s case, one needs to inquire no further than his 
curiosity. This pronounced trait provided an intense internal source of moti- 
vation, which constantly drove him to inquire and probe and test hypotheses 
until a pattern of understanding was developed. When he was on the trail 
of an exciting mystery, which was usually the case, his intense concentration 
was remarkable to behold. 

Langmuir’s career contributes much to our understanding of creative 
output in research. For example, on the perennial question of creativity and 
age, it has been held by some that the bulk of human creative work is accom- 
plished in early adult life, say in the age bracket between 25 and 35 years. It is 
probable that some purely statistical information might support this view. 
However, I would disagree strongly with the corollary conclusion that creative 
ability is characteristic of this age bracket. In the Laboratory, it is not unusual 
for creative young workers to acquire a greater span of research guidance, 
counselling, and even management responsibility as their career matures, and 
hence their creative contribution will, to a corresponding degree,; appear 
in the work of others. I believe that in such cases scientists are generally not 
less, but more creative with advancing age, frequently up to and even through 
retirement. It is clear that purely statistical information would not readily 
reveal this fact. 

It is interesting to examine Langmuir’s career as an example of a scientist 
who remained in active research up to and through retirement, to see what 
role age played in his output. In Volume 12 we have depicted Langmuir’s 
achievements as a function of his age, using his scientific publications as evi- 
dence of his gross scientific output, and his principal accomplishments as evi- 
dence of his creative output. The resultant charts show remarkably constant 
productivity throughout his scientific career, and even through retirement. 
Throughout this period Langmuir published an average of five to six scientific 
Papers per year. His principal accomplishments, both scientific and practical, 
took place almost uniformly over the period of his researches. Certainly no 
“creative age” can be identified in his career. The example of Langmuir’s 
scientific history does not prove the general thesis, but from the observation 
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of many research careers, I am persuaded that human creativity in science 
is not a significant function of age. 

Creative output, however, is a function of many other factors that comprise 
the research environment. One important factor is the changing field of re- 
search. Some of the most creative scientists in the history of the General Electric 
Research Laboratory have worked intensively in one field for a period of some 
years, and have then changed quite abruptly to a new field as a source of fresh 
stimulation and new challenge. It is evident that in a period of 5 years, or so, 
one can bring a fresh point of view to a new field, make a major contribution 
and perhaps exhaust one’s ideas on the subject. At that point of fruition, there 
is a great temptation to sit back and bask in a reputation for eminence which 
has been established in a specialized field of science. The more courageous 
scientist, however, will be challenged, or will, like Langmuir, challenge himself 
to enter a new field. This requires courage, because in the new field he will 
be a neophyte but, at the same time, a scientific entrepreneur with a reputation 
at risk, and this risk may not pay off. 

Langmuir’s career exemplifies the courageous entrepreneur in science. 
It would be difficult to find a common demoninator, except curiosity, in many 
of the fields of science in which he made basic contributions. He never hesi- 
tated to attack new fields, such as protein monolayers, the generation of smoke, 
or meteorology, which were completely new and, hence, challenging territory 
to him. In each of these diverse fields, and in a great many others, he has made 
major basic contributions. 

Some discussion of the very important applied aspects of Langmuir’s scien- 
tific work is appropriate. It is a fact that, although his prevailing motivation 
in research was curiosity about all natural phenomena, he was always perceptive 
of the practical usefulness of research results, and he himself suggested pos- 
sible practical applications of many of the new phenomena which he discovered. 
He was generally able to communicate his enthusiasm to applied scientists 
and engineers interested in the proposed application and to give them guidance 
in its exploration. 

It is interesting to speculate on the way that Langmuir’s career might 
have developed had he chosen an academic, rather than an industrial environ- 
ment for his work in science. My personal belief is that his research would, 
in any environment, have resulted in a high order of scientific accomplishment. 
Although he evidenced little interest in teaching, he was in fact an outstanding 
teacher, and in a university he would have exerted a great influence on students 
who might have been fortunate enough to be in contact with him. But I doubt 
if an academic career for Langmuir would have, or could have, developed 
the great bounty of useful results for society which did come from his exposure 
to a creative industrial scientific environment. The human and economic 
impact of gas-filled lamps, high-vacuum electron tubes, atomic-hydrogen 
welding, space charge emission phenomena, techniques and discoveries in 
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surface chemistry, thyratron arcs (with A. W. Hull), and cloud seeding tech- 
niques has been very great indeed, and in most of these developments the 
influence of his research environment has been unmistakable. 

Wherever Langmuir worked, or might have worked, the world is vastly 
better because of him, and both his former associates and colleagues, and the 
public at large, bear a tremendous debt of gratitude for his genius in science 
and for his perception of human need. 


C. Guy Suits 

Vice-President and Director of Research 
General Electric Company 

Schenectady, New York 
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PREFACE TO VOLUME 10 


LANGMUIR’s great curiosity about everything around him caused him to have 
a keen interest in atmospheric phenomena and weather and, unlike most 
people, he tried to do something about it. It is interesting to note that he 
entered, what was to him, a new field of research rather late in his career. 
With the exception of the first few papers, they were all written in the late 
1940’s and early 1950’s, when Langmuir was approaching sixty years of age. 

Perhaps this interest in weather was stimulated by his interest in flying, 
which he had’started many years earlier. His papers on light signals in aviation 
and navigation indicate a developing concern for improvement in that area. 
His work with Vincent Schaefer on control of precipitation was, in Langmuir’s 
mind, one of his most important contributions. 

The papers in the second part of this volume, although extremely important 
ones, were not published because at the time they were written the material 
was Classified. Most of it was done under government contract. The two papers 
on the mathematical investigation of water droplet trajectories still stands as 
a definitive work in the field. 

Dr. Vincent Schaefer, a most outstanding man in weather phenomena and 
Langmuir’s closest friend and protégé, was invited to write the contributed 
article for the volume. 


Haroitp E. Way 
Executive Editor 
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INTRODUCTION TO VOLUME 10 


A CONTRIBUTION IN MEMORIAM 
BY Dr. VINCENT J. SCHAEFER 


AN INTEREST in the atmosphere and all of its phenomena held the attention 
of Irving Langmuir throughout his life span. His initial interest was probably 
aroused while taking hikes and climbs in the Alps of Switzerland when as 
a young boy he spent considerable time exploring those mountains. 

He once told me that his parents gave him considerable freedom to travel 
alone in the mountains after obtaining his promise to observe several inflexible 
rules. One was that he learn to read a map and that he always have a map 
of the area in his pack; another that he was never to devote more than half 
of the available time in climbing. This assured him adequate time to return. 
With these simple rules he was often able to climb high into the mountains 
and to know them better than many older mountaineers. Because of these 
expeditions his self reliance developed at a very early age and it was natural 
that he should become well versed in the ways of the weather. 

As a student in Germany he continued his interest in atmospheric effects 
and while hiking in the Hartz Mountains he noted and became quite interested 
in phenomena related to subcooled clouds. Many years later while working 
with him at Mount Washington on aircraft icing problems he recalled these 
earlier experiences in Germany and noted that the nature of the rime deposits 
and the degree of subcooling tended to be similar although the winds on 
Mount Washington were much more severe. 

Shortly after joining General Electric at Schenectady, Langmuir, in company 
with his new found friend ‘‘Appie” John S. Apperson of Schenectady, made 
one of the earliest winter ascents of Mount Washington in the White Mountains 
and Mount Marcy and Whiteface Mountain in the Adirondacks. It was due 
to this active interest and knowledge of mountains gained by first hand expe- 
rience which led him early in 1943 to suggest to the writer that we utilize 
the high winds of Mount Washington for conducting studies of precipitation 
static. It was this work which led us into aircraft icing studies and subse- 
quently to the much broader investigations of subcooled clouds, growth of 
cloud particles and cloud seeding activities. 

In the early nineteen thirties Langmuir became interested in aviation and 
purchased the first of several small single-engine airplanes. One of the first 
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experiences I had with him was in his open cockpit Waco monoplane. I had 
just organized a winter sports club and was in the process of negotiating with 
several railroad companies toward operating a snow train from Schenectady. 
Langmuir offered to take me on an exploratory flight to search for suitable 
ski areas. I met him at his home and went to the airport where with some 
apprehension I climbed into the two seater open cockpit airplane. In a rather 
casual way he showed me how to fasten my seat belt, a mechanic spun the 
propeller and in a short time we were airborne. Reaching about 5000 feet 
Langmuir showed me the basic maneuvers, the stick and rudder controls and 
then told me to take over! After flying until I had the feel of the aircraft he 
then had me stall and recover, bank, turn, climb and dive. We then headed 
for the Catskills and spent the next several hours exploring that area for suitable 
ski slopes near railroad facilities. During this part of the flight I took my first 
aerial photographs. Upon our return to the airport I was so cold I could 
hardly climb out of the airplane and remained in a numbed condition until 
thawed out with some hot tea at his home. ‘ 

Although we located some excellent ski slopes in the northern Catskills 
poor weather conditions prevented our successful operation of the ski trains 
of New York until several years later when in March 1934 our first train went 
to North Creek in the Adirondacks. Throughout all of this period Langmuir 
was most helpful at critical times in our negotiations with railroad officials. 

One of Langmuir’s joys in flying consisted of ‘‘cloud dodging”. On a day 
with the skies well populated with cumulus or stratus clouds he would go 
aloft alone or with a friend and made a game of brushing the clouds with the 
wing or wheels or cockpit of the plane. It was during one such flight he 
noticed! that stratus clouds were often so stable that persistent wheel tracks 
could be made on their upper surface when lightly touched during precision 
flying. During such maneuvers he also became familiar with some of the 
optical effects produced by sunlight falling on clouds. I learned a great deal 
from him about coronas, glories, halos, sun pillars, sun dogs, under suns and 
related phenomena. He never tired of telling about these effects, photographing 
them and getting others to notice them. During his visit to Russia in 1945 
one of his major interests on the flight across Siberia was in observing cloud 
structures and optical effects. 

During the period of his active interest in aviation, Langmuir became 
quite concerned about improvements needed in producing better light signals 
to increase the safety of aerial navigation. With Westendrop, who had recently 
arrived from Holland to join the Research Laboratory staff, he conducted 
a series of simple but very pertinent experiments dealing with light signals.? 
Such things as the relative visibility of various colored lights, the comparative 
value of steady versus blinking lights, light intensity and visual acuity were 
explored. The results of these studies had a considerable influence on the 
development of adequate facilities in the then rapidly expanding field of aerial 
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navigation. In these recent years when Doppler navigation, the use of radar, 
radio beams, and many other electronic aids are in commonplace usage, the 
importance of the pioneering work of Langmuir toward improving flight 
facilities during the ‘‘kerosene lantern on a fence post” period has all but 
been forgotten. Langmuir finally decided to abandon private flying. His reasons 
were adequate. He became convinced that the uncertain flying weather of 
the northeastern United States made the use of a private plane of questionable 
value for business trips. Perhaps the more important reason for his decision 
lay in the increasing number of rules* and regulations which more and more 
restricted the flyer who flew for the fun of it. The crowing blow as I remember 
it was a ruling that flight log books not only had to be of a certain size but 
must have a cover of a particular color. This to Langmuir was too much and 
he went out and sold his plane! 

In the late thirties while completing some surface chemistry work on 
the nature of protein monolayers Langmuir suggested I build an apparatus 
for studying the nature of certain types of films which earlier work had 
shown could, by their presence, reduce the rate of evaporation of a liquid 
substrate. 

One of his early papers dealt with evaporation rates of small spheres, 
Subsequently, with the assistance of his nephew David employed at the Labor- 
atory, one summer he showed5 that a single layer of certain types of surface 
active molecules spread over the surface of a liquid having a high vapor pressure 
could reduce its rate of evaporation to a measurable degree. 

The apparatus I assembled was extremely simple. It consisted of an ordinary 
Langmuir trough equipped with a chainomatic surface balance plus an 
absorption cell for measuring the rate of evaporation of water. This latter 
device was simply an inverted shallow tin can covered with metal screening 
on which a layer of anhydrous calcium chloride was spread. The rate of increase 
in weight of the hygroscopic chemical was used to assess the effectiveness 
of evaporation reduction properties possessed by various types of films com- 
pressed under varying pressure as compared to a cleaned water surface. The 
paper describing the results of these studies was published® during the midst 
of World War II when most research minded persons had more urgent problems 
under consideration. Subsequently the significance of the results of these 
studies were recognized. In the early fifties the Bureau of Reclamation of the 
Department of the Interior inaugurated a series of field studies under the 
direction of personnel of their Chemical Engineering Laboratories. The fruits 
of these field studies are now being manifest and it is now recognized that 
highly important bulk quantities of water can be saved by coating large reser- 
voirs, farm ponds and irrigation ditches with monolayers of hexadecanol 
and similar materials. 

The interaction of the atmosphere with the surface of water was also 
studied by Langmuir in another context. Again an early interest in hydro- 
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dynamics was evidenced by his study with Mott-Smith of the flow patterns 
in rotating liquids.’ Sixteen years and about a hundred papers later he summed 
up® a series of observations made on lakes and during ocean voyages concerned 
with wind streaks which commonly appear wherever a fetch of wind affects 
an open expanse of water. The helical vortices he studied and described were 
only a small portion of his interest in the interaction between air and water. 
His largest unpublished work is concerned with the heat and energy budget 
of Lake George. Over a period of more than twenty five years one of Langmuir’s 
consuming scientific hobbies was a study of the circulation patterns of the 
waters of Lake George. Using one of the very first bathythermographs in- 
vented and constructed by Dr. Athelstan Spilhaus, Langmuir initiated a series 
of temperature-depth soundings which eventually consisted of more than two 
thousand such observations made at various stations on Lake George. Based 
at his Crown Island camp and using motorboat, ice skates or skiis depending 
on the nature of the lake surface, Langmuir would measure the temperature 
of the air and water, the wind velocity and direction and other pertinent 
atmospheric and water conditions during all types of weather, and at many 
stations on the lake. Since many of his stations were at locations where the 
lake was more than 150 feet deep he used triangulation with shore line and 
mountain top reference points to fix his positions. After World War II a war 
surplus lifeboat sextant was a treasured instrument. Shortly before his death 
he had assembled all of his notebooks, maps, slides, voluminous graphs and 
reduced data apparently with the plan to write a paper on this labor of love. 
This was not completed. All of the data is now in the collections of scientific 
papers assembled by the writer and donated to the Library of Congress by 
Mrs. Marion Langmuir. It probably still represents the finest collection of 
such field observations in existence. 

Early in 1940 Langmuir was asked to work on improved designs of filters 
for removing microscopic and submicroscopic aerosols from the air. With 
characteristic energy he set about to develop a basic physical theory of filtration 
mechanisms and within a few weeks had developed a number of ideas which 
needed testing. Meanwhile as was his custom he had asked me to start experi- 
menting with fibers of various types so that time would not be lost in testing 
out ideas which might arise as the result of experiment or theory. I concentrated 
on working with glass wool and asbestos fibers since they seemed to be in good 
supply and had the dimensions which appeared desirable. 

Test filters made of varying combinations of glass and asbestos fibers 
showed considerable advantages over cellulose and wool filters which were 
then the best available. A small smoke generator was constructed for testing 
the filter efficiency. As I remember that rather hectic period the filters we 
made were adequate for testing Langmuir’s theories and a detailed report 
was prepared® by him which was turned over to the working committee con- 
cerned with the development of better filters for a national defense project. 
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At about the time our filter work was terminating Langmuir received 
a request for suggestions on ideas for producing artificial fog. This was an 
interesting request to us since our studies of filtration had taught us a great 
deal about the problems involved in making aerosols especially in the form of 
finely divided particles of liquids and solids. Langmuir suggested that I con- 
sider making a larger model of the smoke generator I had built for testing 
our filters. 

When the quantities of smoke needed were established it became apparent 
that a radical change in our method of making smoke was needed if we were 
to meet the desired objectives. Where a hundredth of a gram per second 
had been used for our smoke filter, testing the generator needed for producing 
a suitable artificial fog would be required to convert at least 10,000 times more 
material into smoke. 

With this in mind Langmuir, as was his custom, retired to his home study, 
leaving me to approach the problem experimentally. It occurred to me that 
a modified version of Langmuir’s vacuum pump might work using oil instead 
of mercury. When I showed him how effective such a unit could be (I used 
an oil can as a model) he became very enthusiastic and excited and encouraged 
me to build a much larger generator embodying my basic idea. 

When I next saw him a week or so later after I had made, abandoned and 
redesigned a number of versions of such smoke generators, he announced 
with quiet satisfaction that he had worked out a theoretical design he was 
confident would work efficiently using the quantity and type of material we 
had previously agreed upon. My more successful experiments had shown that 
a practical design depended on the use of a flash boiler operated so as to boil 
oleic acid or S.A.E. No. 30 auto oil at about ten pounds of pressure with an 
escape orifice of 3/16 inch and a boiling point for the liquid greater than 400°C. 
He grinned when I gave him these findings as he showed me the results of 
his theoretical computations. They showed that a flash boiler operated at 
9.4 pounds per square inch, using an oil having a boiling point of 425°C with 
an escape orifice of 0.187 inch was indicated. With this agreement we pushed 
ahead with a workable design for a generator, quickly built it, field tested it 
locally and then arranged to show it to engineers of the Esso Laboratories. 
With a few minor changes and in thirty days they had a generator with maximum 
design capabilities. 

During this period Langmuir and I were aided by several assistants, recruited 
to speed up the field development and testing of our smaller generator. A test 
site was located in the Schoharie Valley, near Middleburg about twenty miles 
southwest of the Schenectady Laboratory. An observation point was established 
on a flat, glacier polished rock summit rising as a sheer cliff nearly 500 feet 
above the flat, mile wide flood plain of the Schoharie River. Here Langmuir 
installed a time lapse camera and by taking advantage of the drainage winds 
and the strong early morning inversions of early spring we rapidly established 
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the efficiency and field properties of our artificial fogs. By the time the 
large generator was ready for testing we were familiar with the diurnal char- 
acteristics of the valley. 

It was at this point that the versatility of Langmuir was beautifully 
demonstrated. The so-called ‘‘big brass” of the defense department were 
invited to see the behavioral properties of our generator and the artificial fog 
it produced. Their aides let it be known that it was unlikely we could get the 
expedition underway before about nine o’clock in the morning. Since we 
were anxious that they see the behavior of fog under both stable and unstable 
conditions it was essential that everything including observers be in position 
and ready to operate or observe before sunrise. 

At a briefing the night before Langmuir explained the situation, announced 
our prearranged schedule and described what would be seen hour by hour 
from sunrise to eleven o’clock. He was such a good salesman that not only 
was everyone at the summit of Vroman’s Nose before sunrise but everyone 
had a pre-sunrise breakfast before the fog generators were operated! Everything 
worked to prefection and to this day I am not sure whether the job was sold 
on the effectiveness of the fog demonstration or the perfect weather and atmo- 
spheric behavior forecast given by Langmuir the night before! 

The exigencies of war and the need to get on with other problems never 
permitted time for an adequate story to be told about the details of our smoke 
generator activities. A brief description in one of Langmuir’s’® papers is all 
that has appeared in the literature of this interesting wartime development 
which assisted materially in saving lives during the Rhine crossings, the 
war in North Africa, in the protection of troops in the bays and beaches 
of Italy and during the kamikaze attacks in the Pacific arena. All of these 
developments came from Langmuir’s small laboratory and the rural reaches 
of Schenectady where there were no security classification restrictions to 
hamper progress and only rapid developments and close mouthed workers 
to explain the high degree of secrecy attained in this development. 

As soon as our field demonstration was over and we all had indulged in 
a couple of days of sleep we tidied up the loose ends of our field project and 
entered into a new and entirely unrelated project concerned with the use of 
binaural sound for the detection of submarines — an interesting séquel to 
work done by Coolidge, Langmuir, Henelley and Ferguson during World 
War I. This was an interesting activity but beyond the scope of the present 
review. 

Late in the summer of 1943 Langmuir called me into his office and asked 
if I would like to do some work on the summit of Mount Washington studying 
certain properties of snowstorms. This sounded like high adventure and since 
it was also a field of mutual interest and apparent importance in the war effort 
we were soon involved in intensive instrument design and construction designed 
to study triboelectric effects produced by the breakage of snow crystals hitting 
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airplanes. Such mechanism led to the electrification of an airplane. When the 
airplane became charged to its capacity leakage occurred in the form of St. 
Elmo’s Fire (spark discharges of static electricity) which produced serious 
levels of noise on aircraft radio communication systems. Shortly after installing 
equipment for studying precipitation static at the Mount Washington Obser- 
vatory it became evident that several serious problems were likely to interfere 
with carrying out the orderly research plan proposed by Langmuir. The progress 
of the study was dependent on the development of electrification effects on 
the electrodes exposed to the blowing snow carried by the hurricane winds 
at the summit of the mountain. To the consternation of all of us including 
Langmuir, the polished aluminum and duralumin electrodes we had intended 
to represent the aluminum surfaces of an airplane were immediately coated 
with ice from the subcooled water droplet clouds which almost continuously 
swirled over the mountain. Since we were primarily interested in the charging 
rates of snow on metal rather than snow on ice it appeared that much of the 
intensive effort to build and install equipment on Mount Washington before 
the winter storms of 1943-44 blocked the road was likely to be wasted. Intensive 
work in the laboratory with ice-like powders and with natural snow storms on 
top of the laboratory provided substitute information. As work progressed 
with these alternate experiments and with a flying laboratory B-17, Langmuir 
was asked to recast the work at Mount Washington into a basic study of air- 
craft icing. Thus without losing time or effort we quickly shifted our objec- 
tives and were soon actively involved in basic studies of the physical and 
chemical nature of icing clouds sweeping over Mount Washington. Few 
places in the world surpass Mount Washington in providing better conditions 
for such studies. No existing facility in the United States remotely approached 
the Mount Washington Observatory in providing better research conditions 
and facilities. Accordingly for the next two years intensive studies were 
carried on with the hearty cooperation of the Observatory research personnel 
led by Victor Clark. 

Langmuir visited the Observatory a number of times in 1944 and 1945. 
Although then over sixty years of age he climbed the mountain on skis several 
times with the writer. We would go the short steep route by way of Tuckerman’s 
Ravine and Lion’s Head. His climb was a steady slow pace interspersed with 
pauses during which all manner of natural phenomena would be discussed. 
The presence or absence of ice nuclei under varying conditions, the properties 
of the snow, sky and clouds, the appearance of timber line trees, the behavior 
of ice-boring pebbles, the use of stereophotography to determine the depth 
os snow in the ravine — these and numerous other aspects of the atmosphere 
and its interactions with the mountain made such a climb a stimulating ad- 
venture in understanding. 

. Upon arrival at the summit work would really begin as his searching mind pro- 
bed all aspects of the many interacting phenomena going on outside the door. 
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During our visits which lasted generally for three or four days, many of 
the crew would literally work around the clock gathering data, trying out 
new ideas, devising new and crude but workable equipment to test out theories 
which were continually being made or abandoned as we explored the nature 
of the subcooled clouds that engulfed us most of the time. Occasionally when 
the skies would clear Langmuir and I would don our skis or crampons and 
explore the summit cone and its environs. Every such excursion would be an 
adventure with nothing ever quenching his enthusiasm for exploring and 
trying to solve the mysteries of water and ice and their role in the atmosphere. 
Typical of his observations and studies were his reports on the growth of par- 
ticles" and his pioneering studies of water droplet trajectories. Another 
result of his enthusiasm were the voluminous reports issued by the Mount 
Washington Observatory during this period including the highly useful 
monograph, ‘‘The Multicylinder Method”, used by many research groups 
since that time establishing cloud droplet size, size distribution and liquid 
water content. 

A tangible result of his regard for the mountain as a place to do icing research 
was the increased use made of the mountain by the Navy and Air Force and 
aircraft engine manufactures for testing out anti-icing characteristics of airplane 
engines, airfoils, flight instruments and components. This eventually led to 
the construction of the multimillion dollar Air Force Icing Research Laboratory 
near the summit and used for a number of years for aircraft icing protec- 
tion studies. 

With the exciting developments of cloud seeding techniques using dry 
ice and silver iodide developed by the writer and Vonnegut of Langmuir’s 
group and which were a direct outgrowth of the basic studies conducted at 
Mount Washington, Langmuir pointed out the probable importance of coales- 
cence in the development of precipitation, especially in warm clouds.‘ His 
ideas were supported experimentally by the laboratory studies of Blanchard 
and Smith-Johanssen, other members of the dedicated group working with 
Langmuir under the then newly formed Project Cirrus group at the Laboratory. 
The growth by coalescence due to collisions and the turbulence wake capture 
of cloud droplets followed eventually by the breakup of large drops due to 
instability explained many aspects of heavy rains observed to form in warm 
sub-tropical clouds. A visit to Puerto Rico to study trade wind clouds and 
later to Central America for studying the causes of blow-down storms in the 
banana plantations convinced Langmuir of the importance of coalescence, 
large salt nuclei and ice crystals working singly and in combination™5* in the 
production of the various types of precipitation which occur under natural 
conditions of the atmosphere. As might be expected Langmuir returned from 
these field expeditions with much data based on visual evidence, photographic 
records and with intense enthusiasm. He was convinced that Nature tended 
to be inefficient in the production of precipitation and in his enthusiasm 
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sometimes exaggerated the situation beyond scientific prudence. This occasion- 
ally led to considerable disagreement among the more conservative meteorolo- 
gists and during the period 1948-51 the meetings of the American Meteorolo- 
gical Society were often enlivened by his papers or comments and the active 
discussion which followed them. 

Nothing in Langmuir’s later career produced more controversy than his 
claims!’ of producing a seven day periodicity in the weather by seeding with 
a single silver-iodide generator at Socorro, New Mexico. By seeding on 
a specified day each week and then with the help of meteorologist Raymond 
Falconer scanning the climatological rainfall data, he found a remarkable 
periodicity in rainfall which seemed to fan out from the New Mexico area 
and in many instances dominated the weather pattern during many weekly 
cycles. The voluminous records which Langmuir produced during this period 
using various statistical tests and showing these remarkable periodicities still 
represent an unsolved and perplexing problem in meteorology. Langmuir 
and others have urged the experiment be repeated either in the United States 
or in an area less interfered with by the now widespread and fairly routine 
cloud seeding activities of industrial meteorologists working for hydroelectric 
power companies, farmers and others. The suggestion by Langmuir that the 
widespread periodicities in weather parameters subsequent to 1949 when 
widespread seeding began, be compared with all previous weather patterns 
has not thus far been carried out. 

Langmuir’s exceptional abilities as afield observer of atmospheric phenomena 
never failed to impress all who saw him in action. It is one of the tragedies 
in the progress of science that so much of his effort in his later years was 
devoted to answering criticism of his bold and unorthodox ideas. 

Perhaps this is as it should be. Those of us who had the good fortune to 
know him and to work with him in the field profited to a degree hard to properly 
evaluate. The catalysis resulting from his scientific fervor and unequivocal 
attitude stimulated even those who disagreed with his conclusions to become 
more active in research and study. His influence and effect on the broad field 
of the atmospheric sciences will be hard to assess for many years because 
of the host of indirect contributions in his writings. There are few areas where 
his theoretical calculations, experimental evidence and field observation do 
not play a role. Those of us fortunate to have worked with him know that 
we were highly privileged and it is unlikely we will meet his equivalent in the 
science of today. 

One of the major challenges of our present day effort for better education 
is the formulation of methods for developing more ‘‘Langmuirs”. 

A study of his scientific attitudes and competence as depicted in this volume 
of his collected works which deals with atmospheric phenomena provides 
us with much pertinent and illuminating evidence bearing on the problem. 
He had a burning curiosity concerning the entire field of the natural sciences. 
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Anything he saw or thought about which he did not understand served as 
a challenge to his intellect. Nothing would divert his probing mind nor dim 
his enthusiastic endeavor to solve the problem. 

Until his death he roved the field. Nothing delighted him more than to 
find something he did not understand. Whenever this happened one could 
be sure that a penetrating analysis would take place followed by a myriad of 
ideas and hypotheses most of which would be ruthlessly torn apart and discarded 
if they showed any evidence of incompatibility with scientific observation. 
If a discrepancy was found and established without question the theory would 
be abandoned without hesitation and often with an impatience which one 
would hardly expect for what a few hours or days before was probably a cherished 
idea. 

Such was the Langmuir I knew. Would that we had more like him! 


Vincent J. SCHAEFER 
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THE EVAPORATION OF SMALL SPHERES 


Physical Review 
Vol. XII, No. 5, 368, November (1918). 


THE EVAPORATION of small spheres cf iodine in quiet air has been studied 
by Harry W. Morse. 

The spheres of about one millimeter diameter were placed on the flat 
pan of a microbalance and weighed at intervals until they disappeared. The 
particles remained spherical in shape throughout the experiment. 

The experiments indicated that the rate of loss of weight was accurately 
(within an average error of about one per cent) proportional to the radius 
of the sphere and not to its surface. 

This experimental fact was considered remarkable, but no theoretical expla- 
nation was suggested. 

Several years ago I had occasion to make a rather detailed study of the 
convection of heat from small wires in air and other gases? and found that 
the heat loss by ‘‘convection’”’ consists essentially of conduction through a film 
of relatively stationary gas around the wire. In other words, close to the 
surface of the wire the temperature gradient is so great that the heat carried 
by conduction is large compared to that carried by the motion, whereas at 
a greater distance the reverse is true. According to this theory the heat loss 
from a wire or other small body is given by the equation 


© = $(%.—%); (1) 
where w is the aig loss in watts, s is the shape factor of the gas film, and 


Ya—1 is equal to i kd T where k is the heat conductivity of the gas 


and T, and T, are " the temperatures of the wire and the surrounding gas 
respectively. 

This simple theory was found to agree excellently with experiment for 
wires of all sizes at temperatures varying from 100° up to the melting point 
of platinum or even that of tungsten and in several gases including air, 
nitrogen, argon, carbon dioxide, carbon monoxide, hydrogen and mercury 
vapor. 


1 Proc. Amer. Acad. Arts & Sciences, Vol. 45, April, 1910. 
3 Langmuir, 34, 401, 1912. Proc. Amer. Inst. Elect. Eng. 31, 1011, 1912. Trans. Amer. 
Electrochem. Soc. 23, 299, 1913. 
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It is natural to assume that the evaporation of small objects in air should 
be closely related to the convection of heat from bodies of the same shape. 
By applying: similar reasoning we are led to the equation 


— FE =s { Dao (2) 


Here —dm/dt represents the rate of loss of weight, s is the shape factor 
of the relatively stationary gas film, D is the diffusion coefficient and @ 
is the partial density of the vapor of the evaporating substance. For the low 
concentrations of vapors we are considering, D will be practically independent 
of g. From the ordinary gas laws we may place 
= 2M 

e= RT’ (3) 
where p is the vapor pressure of the evaporating substance, M is the mo- 
lecular weight, R the gas constant and T the absolute temperature. 

The shape factor for a spherical shell is? 


4nab 
= $s, « 





where b is the radius of the outside of the film of gas and a is the radius 
of the evaporating sphere. If we assume that 5 is very large compared to 
a we obtain 


s = 4a. (5) 
Substituting this together with (3) in (2) we find 
dm  4naDMp 
ile Na as (6) 


This theory thus leads directly to the result that the rate of evaporation 
is proportional to the radius of the sphere. 

It is of interest to calculate the value of D from Morse’s experiments 
by means of the above equation. Morse found that 


dm 

dt 

The value of k can best be found from the experimental data by plot- 

ting m?/? against t. This gives a straight line whose slope is equal to k/3 V 6/me, 

where @ is the density of the iodine spheres (4.95). In this way the values 
of k obtained by Morse are found to be 


= ka. (7) 


For first sphere, k = 1.80x10-* g per sec per cm. 
For second sphere, k = 1.86x10-* g per sec per cm. 


1 See Flow of Heat through Furnace Walls: The Shape Factor, Langmuir, Trans. Amer. 
Electrochem. Soc. 22, 55, 1913. 
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Combining (6) and (7) : 
_ 4nxDMp 

k= RT (8) 
Substituting k = 1.83x10-*; M=254; p=271 bars; T=298; and 
R = 83.1 10° we find 





D = 0.053 
for the diffusion coefficient of iodine vapor in air at 20°C. 

Because free diffusion in all directions was hampered by the sphere resting 
on a flat surface it is probable that this value is somewhat too low, pro- 
bably D = 0.07 would represent more nearly the actual diffusion coefficient. 

As far as I know there are no available published data on the diffusion 
coefficient of iodine vapor in air, but the above value is a perfectly reason- 
able one when compared to other substances of high molecular weight. Thus 
the diffusion coefficient of carbon dioxide (M = 44) in air is 0.164; of 
acetic acid (M = 60) 0.122; of butyric acid (M = 86) 0.061; and of benzene 
(M = 78) 0.086. The iodine molecule is heavier but of smaller cross section 
than those of these substances, so that the diffusion coefficient 0.07 is in good 
agreement with the others. 

These results therefore support the theory that the evaporation of the 
small spheres of iodine is determined simply by the rate of diffusion through 
the surrounding air and that no allowance needs to be made for air currents. 

The results indicate also that the air in contact with the iodine surface 
is always saturated and that the actual rate of exchange of molecules between 
the solid iodine and its surrounding vapor is very rapid compared with the 
rate at which the vapor can diffuse away through the air. 

This theory can undoubtedly be applied to evaporation from all very 
small objects. In the case of larger objects experimental data must be obtained 
as to the thickness of the film through which diffusion occurs just as has been 
done in the case of convection. In fact rough experiments seem to indicate 
that the thickness of these relatively stationary films are practically the same 
for diffusion phenomena as for convection. 
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RADIAL FLOW IN ROTATING LIQUIDS 
With Harotp Mott-SmITH as co-author 


Physical Review 
Vol. XX, No. 1, 95, July (1922). 


ZoOcHER has observed that when a colloidal solution of vanadium pentoxide 
in a beaker is given a rotary motion and examined vertically between crossed 
nicols, a dark cross appears whose arms, however, are not parallel and per- 
pendicular to the plane of polarization, but are displaced 10° to 20° backward 
against the direction of rotation. It is now shown that this hitherto unexplained 
displacement is due to a radial component of flow arising from unbalanced 
centrifugal forces. The liquid near the bottom moves slowly because of 
viscosity. The more rapid rotation of the free surface causes an outward flow 
at the top and corresponding inward flow at the bottom. Because of the 
greater shearing stress at the bottom the double refraction due to the inward 
radial flow predominates and causes the observed shifting of the cross. A strik- 
ing demonstration of the radial flow is also furnished by the settling of 
a precipitate from a liquid in a beaker. If the solution is rotated in a stationary 
beaker the precipitate settles in the center, but if the beaker containing a quies- 
cent liquid is suddenly set into steady rotation the precipitate settles near the 
outer walls. 
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A STUDY OF LIGHT SIGNALS IN 
AVIATION AND NAVIGATION 


With W. F. WEsTENDORP as co-author 


Physics 
Vol. I, No. 5, 273, November (1931). 


ABSTRACT 

Visibility of point sources.—Laboratory experiments have been devised to make measure- 
ments of the visibility of light signals under conditions essentially similar to those encountered 
by the aviator or the navigator. Data have been collected on the direct visibility of flashing point 
sources of light of different colors, flash lengths and intervals, against different backgrounds; 
the time it takes to locate a visible beacon was studied as a function of the beacon intensity and 
frequency of flashing. The threshold candle power C required for visibility of a point source 
at distance D (cm) against a background of brightness H (candles x cm-*) is given by the em- 
pirical equation C/D* = 3.5 x 10-* H™*, Colored point sources were not found to be useful except 
in the case of red lights with background intensities above moonlight. For an airplane approach- 
ing a beacon it is advantageous to use frequencies of flashing as high as 12 to 30 per minute, 
although with exceptionally clear atmosphere, lower frequencies may be better. 

Visibility of diffuse light.—In a study of the visibility of flashes of diffuse light superimposed 
on a steady white background, white light flashes gave the best results. The sensitivity of the 
eye to light from point sources is from 10,000 to 170,000 times as great as from diffuse sources, 
this range corresponding to an increase in background brightness from 0.1 starlight up to moon- 
light. A selective differential photoelectric receiver is described which detects signals of modulated 
diffuse light of an intensity of only 4x 10-" candles xcm-*. This sensitivity is independent of 
the steady background brightness up to 100 times moonlight, and is from 6 to 13,000 times as 
great as that of the eye in the range of background intensity from darkness up to moonlight. 

Diffusion of light in fog. —The greatest difficulty in transmission of light signals through fog 
lies in the loss of advantages of the point source. Dense fog may increase the distances at which 
diffuse light signals may be detected. The range depends to a considerable extent on the reflectiv- 
ity of the ground. A theoretical treatment of the diffusion of light through fog, based on the 
scattering of the light rays by fog particles, indicates that airplanes can be guided through fog 
at distances of several miles by means of diffuse modulated light acting on a differential photo- 
electric receiver. 


IN ALL forms of traffic, whether it be navigation, automobilism or simply 
walking, we depend on the use of our eyes. But most strikingly is this true 
for aviation. At present the pilot depends on direct vision for guiding his 
plane, and hence ‘‘visibility” is a vital factor in aviation. Methods have been 
developed recently by which ‘‘blind” flying is possible and practical for definite 
commerical routes. The extent to which these methods will prove useful 
cannot be predicted, but it is certain that light beacons and direct visibility 
will continue to be of great importance to the aviator. 


Epitor’s Notg—Also printed in Aeronautical Energ., 4, 151 (1932). 
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Very little systematic experimental work seems to have been done previously 
on the visibility of light signals as used in aviation. The purpose of this 
paper is to present some results we have recently obtained. 

The most obvious method to obtain data on the visibility of light beacons 
is to set up different types of beacons and to observe them from an airplane 
under various conditions. However, this method lacks a fundamental quality 
of most scientific investigation — that of arbitrary control of all conditions: 
the weather would be different on different nights, and, furthermore, even 
during a single night the background illumination due to moon or starlight 
would vary. 

We have, therefore, adopted the plan of making measurements on visibility 
in a dark room in the laboratory where there is complete control over the 
illumination of the background, the location, the color and the flashes of the 
beacon, or other light source. It has been our aim to duplicate as far as 
possible in the laboratory the conditions of visibility encountered by the 
aviator or navigator, especially those characteristic of poor visibility. 

In reasonably clear weather, when the direct rays from a beacon can reach 
the eyes of aviator, he perceives the signal as a flash of light from a point 
source. The visibility of such point sources depends on many factors, 
such as the candle power of the source, its distance from the observer, 
the absorption or scattering of light by the intervening atmosphere, the 
color of the light, the diffuse background illumination (starlight, moonlight 
or sunlight), the duration and the frequency of the flashes, the presence 
of other disturbing point sources of light, and finally, upon the qualities 
of the observer: his eyesight, his mental condition, and especially upon 
his attentiveness. 

Under conditions of poor visibility, particularly those due to the presence 
of fog, the light from a beacon or other source may be scattered to such an 
extent that the direct rays are not visible, although diffuse light from the 
source may still reach the aviator in perceptible amount. 

The visibility of flashing diffuse light signals depends primarily upon the 
brightness of illumination in the fog surrounding the aviator produced by the 
signal, the color of the light, the intensity of any steady illumination of the 
fog (starlight, moonlight, etc.), and the duration and frequency of the flashes 
of the signal. 

We shall see that the eye is relatively insensitive to diffuse light as compared 
to that from point sources. On the other hand, it has been possible by use of 
a photoelectric cell with amplifier equipment to detect diffuse light many 
thousand of times too faint to see with the eye. 

Any estimate of the distance to which diffuse light signals of this kind can 
be transmitted involves a study of the laws of scattering of light by fog. We 
shall see that under certain conditions signals may be transmitted to relatively 
great distances through fog. 


Google 


A Study of Light Signals in Aviation and Navigation > 
The aviator will be particularly interested in the time required to detect 
or locate a visible light signal. If a point source is of such low intensity (threshold 
intensity) that it is barely visible when pointed out to the observer, it takes. 
an indefinitely long time for the observer to locate the source if it is in an 
unknown position in a large uniformly illuminated background. The threshold 
intensity for a flashing point source is that which is required to render the 
flash barely visible when occurring at regular intervals and in a known position. 
If the flashes are then made to come at irregular intervals or in unknown 
positions, a relatively long time may be required to become aware of them. 
A useful signal to the aviator must be recognizable within a very short 
time and must therefore be of an intensity appreciably greater than the 
threshold. 


Visibility of Point Sources 


When the light from a steady point source falls on the eye of the observer, 
it is focussed by the lens of the eye upon a very small area of the retina. The 
amount of light so focussed is proportional to the area of the pupil opening of 
the eye and to the light flux density, F, in lumens per cm®. In clear air, without 
scattering or absorption, 

F=C/D* (1) 


where C is the candle power of the source in the direction towards the observer. 
and D is the distance from the source to the observer. 

In the presence of haze or fog the direct light flux from a point source 
decreases exponentially with increasing distance so that in general we have 


F = (C/D*)e->"4 (2) 


where 1/A is the scattering or absorption coefficient characteristic of the fog 
or haze, and 4 may be looked upon as the mean free path of the light rays. 

A discussion of the magnitude of A under various conditions of haze, for 
light of different colors, has been given by F. Benford.! It is of the same 
order of magnitude as the distance termed ‘‘visibility” by the aviator and 
thus except under conditions of fog is ordinarily to be measured in miles. 

In our laboratory experiments we have not studied the effect of haze in 
decreasing the light flux received from a source. We have, however, determined 
under various conditions the visibility of light sources which produce known 
flux intensities F at the eye of the observer. These data are obviously applicable 
to the conditions encountered by the aviator if 2 is known or if the exponent 
D/A is small compared to unity, i.e., if 2 is large compared to the distance D. 

The visibility of a point source depends to a very great extent upon the 
brightness of illumination of the background. The aviator may encounter. 


1 F. Benford, Gen. Elec. Rev. 29, 873 (1926). 
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background intensities which range from that produced by bright sunlight 
on snow down to that of starlight on a cloudy night with forest covered ground. 

When light from a point source, giving a flux intensity F in accord with 
Eq. (1), falls perpendicularly upon a plane surface of a perfect diffuse reflector 
the brilliancy of illumination H of the surface in candles per cm? is 


H = F/n. (3) 


In Table I are given values of F and H characteristic of various sources. 
These light intensities* are those that would be observed at sea level when the 
point source is at the zenith of an exceptionally clear sky. Stars of the sixth 
magnitude corresponding to F = 10- lumens X cm~ are the faintest that can 
ordinarily be seen with the unaided eye. 


Tasie I 


Light Flux Density F and Brightness of Illumination H Produced 
by Various Sources ‘ 











Source | iia xem=* | sanalioe cm-* ak 

Sun | 104 | 3-3 | 150000 - 

Full Moon | 2.2 x 10-5 | 7.1.x 10-* 0.37 

Venus (max. brightness) 1.1.x 10-® | 3.5x10-* - 

1st magnitude star | 85x10 2.7 10-8 = 

6th magnitude star | 8Sx107* 2,7 10-8 - 

Average starlight ; 1.8 x 10-7 | 5.8 x 10-* 5.8 x 10-° 

1 candle at 1 kilometer i 10-1° 3.2x 10-4 - 

| 





Effect of Flashing 

If the light source consists of separate flashes of candle power C, each of 
which lasts for a time t), the candle power required for threshold visibility 
will in general be greater than that required for a steady light. 

Blondel and Rey® have found that the threshold intensity F required for 
visibility of a light of duration t, seconds is given by 


Fty = F.o(tp+0.21) (4) 


where F,, is the threshold intensity for a steady light. Thus when a flash lasts 
several seconds so that 0.21 is negligible, the threshold is the same as for 


* These values have been calculated from data given in Russel, Dugan and Stewart’s book, 
Astronomy, Vol. 2, pp. 613, 625, 626, Ginn and Co. (1927). The value of H for starlight is based 
upon the statement that Rhijn found that the total light of the sky on a clear dark night is 6 times 
the light from all the stars and that the latter is equivalent to that of 1440 stars of the first magni- 
tude. Thus the brightness H corresponds to that produced by 2160 first magnitude stars at the 
zenith. 


* A. Blondel and J. Rey, ¥. de Physique et le Radium 1, 530-551 (1911). 
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a steady light, but for flashes of very short duration (t)< 0.2) the visibility 
depends only upon the total quantity of light received, i.e., the product Ft,, 
which must then be equal to 0.21 F,.. 

The aviator flying in clear weather in full moonlight is not in great need 
of light beacons as the natural illumination is sufficient to make landmarks 
discernible. For this reason in our experiments we confined the background 
brightness to an upper limit of full moonlight falling perpendicularly on 
a white diffusing surface, corresponding to a brightness of 7x 10-* candles 
per square centimeter. 


Experiments on the Visibility of Flashing Point Sources 


The following arrangement was used. The observer was placed at distances 
ranging from 1.5 to 6 meters from a vertical white screen 1.5 mX1.5 m in 
size, with its center about the height of the eye. Lamps, behind the observer 
and screened from his direct view, illuminated the screen so that its brightness 
could be varied from that of moonlight down to zero. These low brightnesses 
were measured indirectly by photometering the brightness of a similar surface 
at one tenth the distance from the lamps and dividing the value by 100. 

In the screen there were 150 small round holes ranging from 2 mm? to 
66 mm# area, and one square hole of 1 cm* area. The area of the latter could 
be varied by means of a plane diaphragm so that the opening always remained 
square and could easily be measured. All the holes were covered on the front 
by white paper 0.11 mm thick so that they were invisible unless illuminated 
from behind. When so illuminated by a small lamp, the surface brightness 
could be varied by either regulating the current or changing the distance of 
the lamp. Flashing was produced by interrupting the current or by intercepting 
the light by means of a pendulum shutter. These illuminated spots of light 
served as point sources. 

The threshold value of the intensity of the point source was determined by 
gradually decreasing the intensity until the observer lost track of the flashes. 
This method eliminates all uncertainty as to the location of the light source. 
In the experiments on threshold intensity, the observer remained in a dark 
room for a half hour for dark adaptation; then the flashing light was increased 
until he could easily see it and the observer was asked to signal by tapping at 
every flash. By reducing the light until his signalling became irregular or 
stopped we determined the threshold. The values given in Figs. 1 to 7 are the 
average of three, or more often of ten, observations. This ‘‘threshold”’ will 
later be used as a unit of light intensity in the determination of the time to 
locate a flashing light. 

If an illuminated area is of sufficiently small size, its visibility will depend 
upon the total light from it, ie., upon the product of its area and its surface 
brightness. If an area is so large that it is clearly perceived as a surface instead 
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of a point, its effect depends rather upon the constrast in brightness between 
it and the surrounding surface. Whether an area is recognized as a point or as 
an extended surface depends upon the visual acuity, and this in turn varies 
with the brightness of the background illumination. With starlight intensity, 
or less, a relatively large area is equivalent in its effect to a point source. For 
an illuminated surface surrounded by a completely black background, Ricco’s 
law states that the total light (areaxbrightness) determines the visibility 
if the angle subtended by the source is less than about one degree. With higher 
background brightness the total light will determine visibility only for areas 
which subtend much smaller angles. 





Fic. 1. Visibility of small flashing illuminated areas as affected by their size 
and their distance from the observer. Screen 1.5 m square with steady illumina- 
tion of moonlight brightness. The ordinates represent threshold values. 


It was therefore of interest to determine in our experiments the conditions 
under which the illuminated areas were effectively point sources. It was also 
desired to know whether the apparent size of the large screen was of importance 
in determining the threshold intensity of the point sources. 

Fig. 1 represents the results of a series of observations in which the bright- 
ness of the screen was kept constant at 8x10-* candles per cm® and the 
distance of the observer from the screen was varied from two to six meters, 
while the square point source was flashed for one-fifth of a second every five 
seconds. By division of the surface brightness of the source at threshold 
intensity by the square of the distance to the observer, a value independent of 
the distance would be obtained, if the source is effectively a point source, and 
if the screen area is without effect. This appears to be valid within a range of 
variation that can be accounted for by fatigue of the eye or other personal 
factors. 

It should also be noted that when the area of the source is cut down to one- 
third the surface brightness for threshold visibility must be increased threefold. 
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A square source of 7.3 mm’ area at a distance of 2 m, which subtends an angle 
of 5’ of arc, is small enough to act as a point source with a background of 
moonlight brightness. 

In the experiment, which gave the data shown in Fig. 2, the observer was 
1.50 m from the screen having moonlight brightness. The common logarithm 
of the threshold candle power is plotted against the logarithm of the area 
of the source. The visibility of small sources depends only on the candle power, 
but with large areas the threshold candle power increases in proportion to 
the area, indicating that a constant contrast is required for threshold visibility. 
From the position of the 45° asymptotes we calculate that the additional 
brightness to make sources visible that have a subtended angle of mere than 
0.3 degree is 20 per cent for the 1-1 second flashes and 40 per cent for the 


406 AREA OF SOVRCE 
i cme 


Qo 





Fic. 2. The effect of the size of the illuminated area and the duration of flashes 
on visibility. Screen of moonlight brightness at 1.5 m. 


0.2 second flashes. Areas less than about 3 mm? which subtend an angle of 
about 5’ are approximately equivalent to point sources. In further experiments 
the illuminated holes having an area of 2.2 mm? were used as point sources. 


The Effect of Background Brightness on the Visibility of Flashing Point Sources 

Fig. 3 gives some data on the threshold values of the candle power of 
flashing point sources as influenced by the brightness of the background 
illumination. Observations were started after only 10 minutes for dark adaption; 
after these the screen brightness was decreased and again four observations 
taken, etc. Every cross on the graph represents the average of four observations. 
After 50 minutes the screen brightness was increased again and after 80 minutes 
the original brightness was reached. Apparently a continued dark adaptation 
stronger than any effects of fatigue must account for the lower values of the 
second series. Fig. 4 and Fig. 5 show curves for two observers at three 
and six m distance, and a one second on, one second off flash after one half 
hour for dark adaption. The asymptotic values for zero background brightness 
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are indicated by the arrows and are of the same order as those for 10-® candles 
per cm.? 

The curves obtained by different observers differ considerably but all 
agree in showing that the threshold value of candle power increases much 


406 SOURCE INTENSITY IW CANDLES 





Fic. 3. The effect of background brightness and adaptation on the visibility 
of flashing point sources. Flashes: 1 sec on—1 sec off. Observer 3 m from screen. 
The arrows indicate the sequence of the observations. 
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Fic. 4. The effect of background brightness and the distance on the visibility 
of flashing point sources. Dashed lines correspond to Eq. (5). 
slower than in proportion to the background brightness. Starlight (H=6 x 10-*) 
is sufficient to require an increase of 5 to 10 fold in the threshold candle power 
of a point source. 


Google 


A Study of Light Signals in Aviation and Navigation 15 


It is interesting to compare these data with astronomical observations on 
the visibility of stars. Ordinarily a star of the sixth magnitude (F = 8.5 x 10-# 
lumens/cm?) is the faintest that is visible to the unaided eye against the back- 
ground of starlit sky (H = 6x 10-*). This corresponds to 7.6+10-® candles at 
a distance of 3 meters. This point has been plotted in a circle in Fig. 5 and is 
seen to be in fairly good agreement with the observations of point sources at 
3 m distance. 

Russell* finds, however, that stars of magnitude 8.5, for which F = 8.5 
x 10-4, are recognizable if the light of the neighboring parts of the sky are 
screened off. This is in reasonable agreement with the values of F ranging from 


ow SO OISTANCE 
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Fic. 5. The effect of background brightness and distance on the visibility of 
flashing point sources. The dashed lines correspond to Eq. (5). 


1.3 to 2.3 10- obtained from the threshold candle powers observed with 
zero background intensity (see arrows in Figs. 4 and 5) by dividing by D?, 
D being the distance in cm. 

Venus, when of maximum brightness, (magnitude —4.3), can be seen very 
readily at noon time on a clear day if its exact location in the sky is pointed 
out, although once lost it may be difficult to find again. Its brightness, which 
corresponds to F = 1.1x10-* lumens x cm, is distictly above the threshold 
value of visibility for a point source in a clear sky at noon which has a bright- 
ness of the order of H = 1 candle cm? 

The following empirical equation seems to be in reasonable agreement with 
these data. 

F = C/D* = 3.5 x 10-°H"/? lumens x cm-? (5) 


4H. N. Russel, Astrophys. ¥. 45, 60 (1917). 
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where F and C are threshold values for a steady point source in a background 
of brightness H, expressed in candles x cm-*. 

The second column of Table II gives the light flux density F from various 
heavenly bodies. The third column gives the background brightness H under 
which it is observed. The value of F calculated from H by Eq. (5) is given in 
the last column. 

Taare II 


Comparison of Observed and Calculated Threshold Values 
Sor Point Sources with Backgrounds of Various Brightness 

















Object Fobs | H Fost 
8.5th mag. star 8-5 x 10-4 10-° (darkness) 1-1x10-" 
6th mag. star 8-5 x 10-4 5-8x 10-8 8-5x10-# 

(starlight) 
4.1 mag. star _ | 2x10-* 5-0x 10-8 
| (moonlit sky) 
1st mag. star _ | 5-8x10-4 8-5x 10-4 
(twilight) 
Venus (max.) 1-1x10-* | 1, (daylight) 3-5x10-° 





The empirical square root relation seems to give an approximately correct 
value for the visibility of steady light sources over an extremely wide range 
of values of H from 10-* to 1. 

According to Blondel and Rey’s law, as given by Eq. (4), the threshold 
brightness for flashes of 1 second duration is only 21 per cent greater than for 
steady light. Thus the square root relation which we have found for steady 
sources should be roughly applicable to our experiments with 1 second flashes. 

The dotted lines in Figs. 4 and 5 give the threshold candle power calcu- 
lated by Eq. (5). These straight lines give values of F which agree with the 
observed within a factor of about 3. The discrepancies appear in large part to 
be individual characteristics of the observers. 

In clear air the visibility of point sources is extremely high. Thus by Eq. 
(5), or Table II, at a distance of 10 km, a light of 0.11 candles is visible with a 
completely dark background, 0.85 candles with starlight, 5 candles with 
moonlight, 85 candles with twilight (stars just visible) and 8500 candles in 
daylight. These values are to be regarded as lower limits. For signalling pur- 
poses we shall see that candle powers at least thirty times greater than these 
values should be used. 


Colored Point Sources 

Similar measurements were made with red, green and violet sources. The 
color filters used were Wratten No. 70 red-pass beyond 6400A, No. 74 green- 
pass from 5100-5700A, and No. 76 violet-pass from 3100-4800A. For calibra- 
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tion of the source the colors were matched with white in a photometer with 
an accuracy of about +20 per cent. Fig. 6 shows the result of measurements 
at three m distance with 1-1 second flashes. The visibility of red point sources 
is independent of the white background brightness; violet point sources are 
more than 100 times as visible against an absolutely dark background as 
against a moonlight background. The high visibility of violet at low intensities 
is of doubtful practical value for it can be obtained only if the observer does 





OBSERVER T.4. 
OISTANCE 3 


£06 SOURCE IWTENSITY IN CANOLES 


Fic. 6. The visibility of colored flashing point sources as affected by the brightness 
of a background illuminated by white light. Flashes: 1 sec on—1 sec off. Screen 
at 3 m. Dashed line corresponds to Eq. (5). 


not look straight at the source, the center of the retina being less sensitive for 
violet. Green light acts like white. The remarkable difference between red 
and violet is due to the Purkinje effect. It is accounted for by a shift in the 
visibility curve towards the blue end of the spectrum as the brightness of 
object and surroundings decreases. Houstoun® has plotted relative visibility 
against the logarithm of the wave-length at high and low brightnesses and 
finds two curves with a shift of 480A, closely resembling probability curves. 


The Time to Locate a Flashing Point Source of Light 


In aviation, we are not interested in the intensity at which we lose sight 
of a beacon, but we do want to know when we can pick it up. Thus as a first 
requirement we may state that in order to pick up a light, it must have an 
intensity above the one determined as threshold in the experiments. If this 


® R. A. Houstoun, Phil. Mag. 10, 416-432 (1930). See especially p. 420. 


2 Langmuir Memorial Volume X 
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requirement is fulfilled, we can see the light and next we want to know the 
length of time necessary to locate it. 

To determine this experimentally, we used thirty holes in the screen dis- 
tributed irregularly over an area of 50 cm height and the full width of 150 cm, 
leaving 50 cm above and 50 cm below without holes; these blank areas 
correspond to the sky and the foreground. The flashing light (0.2 second 
on—4.8 seconds off) could be placed behind any of the holes. This adjustment 
of the flashing source could be done behind the screen unseen by the observer 
who sat at 1.5 m in front of the screen. The area of each of the holes was 2.24 mm? 
and the brightness of the screen was moonlight. The measurement itself con- 
sisted merely in measuring the time from the instant the flasher circuit was 
closed and the observer told to look for the light, until the instant he signaled 
that he had located the flash. 


OBSERVERS: 
© MA. 
ose 
Own. 
-- VS. 
NVPERBOL A: —— 


(t-24) (c-)=60 


OASHED CURVE: ~—— 


(t- 24) (e- (J = 100 





£1 THRESHOLD UNITS 
Fic. 7. The time needed to locate a flashing point source in an unknown position 
within a field subtending a horizontal angle of 56 degrees and a vertical angle of 
19 degrees of moonlight brightness, H = 7x 10-* c-cm-*. The abscissas give the 
brightness of the source in threshold units. Flashes: 0.2 sec every 5 sec. 

Fig. 7 shows the time as a function of the intensity of the flash expressed in 
threshold units, each point being an average of ten observations; the use of 
the threshold unit gives a common scale in spite of different observers having 
different threshold intensities. An interesting result is that a flash equal to ten 
times the threshold is seen practically always at the first flash, while it takes 
three flashes before the light is located if it is only five times the threshold. 
Naturally the threshold is an asymptote; so is also the 2.5 second line, since 
the average is half the time interval between flashes if the first flash is seen. 

This suggests an hyperbola as an appropriate empirical equation. The 
full line curve in Fig. 7 is a plot of the equation 

(t—0.5T) (L—1) = 60 
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where 7, the period of the flashes, is 5 seconds. A better approximation is 
obtained by using an exponent 3/2 for the factor L—1. The dashed line curve 
also plotted in Fig. 7 has the equation 
(t—0.5T) (L—1)?* = 100. (6) 

The fact that it takes a relatively long time to find flashing point sources only 
a few times brighter than threshold proves that they are observed only by a 
searching process during which the eye scans the whole field in which the 
point source may occur. Unless the eye happens to be looking at, or the atten- 
tion is fixed upon, a small area which contains the light at the time of the flash, 
the flash will not be seen. For flashes of low intensity and short duration, the 
average finding time should thus be proportional to the period T and to the 
solid angle ¢in which the flash is to be sought. 

In the foregoing experiments the flashes were located within an area 
50x 150 cm at a distance of 150 cm, so that the solid angle was ¢ = 0.30. 

We may thus write Eq. (7) in the following form 

(t—0.5T) (L—1)?? = 67¢T. (7) 

This equation which is now generally applicable, gives the average time t 
required to detect the presence of light flashes of short duration and of period 
T in an unknown position within a known area which subtends the solid angle 
¢; L measures the light intensity of the flashes in threshold units, that is, in 
terms of the threshold light intensity of similar flashes (same duration and 
period) in known positions. The experiments indicate that this equation is 
valid for background brightnesses ranging from zero up to that of moonlight, 
the effect of the background being only to change the magnitude of the thres- 
hold unit. The equation is probably applicable only when T is greater than 
one or two seconds. 

To obtain a signal which can be detected within 2 or 3 flashes, say within 
an average of t = 2.57, we see by Eq. (7) that 


L>1+10¢78 


Thus with solid angles, such as those within which the aviator must seek beacon 
signals, the signals should be at least 10 times threshold. 

For flashes of one second duration we may safely take as a threshold a 
value three times that given by Eq. (5) and therefore may conclude that a 
flashing white light source to be useful as a signal to an aviator should (visible 
on first or second flash) be of an intensity such that it produces an illumination 
F at the position of the observer at least as great as 


F=C/D?= 10-77? lumens x cm-?. (8) 


For signals to be transmitted 10 km in clear weather with a background of 
bright moonlight on a snow covered surface, a point source should then have 
at least 250 candle power. 


2° 
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The Effect of Disturbing Lights on the Visibility of Point Sources 

To find the effect of disturbing lights among which the aviator has to find a 
flashing beacon, we placed thirty constant lights behind the holes in the screen. 
The lamps were all connected in series so that simultaneously their intensity 
could be adjusted up to 500 times the threshold of visibility. The flashing 
light (5 sec. period) was adjusted at five times the threshold for each observer 
and for each observation placed in an unkrown position behind the screen, 
as in the previous experiment. The finding times were determined with the 
disturbing lights at different intensities ranging from four times up to five 
hundred times the threshold. The results were very surprising as can be seen 
from Fig. 8 where the finding time is plotted against the logarithm of the 
candle power of the disturbing lights. Apparently the influence of the disturbing 
lights is very small, the time being less than doubled if the thirty disturbing 





Fic. 8. The time required to locate a flashing point source of 5x threshold 
intensity in presence of 30 disturbing lights of intensities up to 500 x threshold. 
Flashes every 5 sec. 


lights are made 100 times as strong as the flashing light when this is adjusted 
at five time the threshold. The marks ¢ at lower margin indicate the thresholds 
for the two observers, and f the candle power at which the flashing source 
was adjusted. Every point in the plot represents the average of ten observations. 

The disturbing light in the foregoing experiments were paper-covered 
holes of 2.24 mm? area illuminated to various brightnesses. 

In a later series of experiments, disturbing lights having still greater inten- 
sities were produced by illuminating holes having areas 7.3, 22 and 66 mm’, 
the surface brightness in each case being 5x 10-*c-cm~*, the candle powers 
thus being 0.00036, 0.0011 and 0.0033 respectively. The screen was at a distance 
of 1.5 m. 

The observer J.S. as an average of 30 observations with disturbing lights 
of 0.0033 candles required a finding time of only 12 sec. for a flashing light of 
5 times threshold intensity. With lights of 0.0011 candles the time was 11 sec. 
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as an average of 32 observations. Notwithstanding the greater intensities of 
these disturbing lights the finding times are considerably less than those shown 
in Fig. 8. It appears that the observer J.S. as a result of continued training, 
had developed skill in locating the flashing light among the disturbing 
lights. 

The holes in the screen which were used as light sources in these experi- 
ments were rather uniformly distributed over its surface. No hole was at a 
distance of less than 8 cm from is nearest neighbor, so that the flashing light 
had in no case been within less than 3° from the nearest steady disturbing 
light. It was thought that this might be the reason for the small influence of 
the disturbing lights upon the finding time. 

Several holes were therefore made at distances of 2 cm from disturbing 
lights corresponding to angular distances of 0.75 degrees. 

Among a set of 60 observations by J.S. were interspersed 28 in which the 
flashing light was only 2 cm from the nearest disturbing light while in the 
other 32 the distance was 8 cm or more. In both cases the flashing lights were 
of 1.7 10-* candles (5 times threshold) while the disturbing lights were 3.6 
x 10-4 candles (1100 times threshold). The average finding times were 31 and 
6.3 seconds respectively. We may conclude from this experiment that steady 
lights at an angular distance of three degrees from the becon have very little 
effect on its visibility, but that if they are at one degree or less from the beacon 
they may increase by many fold the time needed to locate it. 


Effect of Duration and Frequency of Flashes on Visibilty of Point Sources 


If our source is a steady light of definite candle power, we may wish to 
know the best way of interrupting the light to make it most conspicuous. The 
two variables are: T the flashing period and ¢, the duration of each flash in 
seconds. 

In our measurements we have used as a criterion for conspicuousness the 
average time to find the flashing light. The apparatus consisted of a small 
tubular projector with which a star-like spot of light approximately 1 mm? 
in area could be focussed on any point of the surface of a white screen 150 cm 
x 150 cm. In front of this projector an interruptor disk was rotated with a 
speed adjustable between 6 and 240 r.p.m.; the disk was cut out so as to make 
the light pass during 3/4 or 1/2, 1/4, 1/8, 1/16, 1/32 or 1/64 of the revolution. 
In front of the disk a shutter was placed which could be opened by pushing 
a button. Thus at any given instant a series of flashes could be projected on 
the screen, for which T could be between 0.25 and 10 seconds, and t,/T 
between 3/4 and 1/64. The observer sat 2 m in front of the screen with his 
eyes about 50 cm below the center. At the instant he heard the shutter click 
he started looking for the light, and with a stop watch the time elapsing between 
opening the shutter and the observer’s signal of locating the light was measured. 
By taking the average of ten to thirty such observations, we determined the 
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average finding time of a flashing light having a definite 7, t, and 
intensity. 

The experiments showed that for moonlight, starlight or dark background, 
and with an interrupted source of fixed candle power, the light is most con- 
spicuous when T lies between 0.5 and 1.0 second and ¢,/T is between 0.5 
and 0.75. Decreasing T or increasing t,/T decreases the flashing or flickering 
appearance and makes recognition difficult. Decreasing t,/T below 0.5 increases 
the average finding time (with values of T as low as 1 sec) because of the 
lowered visibility of short flashes in accordance with Eq. (4). When T is 
increased above 1 sec, the finding time is increased because the eye, in wandering 
over the screen in search of the light, may pass by it during the intervals 
between flashes, whereas it would not do so shorter intervals. 

When T is greater than one second, there is also another cause which 
increases the finding time. Even for bright flashes there is a theoretical lower 
limit for the average finding time which can be verified by experiment. This is 
determined as follows: the probability of opening the shutter while the light is 
shut off by the interruptor disk is 1—(t,/T); if the shutter is opened during 
the dark part of the cycle, the average time elapsing before the light comes 
on will be 0.5 (1—#,/7,)T. For the cases that the shutter opens while the flash 
is on, the minimum locating time is zero; therefore the average finding time 
of a flashing light is at least 0.5(1—t,/T)*T. For rotating beacons t,/T is very 
small, e.g., 5°/360° and the minimum average finding time or waiting time is 
0.5 x T, that is, one half of ten. This was checked experimentally, as the finding 
time for a strong light and T larger than one second is very little different 
from the theoretical limit. 

The relative visibility of flashes of different durations with moonlight 
background brightness was also determined in connection with these experi- 
ments. Results in reasonable agreement with Blondel and Rey’s relation, Eq. 
(4), were found. For example, with a flashing point source in a known location, 
the threshold intensity for flashes lasting 1 second was only 0.65 of that required 
for flashes lasting 0.2 second. This result is in reasonable agreement with 
Blondel and Rey’s Eq. (4) according to which the threshold intensity for a 
1 second flash should be 0.59 as great as for a flash of 0.2 second. 


Rotating Beacons 


When a rotating beacon is used to produce light flashed, the conditions 
are in some ways essentially different from those just considered. The lamp 
used has a definite output in lumens but the beam candles projected toward 
the aviator varies with the angular horizontal beam width, 6,, while to, the 
duration of the flash, varies in proportion to T6,, T being the period of rotation. 

Let us assume that the beacon projects a beam of rectangular cross-section 
with vertical and horizontal angles 6, and 6, respectively, measured in radians. 
Then if J is the total luminous output of the beacon in lumens, the candle 
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power within the beam is 1/6,8,. By Eq. (2) we find that the light flux density 
within the beam at a distance D from the beacon is 





— I D/A 
ES ps (9) 
The duration of the flash is 
ty = (0,,/2x)T. .(10) 


If the value of F in Eq. (9) is to be equal to the threshold value, we may 

combine Eqs. (9), (10) and (4) and obtain 
Fty = Fy(to+0.21) = (IT/2726,D*)e->*. (11) 

Since F is constant (independent of f,), it thus appears that to obtain the 
most efficient use of the light (minimum J), t) and therefore 6, should be 
made as small as possible, preferably at least as small as 0.1 sec. With a 10 
second period this requires a horizontal beam width of not over 3.6°. 

Let us apply these equations to a typical airport beacon of the Department 
of Commerce design. The concentrated filament lamp is of 1000 watts and 
gives 22,500 lumens. The parabolic mirror subtends an angle of 120° from the 
lamp filament and thus receives light from a solid angle ¢ = x or 25 per cent of 
the total. Allowing for intercepted light and imperfect reflection, we may 
assume 20 per cent of the 22,500 lumens is utilized in the beam so that J = 4500 
lumens. Measurements show that the effective beam widths 0, and 6, are 
both 3.5° or 0.061 radians. Thus the average beam candles should be 
4500/(0.061)? = 1.2 10*, which agrees well with experimental determinations 
with this beacon. 

Substituting these values of J, 6, and 6, in Eqs. (10) and (11) and eliminating 
ty we find 

4 

Dien = SOXIOT, a 

To calculate the maximum distance at which this beacon can be seen, we 
should put F, equal to the threshold value for steady sources, which by Eq. 
(5) is approximately F, = 10" lumensxcm-? for moonlight background 
brightness. Thus if D, is the distance at which the intensity corresponds to the 
threshold value (L = 1), we have from Eq. (12), after taking the square root 
D,e?v* = 7.5 x 107[T/(1+0.0467)]}"*. (13) 

If the atmosphere were absolutely clear so that 1 = oo, the light intensity 
would vary according to the inverse square law and in this case the beacon 
could theoretically be seen at a distance of 1.96x10® cm or 1960 km, if the 
period of rotation is JT = 10 seconds or 1.51108 cm (1510 km) if T=5 
seconds. 

The absurdity of this result indicates that the maximum range of such 
bright light sources at night is always determined by the scattering or absorption 
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coefficient, so that it is not justifiable to put 4 = oo. The distance in which 
the intensity of a parallel beam falls to 1/10th because of scattering or absorption 
is 2.34 and this may be roughly taken to be equal to distance denoted by the 
term ‘‘visibility” in aeronautical weather reports. 

The columns headed D, in Table III give values of the maximum range 
D, for a series of different visibilities and for three rates of rotation of the 
beacon corresponding to periods of 5, 10 and 20 seconds respectively. These 
data have been calculated from Eq. (13) by plotting curves giving A as a function 
of D, (for each of the three values of 7). 

It should be noted that with more rapid rotation the amount of light received 
in each flash decreases. If the visibility were really unlimited (A = oo), the 
ranges would be in the ratio 1:(1.30) :(1.59) for T= 5, 10 and 20 sec. 
respectively. 

Examination of the data of Table III shows that the effect of the limited 
visibility is to bring these ratios far closer to unity. For example, with 2 = 10° 
(1 km), the ratios are 1:(1.05):(1.09). Thus the decreased flash intensity 
caused hy rapid rotation becomes of minor importance even in determining 
the maximum range. 


Taste III 
Pick-up of Department of Commerce Type of Rotating Beacon by Approaching 
Airplane Moving with Velocity v = 5000 cm sec(=180 kmjhr=112 miles/hr): 
¢ = 0.5; T = Period of Rotation in Seconds 








fiabste Max. range Additional distance Effective range 
a berets D, (cm) for pick-up 4 (cm) Dt—A (cm) 
T=5| 10 | 2 | 5 | 10 | 2 | 5 10 | 20 








| } | 
10’cm | 230.0 km | 3.18-107| 3.49-107| 3.76.10" 3.49.10" 4.64.10" 5.96.10" 2.83- 107) 3.03- 10713, 16-107 


10° 23.0 6.35-10*: 6.78-108| 7.10-10*| 8.8 -105| 1.12-10®| 1.37-108| 5.47- 10°) 5.66. 10° 5.73-10* 
105 2.3 100-104 1.05-108) 1.09-10*| 1.83-10*| 2.24-10*! 2.70-108| 8.2 10°, 8.3 -10*| 8.2 105 
5x10 1.15 | 5.60-105 5.83-105 6.00408 112-401 1.36108 1.68.10) 448.105 447-108) 4.32-108 
2x 10¢ 0.46 | 2.54-10* 2.66-10*|2.71-10%/ 5.8 -10* 7.40-10* 1.00-10*| 1.96-10*) 1.92. 10° 1.71.108 
10* 0.23 | 1.39-105) 1.45-10°| 1.48-10*| 3.72. 104 5.03-10*| 7.58-104) 1.02-10°| 9.5 -10*|7.2 -10* 
5x 108 0.12 | 7.6 10! 8.0 -104;8.1 -104| 2.52. 10! 3.80-104| 6.29. 10'S. 1 “tow 4.2 1041.8 -10¢ 


























Pick-up of Beacon by an Approaching Airplane 

We have seen in the derivation of Eq. (7) that a considerable time interval 
is necessary to “‘pick-up” a flashing source of light if its visibility is only 
little above the threshold value. A rapidly moving airplane may thus approach 
within a distance D, which is far less than the maximum range D,, before 
the signal will be seen. To estimate the effective range of a beacon we want 
to determine this average distance D. 
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If, as before, ZL denotes the intensity of the beacon flashes in threshold 
units, at any distance D, we have, by Eq. (11) 
L = (D,/Dfe?:-”", (14) 
Consider an airplane moving directly towards a beacon. When it reaches 
a point corresponding to D,, the value of L is unit. Let x measure the distance 
along the path of the plane from this point so that x = D,—D. Taking the 
logarithm of Eq. (14) and differentiating at the point x = 0, we have 


dinL 1 2 
. ae aD 
Thus for reasonably small values of x the variation of L with x is given by 


Leo) 


L=e (15) 


or which may be written 


where 
1 2 
peal 
Inspection of Table III shows that D, is considerably larger than 4. The 
variation of L due to absorption is thus usually much greater than that due 
to the inverse square law at distances such that the beacon is barely visible. 
Eq. (7) gives us the average time ¢ required to pick up a flashing light 
having flashes of uniform intensity. In the present case the successive flashes 
are of increasing intensity. The reciprocal of t is the probability per second of 
picking up the light. The average distance A which the observer must travel 
towards the beacon before seeing it is thus the distance over which the time 
integral of this probability is unity. Thus 


(16) 


ut 
0 
where v is the velocity of the plane towards the beacon. Substituting into this 
the value of t given by Eq. (7) and the value of L from Eq. (15) and Eq. (16) 





we obtain : 
; 4 d 
$To/i' = f i us (17) 
ws u__ 1 )--3/ 
> 26 +67(e"—1)-3/2 
When A/2’ is sufficiently small the term 1/(2¢) can be neglected and we have 
67pTo/a' = (%)p?*—2p¥242 tan pie (18) 
where p=e*—-1 
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When A/2’ < 0.1, this reduces to 
67To/i' = (2/5) (A/a’)5!?. (19) 
For large values of A/J’', (e*—1)-*/* may be replaced by e~*“/? and integration 
then gives 
To/i' = 2 [(A/a')+(§) In (1 +134 pe*4’)_K] (20) 
where K is an integration constant. 

In applying these results to the beacon we are considering, let us place 
¢ = 0.5. This corresponds to a field of view, in which the beacon is to be 
sought, measuring 20° vertically and 82° horizontally. With this value of ¢, 
Eq. (18) is found to be reasonably accurate for all values of A/A’<1 and 
Eq. (20) which holds accurately for A/2’>3 reduces to 

$To0/a' = A/A'—2.897+-0.285 logig (1+67e84*2’), 
In the range from 1 to 3 numerical integration was resorted to. 
Table IV gives some typical values of A/d’ and ¢Tv/d’' from which a curve 


may be prepared. 
Taste IV 


Table of Values of the Integral of Eq. (17) for the Case ¢=0.5. Below about 
A/i' = 1 these values are independent of 











A/V eTe/’ | A | eTojr’ | AW | @Tv/r’ 
! 1 f} 
0.1 | 1.98x 10-5 | 1.4 0.0310 5.0 | 2.124 
0.2 | 1.21x10-¢ 1.8 0.0737 6.0 | 3.10 
04 | 7.75x10+ | 22 0.1516 8.0 5.10 
0.6 2.36 x 10-* | 2.6 0.281 10.0 7.10 
0.8 | 5.25x10- 3.0 0.470 20.0 | 17.10 
1.0 | 1.070x10-*| 4.0 1.204 








For A/d’ > 6; ¢Tv/a’ — A/a’ — 2.90. 


In Table III are given values of A calculated for a plane moving towards 
the beacon with a velocity of 5000 cm sec-? (180 km per hr or 112 miles per 
hr). This represents the average additional distance the plane must travel 
from the point where threshold visibility is reached before the beacon is seen 
within a large field which subtends a solid angle ¢ = 0.5. These values of A 
were calculated by means of a curve prepared from the data of Table IV. 
The values of A’ were first calculated by Eq. (16) from 4 and D, and then 
$To/i' was obtained; the corresponding value of A/’ from the curve multiplied 
by 4’ then gave A. 

It should be noted that A is relatively large. For example, with a ‘‘visibility” 
of 23 km and with a beacon rotating once in 10 seconds the plane will travel 
on the average a distance of 11.2 km from the point where the threshold is 
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reached before the beacon is seen. It takes the plane 224 seconds to travel 
this distance so that an average of 22.4 flashes above threshold value is needed 
before the beacon is observed. At the end of this time the intensity of the 
light from the beacon is 4.25 threshold units. The effective range, which is 
perhaps the best measure of the value of a beacon under given conditions of 
visibility, is thus D,— A as given in the last three columns of Table III. It 
should be observed that with the highest visibility, slightly greater effective 
ranges are obtained with T = 20 sec. than with 10 or 5 seconds. But with 
a “‘visibility” of 2.3 km the range is greater for T = 10 sec. than for either 
5 or 20. With still poorer visibility the maximum range shifts gradually to the 
beacon with T = 5. Similar calculations show that with 4 as low as 10* the 
maximum effective range occurs with T about 2 seconds. 

These results indicate that under conditions of poor visibility considerably 
more rapid rates of rotation than the standard 10 second period are desirable. 
The lowering of the light effect of each flash, which causes D, to decrease 
with 7, is more than offset by the greater ease and rapidity with which the 
more frequent flashes can be detected in unknown positions within the large 
field of view presented to the aviator. 


Visibility of Flashes of Diffuse Light 


The light from cities reflected from the lower surfaces of high stratus or 
cirrus clouds can frequently be seen from the ground at distances as great as 
fifty miles on clear dark nights. Similarly an aviator flying high above clouds 
covering a city can see an illuminated area in the upper surface of the clouds 
at great distances. In these cases recognition of the source of light is facilitated 
by the contrast in intensity between the illuminated area and its surroundings. 

If the aviator flies at night within a cloud over a city he may have difficulty 
recognizing the increased intensity of diffused light because of its uniformity 
and steadiness. Charles A. Lindbergh has stated to one of us that under such 
conditions the flash of green light produced by a trolley was visible when 
large steady flares at a nearby airport were not recognizable. 

Useful signals can thus be transmitted through fog by sudden flashes of 
a light source which is producing a general illumination of the fog. 

A rotating beacon immersed in a fog or just below low clouds produces 
a nearly steady or only gradually changing illumination of the fog. Definite 
interruptions by means of a shutter mechanism may increase the visibility 
under these conditions and the best results could then be obtained if the beacon 
were pointed toward the zenith. 

With a desire to overcome the loss of efficiency due to interrupting a steady 
source and to obtain flashes of short duration and great intensity, the device 
illustrated in Fig. 9 was constructed. The flash is produced by making and 
breaking a contact between an iron rod cathode and a copper block as anode. 
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A large reactor stores up energy during a short circuit period and delivers 
it to the arc when the electrodes are separated. This increases the duration 
and intensity of the arc and reduces the maximum current and voltage required. 
The device is fed by d.c. line or from a 9 kw 150 V d.c. generator or mercury 
rectifier outfit. 

The maximum arc current is about 200 amps. The surge resembles a half 
cycle of sinusoidal wave and is of a total duration of about 0.2 sec. The 
device is usually adjusted to give a flash every two seconds. A reflector is 
used to throw the light which would strike the ground up into the sky. The 
light output per flash is about 50,000 lumen seconds, and the effective duration 
is about 0.1 second, arid thus according to Eq. (4) the visibility of these flashes 
should be the same as those of an interrupted steady source of F,, = 160,000 
lumens. 





hee 


Fic. 9, Flashing arc beacon. 


The range of visibility of signals of this kind depends primarily on the 
ability of the observer to distinguish the diffuse flash from the steady background 
illumination. Many experimental investigations have been made of the minimum 
change of brightness required to produce a perceptible effect. The results 
are summarized in Weber’s law that the smallest detectable change is a con- 
stant fraction of the total illumination. Most observers find that a 2 per cent 
change in brightness is observable. These measurements, however, have 
practically all been made with far higher background intensities than those 
that interest us, and the brightness of only part of the field was changed, leaving 
the remainder steady. 


Original from 
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In order to-study this problem from the point of view of the aviator, Mr. 
C. C. Steffens has conducted a series of measurements in this laboratory. 
His results are summarized in Figs. 10 and 11. 





BRIGHTNESS OF WHITE FLASH I C/eme 


Fic. 10. The effect of steady background brightness on the visibility of diffuse 
flashes of white light. The ordinates represent the intensities needed for the detec- 
tion of one-half the flashes. 


£06 FLASH BRIGHTNESS IN S/cm? 


106 BRIGHTNESS OF BACKGROUND 
c/ems 





Fic. 11. Visibility of diffuse flashes of colored light as affected by the brightness 
of steady illumination by white light. The ordinates are similar to those of Fig. 10. 


A white sheet 2 meters square was hung up in a dark room 1.8 m from 
the observer. The sheet was uniformly illuminated by 4 tungsten lamps placed 
behind the observer opposite the 4 quarters of the screen. Each lamp was 
mounted inside of a small box which was open at one end and which contained 
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two ground glass diffusing screens between which diaphragms of various 
openings could be interposed. The intensity of the screen illumination was 
varied by changing the current through the lamp filaments, but the lamp 
was never operated at below one-tenth normal candle power in order not 
to change the color too greatly. Greater candle power variations than 10:1 
were obtained by using the diaphragms whose diameters ranged from 4 down 
to 0.03 cm. The lamps and larger diaphragms were calibrated by photometering 
the screen with reasonably high brightness obtained by placing the lamps at 
suitable distances from the screen. Tests showed that the variation of color 
by the 10:1 change in filament brightness did not cause appreciable effects 
for the same results were obtained by changing the brightness by means of 
the diaphragms. 

Flashes of light were superimposed upon the steady screen illumination 
by turning on and off lamps in four other similar boxes. Shutters were avoided 
for the sound produced by them could lead to psychological errors in detecting 
the flash. The currents were actually turned on and off silently by means 
of a thyratron circuit in which the time interval could be adjusted. 

After the observer had remained in the dark room long enough for dark 
adaptation, the steady screen brightness was adjusted to any desired value 
from zero up to that of full moonlight (7x 10-* c/cm). 

Flashes were then made at irregular intervals starting at intensities high 
enough to be easily seen, decreasing rapidly until no flashes were seen and 
then increasing the intensity slowly until about fifty per cent of the flashes 
were seen. This kind of effective threshold proved to be surprisingly definite 
and reproducible. 

Fig. 10 gives data obtained by five observers with 1-second flashes of white 
light. The full line on the logarithmic plot which best represents the data is 
practically straight and of a slope 0.95 in the range of background brightnesses 
between 10-® and 7x10-* c/cm*. Below 10-® the threshold flash rapidly 
becomes a larger fraction of the background brightness until with a background 
of 2.7x10-!° the flash must be equal to the background in intensity. 

The relation of the intensity of the flash to the background is thus given 
in Table V. At brightnesses ranging from 10-4 to 1 Weber’s law holds and 
the ratio remains constant at about 0.02. 

These flash intensities are such that on the average one-half are noted by 
the observer. With flashes close to these threshold values the observer often 
expresses doubt as to whether a flash that is noted is real, but actually, with 
white flashes, it is an extremely rare occurrence for the observer to report 
a flash if one did not actually occur. On the other hand, with threshold flashes 
of red light 30 or even 40 per cent of the reported flashes were imaginary. 

When the intensity of the flashes is made twice of the threshold, the flashes 
are unmistakable, even though the observer is not particularly attentive. Every 
flash is seen under these conditions. 
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Taste V 


Relation Between Brightness of a 1-second Flash of White Light which is 50 per 
cent Visible, and the White Background Brightness 


Background —_| Flash: Background 
| 








2.7 10-%c - em=? | 1.00 
10-* | 0.24 

10-* | 0.112 

10-7 | 0.095 

10-* | 0.080 

7.10-* | 0.073 


+ 





With a background intensity as high as moonlight (7x 10-*), a 1-second 
threshold flash is of such duration that its beginning and end are separately 
recognizable. With background brightnesses greater than 1.6x10-* (0.4 of 
starlight) the flash brightness needed for threshold visibility is the same for 1 
second and for 5 second flashes. With a background brightness less than about 
6x10-* (0.1 starlight), threshold flashes produce the sensation that the light 
gradually increases in brightness and slowly fades away. With a background 
at 2.7 10-9 c- cm-%, a 1-second threshold flash is seen only after a period of 
from 2 to 4 seconds after its beginning and the flash seems to persist for 6-10 
seconds after it has really ended. With a flash of twice threshold intensity, 
both of these time lags drop to about 1 second. 

With these low background intensities (less than 0.1 starlight) it was observed 
that a 5-second flash only needed to be 0.5 as bright as a 1-second flash for 
50 per cent visibility. This seems to indicate that at these low intensities the 
numerical constant in the Blondel-Rey Eq. (4) should be 1.7 seconds instead 
of 0.21. At intensities above starlight, however, we are probably justified 
in using the unchanged Eq. (4) to calculate the visibility of flashes of very 
short duration. Thus the candle-sec - cm-* required for a threshold instantaneous 
flash may be obtained by multiplying the flash brightness, as given by Fig. 
10 or Table V, by 0.17 seconds (i.e., 0.21+1.21) .For very low intensities, 
however, this factor should be 0.63 (i.e., 1.7+2.7). 

Very interesting changes in the appearance of the illuminated screen were 
observed as its brightness was gradually decreased. At brightnesses from 1 to 
3x 10-* c-cm-’, the screen appeared to be remarkably uniform in intensity 
and perfectly steady, and seemed to be of a gray-green color resembling the 
appearance of a window opening out onto a vast open space on a starlight 
night. At intensities above 3x10 *® the resemblance to an open window 
disappeared and it appeared to be a screen. 

As the intensity was decreased a remarkable change in quality occurred 
quite critically, usually at about 8x 10-* c-cm-*. The appearance of the open 
window vanished and was replaced by an area of very nonuniform intensity 
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of yellowish color. If the eyes were directed at the center of the screen, the 
central part appeared to be darker than the edges. The central part showed 
fluctuations of intensity both in time and space while the edges appeared 
steady. The edges even seemed to be brighter than when the actual brightness 
was greater. Thus as the light intensity was deliberately decreased through 
the critical regions, the center of the screen appeared to grow darker, but 
the edges seemed to grow brighter. The fluctuations became slower and of 
larger size as the intensity decreased in the range below the critical value. 
Undoubtedly these effects result from fluctuations in the number of quanta 
of light striking the cones in the central part of the retina. At a background 
brightness of 3 x 107° c- cm-*, areas subtending 5° to 10° appeared to increase 
rapidly in brightness and gradually (in about 5 seconds) fade away. The apparent 
size seemed to correspond roughly with that of the smallest black object that 
could be recognized against the black screen (visual acuity). 

Since the aviator will rarely have to deal with background intensities less 
than 0.1 starlight (6x 10-* c-cm-*), effects of these kinds will not often be 
observed. 

In connection with these experiments a study was made of the ability of 
the observer to detect gradual changes in light intensity such as might occur 
when an aviator flies at night in fog towards a city. Slow steady changes in 
brightness increasing or decreasing at about 3 per cent per second were produced 
beginning at unknown times, and the observer was asked to report any change, 
and also to describe the brightness in terms of the original brightness. 

With moonlight background an increase was first noticed when the 
brightness had increased an average of 45 per cent. With 0.1 moonlight 33 
per cent is seen, while with starlight a 20 per cent change is needed. The results 
were, however, extremely irregular. For example, in some cases an increase in 
brightness was not noted until the brightness had changed in the ratio 1:2. 
Often an increase or decrease was reported to continue for a considerable 
time after it had stopped. Estimates of absolute intensities were approximately 
proportional to the three-halves power of the true intensities with an average 
error of + 40 per cent. 

Roughly, therefore, we can conclude that gradual changes in light intensity 
are not noticeable with certainty until the intensity has changed in the ratio 
1:2 or even 1:3. 

Studies were also made of the visibility of colored flashes. These data are 
summarized in Fig. 11 on which for comparison the curve for white light 
from Fig. 11 is reproduced. The red light examined by a spectroscope showed 
a band lying mostly between 5900-6900. The green lamp gave a band mostly 
between 5000-5700, while the blue gave 4500-4900. The lamps were photo- 
metered only at high intensities to avoid the Purkinje effect. 

The data of Fig. 12 were obtained with a neon lamp. The lower curve 
agrees well with the ‘‘red” curve of Fig. 11. 
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With red flashes the threshold value remains nearly constant at about 
10-7? c: cm~*, while the white background brightness decreases from moonlight 
down to about 0.5 starlight (2x 10-* c-cm~). In this range the threshold 
flash was observed as a change in color but not as a change in intensity of 
the light on the screen. With background intensities less than this, the brightness 
of a 1-second red flash needs to be about 30 times that of the white background 
and the flash then does not produce any appreciable change in color or the 
background, but appears as a change in its brightness. 





Fic. 12. The visibility of flashes of light from a neon arc as affected by white back- 
ground brightness. 


Flashes of diffuse red light are thus far less advantageous for the transmisson 
of visible signals than are flashes of white or green. At high background in- 
tensities, such as moonlight, however, less red light than white light would 
be needed. 

We may use the foregoing data to calculate the visibility of the flashes 
produced on a white diffusing surface, such as that of a cloud, by the light 
from a flashing point source at a distance D from the surface. 

The data given in Table VI have been calculated by means of Eqs. (1) 
and (3) using the factors in Table V, but multiplying them by 2 in order to 
have flashes than can be seen with certainty. It has been assumed that the 
light from the source falls at normal incidence on the white surface which 
reflects 100 per cent of the light according to Lambert’s cosine law. If we 
have a surface which reflects the fraction R and if the incident light beam 
makes an angle @ with the normal to the reflecting surface, then the candle 
powers in Table VI are to be divided by R cos 6. 

On a dark cloudy night when H = 10-8 (0.17 starlight), it is thus possible 
to see the light flashes reflected down from clouds at a height of 1000 m from 
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Taste VI 


The Candle Power of a Point Source Needed to Give a Distinctly Visible 
1-second Flash (2 x Threshold) on a White Diffusing Surface (Cloud or Snow) 
at Distance D. H = Steady Illumination of the Surface in c+ cm 








HH |[D=1km| D=2km | D=Skm 
10-* 15c 60 375 
10-* 1 284 1770 
10-7 600 2400 15,000 
10-* 5000 20,000 125,000 
7x10-+ 32,000 | 128,000 800,000 





a flashing point source of only 71 candles on the ground. But if the cloud 
surface were illuminated by full moonlight, it would be necessary to increase 
the point source from 71 to 32,000 candles to produce an equally visible flash 
at the same distance. 

With flashes of very short duration, we have seen that the candle seconds 
needed are only about 1/6th of the candles of the steady light needed to produce 
1 second flashes. The rotating beacon which we have considered gives 1.2 x 10* 
beam candles for 0.1 second in each flash and thus by Table VI visible diffuse 
flashes should be observed when its beam at a distance of 4.7 km from the 
beacon falls at normal incidence on a cloud illuminated by full moonlight. 
On a dark night, with absolutely clear air and H = 10-8, such flashes should 
be visible at 100 km. 

The flashing arc beacon (Fig. 9) giving 50,000 lumen-seconds (or 8000 
candle-seconds in upper hemisphere) should thus produce visible flashes at 
1.25 km on clouds exposed to bright moonlight or at 26 km when the steady 
light on the clouds is 10-8. 


Comparative Visibility of Diffuse Light and Light from Point Sources 


In column 2 of Table VII are given, for a series of steady background 
brightnesses, the values of light flux density F from a flashing point source 
needed for threshold visibility, as calculated by Eq. (5). For comparison with 
these data we have, in column 3, the values of F which are visible according 
to the data of Table V when rendered diffuse by falling on a perfectly white 
diffuse reflector. Here we have made use of the relation between F and H 
given by Eq. (3). 

It is seen that the power of the eye to focus the light from a point source upon 
a small part of the retina makes it from 7000 to 170,000 times more sensitive 
to light from point sources than to diffuse light which cannot be so concentrated. 
This advantage increases roughly in proportion to the square root of the 
background brightness, probably largely as a result of the increasing acuity 
of vision. 
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Tasre VII 


Comparative Visibility of Diffuse Light and Light from Point Sources, Both 
Giving One Second Flashes 








7 ‘ Light flux density Ratio of sensitivity 
Background Tagnt flux Genassy F for threshold = |—————______L_J»__ 
brightness H | for threshol visibility after : 
rig! visibility of point sibility Poi Photocell vs. 
c-cm-2 pica diffusion from Oint source V8. | visual for diffuse 
| white surface diffuse source light 
| | 
10-° 1.1.x 10- J 7.5 x 10-29 | 6800 | 6 
10-8 3.5 x 10-7 3.5x 10-° 10,000 | 28 
10-7 1.1107 3.0 x 10-8 27,000 i 240 
10-* 3.5x 10- 2.5 x 10-7 72,000 2000 
7x10-* 9.2 x 10-8 | 1.6 x 10-* 170,000 | 13,000 














In considering the values of the ratios given in the fourth column of Table 
VII, it should be recognized that the time needed to find a flashing point 
source is an important factor, while with flashing diffuse lights the average 
time needed to detect the signals will not exceed one-half of the period of 
flashing. Thus, as we have seen, the flashing point sources for practical reasons 
need to be 10 or 20 times the threshold, while a factor of 2 is sufficient to make 
diffuse flashes immediately visible. 


The Photoelectric Cell as a Detector of Diffuse Modulated Light 


Although the human eye is extremely sensitive to the light from point 
sources, it becomes many thousands of times less sensitive when the light is 
diffused, as for example by fog. The photoelectric cell on the other hand gives 
a response which is determined by the total light that falls upon it, and therefore 
it should possess particular advantages as compared to the eye for detecting 
diffuse light. 

We have seen how the flashing of diffuse light signa's for visual obser- 
vations gives them the characteristics needed to distinguish them from the steady 
diffuse light such as moonlight or the light from cities. In using the photo- 
electric cell, however, it is better to modulate the light at a definite frequency, 
such as 1000 per second, and thus be able to distinguish the signal light from 
all others by using a tuned amplifier for the photo-cell current. 

In order to determine how well such a system may be used to detect diffuse 
light we have constructed a special photocell and amplifier equipment shown 
diagrammatically in Fig. 13. 

The photoelectric cell should be of large light gathering power. We used 
a PJ-19 argon-filled caesium photocell which has been developed for television 
outfits. The spherical bulb was 19 cm diameter and had a window opening 
15 cm in diameter or 175 cm? area. It was operated with 45 volts on the anode 
and gave a sensitivity of 10 microamperes per lumen for white light and for 
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the light from a mercury arc and about 8 microamperes per lumen for light 
from a neon lamp. 

In front of the window of the photocell was a mirror which could be rotated 
slowly (200 to 300 r.p.m.) about an axis inclined at 45° to the mirror surface. 
In this way the diffuse light from the right and left sides (of the airplane) 
could be thrown alternately and periodically into the photocell. 

The alternating current component from the photocell passed to an amplifier 
consisting of 3 stages of screen-grid amplification (UY 224 tubes), the first 
two stages being tuned for 1000 cycles. The amplifier was thus highly selective 
for the modulated light signals. The voltage amplification factor was about 
2,000,000. 









TUNED FOR 
000 ereces 
' 


Fic. 13. Photoelectric receiver for modulated light. 


On the shaft of the rotating mirror was a commutator through which 
output of the amplifier was passed. This acted as a single-pole double-throw 
switch which alternately threw the amplified 1000-cycle current to two detector 
tubes (UX 112A) in push-pull arrangement as shown at the right hand side 
of Fig. 13. 

In this way the modulated light that entered the photocell from the right 
tended to produce a deflection to the right of the needle of the d.c. indicating 
instrument which had a sensitiveness of 150 microamperes for full scale. 

The indicator reading thus gave a measure of the difference in the diffuse 
light intensities on the two sides of the photocell. The frequency of rotation 
of the mirror was immaterial so long as it was more rapid than the indicator 
needle could follow. 

‘This differential arrangement was adopted so that the direction of the 
light source could be determined even in presence of fog. 

When desired, the light intensity in either direction could be determined 
by properly fixing the position of the mirror after stopping its rotation, or 
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more conveniently by rendering one or the other of the detecting circuits 
inoperative. 

When using the differential arrangement it is usually desirable to have an 
indication which measures the relative rather than the absolute difference in 
the intensities in the two directions. 

This was accomplished by utilizing the automatic volume control illustrated 
in Fig. 13. In this device the 1000-cycle component of the output of the detector 
tube circuit was rectified by a UX 112A tube and this rectified voltage was 
used to bias the grid of the first tube in the amplifier. A filter circuit eliminated 
the fluctuations caused by the mirror rotation so that the average of the in- 
intensities of the amplified 1000-cycle current produced by the light from the 
two sides was kept nearly constant as the actual light intensity increased. The 
difference in the intensities from the two sides was, however, given by the 
indicating instrument. 

To test the sensitivity of this apparatus a source of modulated light of 
known intensity was constructed by using a shutter operated by a synchronous 
motor. The light intensity was made to increase and decrease linearly with 
time as shown by diagram c in Fig. 14, with a frequency of 1000 per second. 


DoH +0, 
a 





—— 157% 





--- 4 -- -FA--- 188% 
6 


A. YY _s Y, g. Percent modulation for 
LA YW Y 2% different wave shapes 
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Fic. 14. The effectiveness of various types of modulation. 


The intensity varied from zero at the minimum to 0.5 candles at the maximum 
so that the average candle power was 0.25. The amplitude A, of the 1000-cycle 
component in a Fourier series expansion, J = A, sin wt, corresponds to 0.2 
candle (i.e., 80 per cent of the average 0.25). 

Two large sheets of white cardboard were mounted in vertical planes at 
right angles to one another and placed at a distance of 40 meters from the 
above described source of modulated light so that the light fell on each plane 
at an angle of incidence of 45°. The brightness of illumination of these sheets 
was thus 2.8x10-® candles cm-* (i.e., 0.2 x 0.71/2(4000)*) in terms of the 
amplitude of the 1000 cycle component. 
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The photocell outfit was mounted symmetrically between the sheets so 
that when the mirror was rotated the cell was exposed alternately to the 
diffused light from the two sheets. 

By making a slight adjustment in the inclination of one of the sheets, with 
respect to the light rays from the source, the needle of the indicator instru- 
ment was brought to zero (see Fig. 13). A change of the inclination of either 
sheet by as little as 0.9° then produced a distinct deflection of the needle (about 
15 microamperes). This corresponds to a change in brightness of 1.5 per cent 
of the average brightness (2.8x10-*). Thus the photocell amplifier outfit 
was sensitive to a change in the absolute brightness of only 4x10-" candle 
xcem~, which is only about } of the threshold of the eye for flashing lights 
with a completely dark background (see the data of Fig. 10). 

A particular advantage of the photocell equipment is its complete insen- 
sitiveness to the steady background illumination. Thus the sensitiveness to 
modulated light was not appreciably altered by letting light from incandescent 
lamps fall on the sheets up to a brightness of 10-* candle xcm* (about 100 
times moonlight). With full daylight or sunlight, however, the photocell was 
overloaded and the sensitiveness to modulated light decreased greatly. Un- 
doubtedly special cells and circuits can be devised which would make it possible 
to detect very weak signals of diffuse modulated light even in presence of 
sunlight. 

It is interesting to compare this observed sensitiveness of the photocell 
apparatus with the corresponding visual data given in Tables VI and VII. 

As before we may assume that a reliable signal must produce a brightness 
of twice threshold value. Thus for the photoelectric detector we need a light 
flux density F = 2.5x 10° lumensxcm~?. This corresponds to 2.5 candles 
at 1 km. The last column in Table VII gives a factor which measures the relative 
advantage of the photocell detector over visual observation for diffuse light 
signals. This factor is obtained by dividing the values of F in the third column 
by the threshold value for the photoelectric detector (1.26x10°?). In full 
moonlight the photocell can detect at diffuse modulated light of an intensity 
only 1/13,000 of that of a diffuse flashing light just visible to the eye. 


Sources of Modulated Light 


The instantaneous intensity J of modulated light may be expressed as 

a function of time t by a Fourier expansion 
I= A,+A, sin w(t—t,) +A, sin 2w (t—t,)+etc. 

The effectiveness of modulated light when used with a tuned receiver such 
as we have described, depends upon the amplitude A, of the fundamental 
component and therefore this component should be made as large as possible 
compared to Ay, A,, etc. 

We may define the degree of modulation as the ratio A,:Ap, that is, the 
ratio of the amplitude of the fundamental component to that of the average 
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light. This ratio for a series of different wave shapes is given in Fig. 14. The 
maximum possible degree of modulation is 200 per cent which is approached 
if the light consists of separate flashes of very short duration. 

An efficient source of modulated light has been developed in the form of 
a self-modulated neon lamp which operates on the thyratron principle, and 
produces the light flashes illustrated in diagram g of Fig. 14, giving a degree 
of modulation as high as 188 per cent. 


Diffusion of Light in Fog 


The aviator encounters several conditions which cause poor visibility. 
Haze and smoke are usually due to the presence of extremely small particles 
in the air — particles of diameters less than the wave-length of light. According 
to Rayleigh’s law the amount of light scattered by such particles is inversely 
proportional to the fourth power of the wave-length of the light. Thus white 
light transmitted through haze or smoke becomes red while the light scattered 
is mainly blue. Scattering of this kind accounts for the blue color of the sky 
and of distant mountains and for the red color of the setting sun. 

Besides scattering light, smoke and smoky fog obviously absorb a consider- 
able amount of light. 

In districts far from the sources of industrial smoke however, the aviator 
encounters clean white fog, either as ground fog or as clouds. Such fog consist 
of small water drops which range in diameter* from about 2.2 x 10-* to about 
10-? cm, so that they are 40 to 200 times larger than the wave-length of ordinary 
light. The color effects characteristic of haze and smoke are thus absent in 
clean fog and in clouds. 

The question is often raised whether certain colors of light such as red or 
blue are not transmitted through fog far better than white light.” The large 
size of the drops indicates that the scattering of light by fog should be the 
same throughout the visible and ultraviolet spectrum and in the infra-red 
a decrease in scattering should occur only when wave-lengths of about 20 
microns are reached. In the visible spectrum this conclusion is confirmed by 
the fact that the disk of the sun when faintly discernible through clean fog 
or cloud appears colorless; also by the fact that the illumination on cloudy 
days is not of distinctly different color from that on clear days. 

The scattering of light by fog and clouds is thus due to the interception 
of the light rays by the spherical droplets of water. Let n be the number of 
droplets per unit volume, each of diameter d, then w the weight of the drops 
per unit volume is 

w = (x/6) nd’. (22) 

* Handbuch d. Exp. Physic 25 (1) p. 51 (1928). 


7 See article on Fog Penetration, by L. H. Anderson, U.S. Air Services, July 1931, p. 20-25. 
This is to appear in Trans. Amer. Soc. Mech. Eng.; Section on Aeronautical Engineering. 
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If a beam of light of intensity J passes a distance dx through the cloud the 
decrease in the intensity of the direct beam is —dI = I(x/4)nd*dx since (x/4)d? 
is the area intercepted by each drop. The scattering coefficient is thus (1/4)nd?. 
The reciprocal of this or 


dy = 4/(and®) = 4 o (23) 


is the ‘free path” of the light rays through the cloud, i.e., the average distance 
that the rays can travel before the intensity of the direct beam falls to 1/eth 
value. This free path is entirely analogous to that employed in the kinetic 
theory of gases. 

Experimental determinations of w in rain clouds have given 1x10-* to 
2x10-* g-cm-*. An estimate of the maximum possible values of w can be 
made from the water vapor content of air. 

The air rising into a rain cloud is saturated when it reaches the level of the 
bottom of the cloud. Under summer conditions the temperature at this point 
(1000 m elevation) may be taken to be 20°C. The total water vapor content is 
then 17.2x10-* g-cm-’. If this saturated air rises another 1000 m it would 
cool by adiabatic expansion (allowing for the heat of condensation of the 
water vapor) to 15.8° and the water vapor content would then be 13.3 x 10* 
g:cm~*. The difference between these quantities, i.e., w = 3.9x10-*, must be 
the volume of the droplets per cm® in the cloud at an altitude of 2000 m. A 
similar calculation for winter conditions with a temperature of —5°C for the 
base of the cloud gives a temperature of —11.6° at an altitude of 2000 m 
which gives at this level w = 1.4 x 10-*. These values of w are in good agreement 
with the experimentally found values. 

The shortest free paths which may occur in clouds or clean fogs thus cor- 
respond roughly to w= 2x10-* and d=3x10- which give by Eq. (23) 
49 = 1000 cm or 10 meters. According to Eq. (22) there are only 140 droplets 
per cm® in a fog of this chracter. 

In the less dense clouds and fogs usually encountered by the aviator the 
free paths 4, will range from 30 to 100 meters. 

The light which is intercepted by a droplet is scattered in various directions 
but not uniformly, for the larger part is scattered in a forward direction. 
This means that the forward component of the light originally in a parallel 
beam does not decrease as rapidly as does the intensity of the unscattered 
component of the beam. This phenomenon corresponds exactly to that of the 
persistence of velocities treated in the kinetic theory of gases.® 

The distance at which the sharp outlines of an object can be seen through 
a fog depends primarily upon the distance that a ray of light can travel without 
appreciable change in direction. Thus the free path A) that we have calculated 
from the diameter of the droplets is applicable to such problems. 


® See Jeans, Dynamical Theory of Gases. 
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However if we are to consider the amount of diffuse light transmitted 
through or reflected from a cloud layer of given thickness we need to consider 
a different kind of free path 4, i.e., the average distance which the light from 
parallel beam can travel before its forward component has fallen to 1/eth value. 
This free path will probably be two or three times as great as dy. 

The transmission of light through fog is governed by laws similar to those 
of the diffusion of one gas into another and is analogous to the flow of heat or 
electricity in a conducting solid. The intensity of the light at any point in a 
fog is approximately the same in all directions and is measured by H the 
brightness of illumination in candles cm-?. 

Corresponding to this average brightness H there is a random flux density 
F = 2H of light flowing across an imaginary plane inclined in any direction. 
However, because H is not uniform throughout the fog there will be a drift 
flux density F, which represents the net flow across an imaginary plane surface. 
This is essentially a vactor quantity and its component in any direction is 
proportional of the gradient of H in that direction. 

The coefficient of self diffusion D in a gas may be calculated from the 
mean free path 4 and the average molecular velocity v, giving the result 
D = dv/3. An analogous calculation for the diffusion of light leads to the 
following expression for F,, the component of the drift flux in the direction 
parallel to the x axis. 


F,= — (40/3) (24) 


Thus the quantity 44/3 may be termed the luminous conductivity of the fog. 
The brightness H is a scalar quantity which may be regarded as the Juminous 
potential and is entirely analogous to electric potential, to temperature in heat 
conduction problems, or to concentration in diffusion problems. 

In deriving the Eq. (24) it was assumed that the free path 2 was small 
compared to the dimension of the cloud. 

With this point of view let us now calculate the distribution of brightness 
in certain typical simple idealized cases. 


1. Point Source at Center of Spherical Cloud 


Consider a source of Z lumens at the center O of a cloud of radius 15. 
Since we are assuming that the light is scattered, but not adsorbed, the total 
flux across any spherical surface having its center at O is L. Thus the light 
flux density F, in a radial direction at any distance r from the center is 


F, = L/4ar*. (25) 
Combining this with Eq. (24) and integrating we find 


3L (1 
‘aie renal? +k] 
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where K is the integration constant. Since we have assumed that / is small 
compared to 79, we may put H = 0 whenr = 7, (the outer surface of the cloud) 
and thus find K = —1/r,, so that : 
ee (4-3). (26) 
l6x*A\r ory 

Let us examine more closely these boundary conditions. As seen from a 
distance, the outside surface of the cloud will appear to have a brightness H, 
which may be calculated by Eq. (3) from the flux density F given by Eq. (25) 

when 7 = r,. Thus 
A, = L/47?r,2. (27) 


An observer located at the outside surface of the cloud would see this 
brightness H, if he faces the interior of the cloud but finds the brightness 
H = 0 if he faces away from the center. Thus at this surface H is no longer a 
scalar quantity as it is in the interior of the cloud but depends on the direction 
of observation. If we put in Eq. (26) H = H, as given by Eq. (27) we find that 


1-1 = (4/3)2. (28) 


In other words, the brightness at a distance (4/3)A inside of the outer surface 
of the cloud has a value (Hy) which will account for the light flux emanating 
from the cloud. This result appears reasonable when we remember that the 
light that escapes from the cloud passes through a layer comparable with 
4 in thickness without appreciable scattering. 

In general, therefore, in calculating the brightness distribution within any 
cloud mass we may place H = 0 at the outer surface. The apparent brightness 
as seen from a point outside is then the brightness, which is calculated for a 
surface lying at a depth (4/3)A inside of the true surface. 

It is interesting to compare the brightness H inside of an illuminated 
cloud with the brightness which would be obtained at the same distance in 
the absence of the fog if the light source should shine directly on a white 
diffusing surface. Comparing H as given by Eq. (26) with H = L/4x*r? which 
would apply in the absence of fog, we see that the effect of the fog is to increase 
the brightness in the ratio 

3r(79—1) :4 Arp. (29) 

As r increases this ratio reaches a maximum value 37,/164 when r = 0.5 ro. 
Thus in a spherical cloud having a radius of 1000 m, and a free path A = 30 m, 
a 5000 candle power light (ZL = 60,000 lumens) at the center would give a 
brightness H = 3.8x 10-6 candlesxcm-? at a distance of 500 m from the 
source. This is over six times the brightness (0.63 x 10-*) that would be ob- 
tained if the light from the source at this distance fell directly with normal 
incidence on a white diffusing surface. The fog, because of its poor luminous 
conductivity, thus tends to prevent the escape of the light and so increases 
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the brightness within the cloud. The brightness of the outside surface of the 
cloud, by Eq. (27), would be Hy = 1.5x10-?c-cm-* which is about 4000 
times the threshold sensitiveness of the photoelectric receiver. 

Except by means of rockets or flares we are not ordinarily able to produce 
light sources at the centers of large clouds so the foregoing case may seem to 
be rather academic. However, if the ground reflects nearly all the light that 
falls on it, as for example when it is snow covered, then with a thick layer of 
fog over the ground and a light source on the ground the drift flux distribution 
is twice that given by Eq. (25) and therefore Eq. (26) gives the brightness 
distribution if its right side is multiplied by 2. We shall see that imperfect 
reflection from the ground modifies these conditions. 


Directional Effect in Fog 

The drift flux density Fy in a fog as given by Eq. (24) may be regarded 
as the difference of two fluxes flowing in opposite directions. Any small plane 
white surface (of dimensions small compared to 4) placed in the fog in a plane 
perpendicular to the x-axis will be illuminated differently on its two sides, 
the differences of brightness AH, being 


F, z 
AH, = = (30) 
Substituting into this the value of Fy from Eq. (25) and dividing by H as 
given in Eq. (26) we find for the directional ratio 


AH, 

H 

The minimum value of this quotient, 164/379, occurs when r= 0.5 1. 

Thus in the example we have just considered the smallest value of AH,/H 

is 0.16. The differential photoelectric receiver, which has been described, can 

detect differences of only 1.5 per cent, and should therefore be able to indicate 
the direction from which the light comes. 

If such a device were used in an airplane, the plane could be turned towards 

the light of greatest intensity until the two intensities balance; straight flight 
would then bring the plane to the source. 


2. Layer of Cloud Uniformly Illuminated from Above or Below 
Let us consider a layer of cloud of uniform thickness h, the upper surface 
of which is illuminated by sunlight or moonlight. If F, is the flux density 
produced by the source as given for example in Table I then if the upper surface 
of the cloud were a perfect diffuse reflector its brightness would be 
H, = (F,/z) sina (32) 


where a is the angular altitude of the source above the horizon. Let H, be 
the actual brightness of the top of the cloud layer which is less than H, because 





= 42/3r(1—1/r,). (31) 
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of light lost by transmission through the cloud. Let H, be the brightness of 
the bottom of the cloud layer as seen from the ground, and let R be the ayerage 
reflection coefficient of the ground. The corresponding flux densities (F = 2H) 
across horizontal planes are F,, and F,. The light flux reaching the ground 
is thus F,, while that returning from the ground is RF, and the loss of light 
caused by absorption by the ground is F,(1—R). This loss must be equal 
to the drift flux F, through the cloud layer and must also be equal to F, sin 
a—F,, the net light input at the top of the cloud layer. Thus by Eqs. (24) 
and (32) we have 


4a 
H,(1—R) = Sh (H;—Hs) (33) 
and 
H,(1—R) = H, — H;. (34) 
Separating the two variables H, and H,, we obtain the equations 
3h H, 1 
a HEN, ie (35) 
and 
3h ,—Hy 
4a ~ H,(—R) 1. (36) 


Photometric measurements of H, and H, could readily be made from an 
airplane and by simultaneous determinations of h, the values of A for various 
types of cloud layers could be found. Measurements from the ground alone, 
however, give some useful data. Published tables of photographic exposure 
show that on days described as ‘‘very dull” the exposure only needs to be 
increased about ten-fold. If under these conditions the upper surface of the 
cloud layer reflects 90 per cent of the incident light there can be no appreciable 
loss by absorption within the cloud layer. The effect of a cloud layer sufficient 
to make a very dull day, which we may assume is one or two thousand meters 
thick, is thus to change the light flux on the ground in the ratio H,:H, = 1:10 
From Eq. (36) this gives 


oh 84K. 
4, 1-R 


Photometer measurements which we have made from a tower at an airport 
have shown that the reflectivity R of the ground is ordinarily very low; 
for example the airport surface varied from 9 to 21 per cent reflectivity. Tree 
covered land (without leaves) gave only 5 per cent. The foregoing expression 
gives values of h/A which are not very sensitive to R; thus for R = 0.1 and 
R = 0.2, we find h/A is 12 and 13.7 respectively. This gives A= 80 m with a 
1000 m layer or A= 160 m with a 2000 m layer. 
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If we have a layer of cloud uniformly illuminated from below as for example 
by aseries of regularly spaced lights, the problem differs from that just considered 
in that light reflected downwards, F,, from the bottom of the cloud layer is 
partly reflected back by the ground and contributes to the illumination of 
the cloud. Equation (34) is still applicable but in place of Eq. (33) we have 


42 
Hy = 3 (Hy—H;) (332) 
and instead of Eqs. (35) and (36) we obtain 
3h sos, —H, 
nay Gn) 


and 

3h _ H,(2—R)—H, 

4A ‘H,—H,(1—R) 
where H, is the brightness which the bottom of the cloud would have if it 
were perfectly reflecting and the ground were completely nonreflecting. If F, 
is the average vertical flux density from the light sources on the ground then 
H, = F,/n. It should be noted (by Eq. (36a)) that if the cloud layer is thick 
ot A is very small so that 34/44 becomes very large, H, approaches the value 


H, = H,/(1—R) 


and thus may become much greater than H, if the ground has high reflec- 
tivity. 


(36a) 


3. Point Source in Fog Close to Ground with Poor Reflectivity 

We have already considered in Case I an example where the ground is a 
good reflector. Let us now consider a case where the ground is completely 
black (R = 0), and the light source is located at a point B at a height b above 
the ground. 

Since the ground absorbs all the light that falls on it, H = 0 at this surface 
just as at the outside surface of the fog. We can simplify our problem by 
assuming that the fog is infinitely thick. The problem is then similar to that of 
the potential distribution around a point charge at a distance b from a plane 
conducting surface, and may be readily solved by the method of images. In 
the present case the distribution is the same as if the black ground were replaced 
by a completely transparent plane and in addition to the light source at B 
we postulate a light sink (negative source) at B’ which is the image of B in 
the plane. The brightness H at any point at a distance 7 from the light source 
(r>A) and at an angular height a above the horizon (as seen from the source) is 


3L,b 
472Ar* 

In this equation L, represents the light flux in lumens emitted by the 
source in an upward direction, i.e., in the upper hemisphere. This distinction 


H= 





sina. (37) 
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is necessary since rays emitted downward would be absorbed directly by the 
ground. In practice the efficiency of the light source can be nearly doubled by 
placing a hemispherical reflector below the lamp to convert the downward rays 
into the useful upward light. In this case L, is approximately equal to L the 
total luminous output of the lamp. 

If the light source were actually at the level of the ground (b = 0) Eq (37) 
would give H = 0. When we consider that the light radiating out from the 
source reaches on the average a hemispherical surface of radius A before being 
scattered, we see that the effective height of a point source on the ground is 
roughly 22/3. If the light were focussed vertically upwards its effective height® 
would more probably be 4. Thus 6 in Eq. (37) may be taken to be by +(2/3)A 
(or by+A) if by is the actual height of the light source. 

With 5, = 0 so that b = (2/3)A Eq. (37) thus becomes 


H = L, sina/2z°r?. (38) 


If there were no fog, and the light source should shine directly with normal 
incidence on a white surface at distance r the brightness would be 


H = L/2atrt (38a) 


which is thus the same as the brightness within the fog at all points directly 
over the source. For other values of a the brightness would be less. 

Fig. 15 gives data on the range at which a modulated light of intensity 
L,, = 60,000 lumens (5000 spherical candles with hemispherical reflector) 
would produce in an infinite fog a brightness H = 3 x 10-® c-cm~?, this being 
about 75 times the threshold value of the photoelectric receiver. 

Curve I is for the case that the beacon is at the ground level (effective 
height 24/3). The range is then independent of the density of the fog. Curves 
II and III illustrate the effect of placing the beacon on a tower, 50 m high. 
The range is greatly increased and is now dependent on the density of the fog, 
being much greater for a dense fog than for one less dense. With no fog at all 
the range (for H = 3x 10-*) is represented by Curve IV which by Eq. (38a) 
is a semicircle of radius equal to the maximum height of Curve I. Comparison 
of Curves III and IV shows how greatly fog can extend the range of diffuse 
light signals. 

If we take x as the horizontal distance from the light source (x = r cos a) 
then by partial differentiation of Eq. (37) and combination with Eq. (24) 
we find that the horizontal component of the drift flux density, at any point, 
is 
3L,,5 


F= ari | SiN.acosa (39) 





° A still greater effective height might be obtained in quiet foggy weather by building 
a fire on the ground so as to produce a rising vertical column of clear air up through which 
a searchlight beam could be projected to a height much greater than A. 


Google 


A Study of Light Signals in Aviation and Navigation 47 


and thus by Eq. (30) the directional ratio is 
—;~ = (44/r) cos a (40) 


which is independent of 4, the height of the light source. 








INFINITE LAYER OF FOG 
9c 
H *3x/0 Emt 





Fic. 15. Surfaces of equal brightness (H = 3x 10-%c-cm~*) in an infinite fog 

overlying dark colored ground (R= 0) near which is a light source projecting 

60,000 lumens into the upper hemisphere; C is the candle power in the upward 
direction, i.e., of the lamp with its hemispherical reflector. 


If the receiver can detect a difference of 1.5 per cent between opposite 
directions, it should be capable of giving directional effects at distance of about 
200A or 10 km (if H is as great as 3x10-°). 


4. Point Sources within Uniform Layer of Fog or Cloud 

Case a—White ground (R = 1)—Consider a point source of light on per- 
fectly reflecting ground which is covered by a layer of fog of thickness A. At the 
upper surface of the fog H = 0. By the method of images the problem is then 
equivalent to the determination of the potential distribution produced by a 
series of alternate positive and negative charges arranged along a vertical 
line with a distance 2h between adjacent charges. Medelung has solved?® this 
and many similar problems in his studies of the electric forces in crystals 
built up of ions. The complete solutions are expressible only in terms of 
Hankel functions for which, however, tables are available. We are interested 


1° E. Madelung, Phys. Zeits. 19, 524-532 (1918). 
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mainly in the distribution of brightness at distances from the source which 
are fairly large compared to h the thickness of the cloud layer. Under these 
conditions the equations take much simpler forms. The following equations 
are modifications of Madelung’s results adapted to our calculation of distribution 
of brightness. 

At any point within the fog layer at a height y above the ground and a 
horizontal distance x from the beacon the brightness H is 
_ 3L exp (—2x/2h) - cos (ay/2h) 
= age 

Here L is the total lumens output from the light source. Because of the 
perfect reflection from the ground all of this light escapes from the upper surface 
of the cloud layer. This equation is accurate for all values of x which are large 
compared to h. However, for values of x even as small as h/3 the errors are 
not greater than about 10 per cent. 

A calculation of the directional ratio similar to that which led to Eq. (40) 
gives in the present case for x >h 

AH, 
H 


The brightness H, of the upper surface of the fog, at a point directly over 
the beacon, x = 0, y = h, is (exactly) 


H (41) 


= 2nd/3h. (42) 





H, = 0.09280L/h*. (43) 

At points on the upper surface for which x>h, the brightness H, is 
L exp (—2x/2h 

#, = Sa ms 


Examination of these results shows that the brightness in the fog and on 
its upper surface decreases exponentially as the horizontal distance x increases, 
falling to 1/eth value in each increment of 0.63h in the distance. 

As an example of the range which modulated light signals can be detected 
we may assume the following conditions. An airplane flies at a height y of 
250 m in a fog layer h = 500 m thick, with a free path A= 50 m. The 
ground is snow-covered and on the ground is a modulated light beacon of 
5000 candle power, L = 60,000. By Eq. (41) we find that the brightness in 
¢-cm-* at various horizontal distances x from the beacon is 1.2x10-* at 
1 km, 3.7 x 10-8 at 2 km, 1.3 x 10-® at 3 km, and 5x10" at 4 km. Thus since 
4x 10-4 c-cm~ can be detected, the signal could be picked up at a distance 
of 3 to 4 km from the source. The directional ratio of about 20 per cent 
should give good directional effects at distances less than 2 km. The brightness Hy 
at the top of the cloud layer is 34/h or 0.3 of that at the height of 250 m so 
that the ranges of detection just found are approximately independent of the 
height of the plane within the layer. 
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Case b—Black ground. R=0. By the method of images this problem is equiva- 
lent to that of finding the potential of series of dipoles arranged in a vertical 
line with uniform spacing of 2h. Each dipole consists of an upper positive 
source L and a lower negative source — L with a distance 2b between them. 

If the height of the source above ground is small compared to h the thick- 
ness of the fog layer, then the brightness H at any point (x, y) is 


3L,b 
H= pana sin( 7B = )exp(—asyhy (45) 
L,, is again the total light thrown upwards by the beacon. 
As in Eq. (37), 5 is the effective height b)+(2/3)A, of the beacon. 
Thus if the beacon is practically at the ground level so that b = (2/3)A 
we have 


L, sin (y/h) - exp(—zx/h) | 








R= 2a e fA a] 
A calculation of the directional ratio gives for x >h 
AH, _ 
=i (47) 





which is twice as great as that given by Eq. (42) for R= 0. 
The brightness H, at the top surface of the fog directly over the beacon is 


Hy = 0.42626L,/h?. (48) 
At horizontal distances x large compared to h the brightness of the top 


surface is 


232 DL Aexp (—2x/h) 
ie 3A 8i2 lz . 





(49) 


A rough integration of the total light flux Z, in lumens from the upper 

surface of the fog gives 
L, = 2L,b/h.. (50) 

It should be noted that the logarithmic decrement in the brightness as x 
increases is twice as great as in the case that the ground is white. 

As an example let us take as before a modulated light beacon of 5000 
candles (L,, = 60,000). For various values of hk and x we have calculated H at 
the height y = 0.54 by Eq. (46) for the case that the beacon is close to the 
ground. Table VIII gives the distances at which the brightness H has the 
values specified in Column I. With the photoelectric receiver capable of 
detecting 4x 10-4 c-cm-? ranges of 1 to 3 km are possible. At heights other 
than 0.5h the results are not greatly different. 

A ten-fold increase in the output of the beacon or a ten-fold increase in 
the effective height 6 would produce only a 20 or 30 per cent increase in the 


4 Lengmuir Memorial Volume X 
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Taste VIII 
Distances in Meters at which the Light from a 5000 Candle Power Beacon (with 
Reflector) will Produce Given Brightness of Illumination in the Interior of a 
Fog Layer of Thickness h, Covering Dark Colored Ground 





= 250m | a= 0m | k= 1000 


c+cm-* 
10-* 580 950 1500 
10-° 760 1300 2180 
10 »° 930 1640 2870 
4x 10-2 1000 1780 3140 


range at which the light from the beacon could be detected by the photoelectric 
receiver. 

Comparing these data with those calculated for the perfectly reflecting 
ground we see that the effect of making the ground black is to reduce the 
range to about 42 per cent of its value for perfectly reflecting ground. 


5. Reflection From and Transmission Through a Cloud Layer 

The case that we have just considered of a thin layer of fog in contact with 
the ground is probably the most unfavorable that can be found for light 
transmission inside of the fog layer. If, however, the aviator flies above the 
fog layer he can make use of the spot of light which is transmitted up through 
the fog according to Eq. (50). If the upper surface of the fog is horizontal the 
light flux emitted from this spot in a direction inclined at an angle a above 
the horizon will be proportional to sin a. The light flux density F at any point 
which is at the distance r (along inclined line) from the center of the spot and 
at the height y above the top of the fog layer is thus 


F = Lyy/nr* = 2L,by/nhr’. (51) 


The range of the signals that may be transmitted in this way is far greater 
than those within the fog layer itself. For example, putting L, = 60,000, 
b = (2/3)4, A=50m, h= 250m, we have F=5100 y/r*. If we take 
y =2.5x104, (250m) and F = 1.2x10- corresponding to the threshold 
(H = 4x 10-4) of the photoelectric receiver we see that we should be able 
to detect the modulated light transmitted up through the fog at a distance of 
10.2 km as compared to the distance of only 1 km within the fog layer as given 
in Table VIII. 

If there are other layers of cloud above the fog on the ground the light 
reflected down from them will greatly increase the range and will also make 
it possible to detect the modulated light within the fog layer at distances far 
greater than those given in Table VIII. 

If the bottom of the fog layer is at a height y, above the ground then the 
light L, from the beacon forms a spot of light on the bottom of the cloud 
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which reflects the greater part of the total light. Thus if the plane flies below 
the cloud layer the range may be calculated by the first two members of Eq. 
(51), where Ly is now to be replaced by L, and y is the height of the ceiling 
above the plane. 

_ When the cloud layer is definitely off the ground the transmission of light 
through it is given by Eqs. (35a) and (36a). The fraction of the light output of 
the beacon which escapes from the top of the cloud layer is equal to H,/H,. 
By Eq. (35a) this is 


H,/H, = 1/[(1 +(1—R) (1 +3h/44)]. (52) 


When R = 0 and A/A is large this reduces to the same value as the ratio 
L,/L, given by Eq. (50) for the case of the fog lying on black ground. Equation 
(51) is thus still applicable for the detection of light transmitted through 
a cloud layer which is at a considerable height above ground. 

In the case the brightness within the cloud layer will extend for relatively 
large horizontal distances from the source. The brightness H at any point 
may be calculated by linear interpolation between H, and H, which are given 
by Eqs. (35a) and (36a). The brightness H, which is to be used for this purpose 
is equal to 


H, = L,y/208r (53) 


where r is the inclined distance from the light source to the given point at the 
bottom of the cloud. In most applications where r >y we may put r= x, 
the horizontal distance from the source. | 

Under these conditions we find by partial differentiation of Eq. (53) and 
combining with Eqs. (24) and (30) that the directional ratio is 


AH, _ 4A 
H's. Go 


which is 3h/xx times as great as that given by Eq. (47) for the ratio inside of 
a fog layer on the ground. 

As an example let us consider a cloud layer of a thickness of h=500m 
whose bottom surface is y)= 500 m above the ground which has the reflectivity 
R=0.2. Let 2 = 50m and L, = 60,000 lumens. By Eq. (53) we find 
H, = 1.5 x 10°/r8c - cm-*, and then by Eqs. (35a) and (36a) we get H, = 1.3 
x 10?/r3 and H, = 1.09H, = 1.65 x 108/r?. The directional ratio is AH,/H = 2 
xX 104/x. Placing H, = 4X10" we find that a plane flying near the top of 
the cloud layer should be able to detect the modulated light at a distance x = r 
= 6.9 km. Near the bottom of the cloud layer the range would be 16.1 km. At 
distances of 1.65 and 3.8 km respectively (top and bottom) the brightness 
would be 3x10-* (75 times threshold) and the directional ratios would be 
0.121 and 0.053 respectively, whereas 0.015 can be observed with this 
brightness. 
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The Effect of True Absorption of Light Within a Fog 


So far we have considered the scattering of light within a clean white fog 
in which absorption is negligible. It may be of interest to deal briefly with the 
modifications that occur if there is also an absorption of light such as exists 
for example in a smoky fog. 

In this case, in each unit of volume, an amount of light will be absorbed 
(destroyed as distinguished from scattered) which will be proportional to the 
light intensity H at that point. The absorption may be measured in terms of 
a volume-absorption coefficient, A, which is the light absorbed per unit volume 
per unit light intensity. Thus AH lumens of light are absorbed per unit of 
volume. 

The absorbing power of the fog may also be described in terms of a mean 
free path 2,. Perhaps the best way of defining this quantity is by means of 
the relation 


(Ge Ge (55) 


where —4F is the decrease in the intensity of a beam of light of flux density 
F, resulting from absorption, while travelling a distance dx. 
It can be shown that 


a, = 4n/A. (56) 


Let us now consider three special cases in which H depends only on 
a single coordinate, thus H depends upon: (1) the distance r from a fixed 
plane, 6 = 0. (2) the distance r from a fixed line, B = 1. (3) the distance r 
from a fixed point, 8 = 2. Here f is a number that has the value 1, 2 or 3 for 
the three cases. 
Then by Poisson’s equation we have for all three cases 
@H 6B dH 3H 
ws & Ua On 
where 4, is the free path for scattering, i.e., the quantity which we have 
previously designated by 4. 
If we impose the boundary condition that H = 0 at r = oo, the integration 
of Eq. (57) gives for: 


1. Plane case, B =0 
H = H, exp[—(3/4,4,)?r] (58) 


where H, is the brightness of illumination at the fixed plane, r = 0. Differentia- 
tion and substitution into Eq. (24) gives the flux density F, at r= 0, 


Fy = 42(4,/3A,)!? Ap. (59) 
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2. Cylindrical case, B =1. The exact expression for this case involves 
Bessel functions. However, in practical cases where (3/A)An)"*r is larger than 
unity, a sufficiently close approximation is given by 


H = 0.036184,"42,-947r12L, exp[—(3/A,A,)!"7] (60) 
where L, is the light output from the line source in lumens per unit length. 

3. Spherical case, B =2 ; 

H = (3L/16x*4,r) exp [—(3/A,A,)*#7r] (61) 
where L is the total output from the point source in lumens. 

In the absence of adsorption Eq. (26) gives 

H = 3L/16x%A,r. (62) 

Comparing Eqs. (58), (60) and (61) with (62) the combined effect of 
scattering and absorption is seen to give an effective free path equal to 0.577 
(A,4,)"*. Because of the presence of the exponential factor in these equations, 
it is obvious that useful signals can never be transmitted to distances greater 
than about 10x (A,A,)!2. 

We have now considered the various factors which seem to be of greatest 
importance in determining the transmission of diffuse light signals from 
ground to an airplane. It seems possible to draw the definite conclusion that 
with sources of reasonable intensity and with photoelectric detectors which 
can now be built, signals may be transmitted considerable distances through 
dense white fog. The presence of smoke may greatly decrease the range. 
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AIRPLANE TRACKS IN THE SURFACE 
OF STRATUS CLOUDS 


With ALEXANDER ForBEs as co-author 


Journal of the Aeronautical Sciences 
Vol. III, 385, September (1936). 


Coup-ForMs differ greatly in stability, according to their type. Cumulus 
clouds are characterized by turbulence, whereas stratus clouds are, by contrast, 
stable and relatively static. The following is a description of a series of obser- 
vations in which the stability of stratus clouds was shown by the persistence 
of tracks made in them by airplanes. 

The first observation of the series was as follows:— 

On October 21, 1933, at about 5 p.m. one of the authors (Langmuir) 
was flying at an altitude of 2000 feet in an open Waco biplane about 6 miles 
southwest of Saratoga Springs, N.Y., and noticed that clouds began to form 
overhead rather quickly. The day had been humid and hazy but almost cloudless. 
The delicate marking of the clouds that were forming resembled those of 
cirrus clouds and suggested that they were at great height. But their rapid 
apparent motion indicated a much lower altitude, so it was decided to climb 
to their level. The clouds proved to be at a height of 6000 feet and by the 
time they were reached they constituted a continuous stratus cloud, covering 
an area of several square miles and having a thickness of about 500 feet. The 
upper surface, which was exceptionally clearly defined, was gently undulating, 
forming a series of regular parallel waves about 1500 feet apart, the valleys 
being perhaps 200 feet lower than the intervening ridges. 

The upper surface was so nearly like a great snow field that the plane was 
flown across the waves, in a westerly direction, following the surface up to 
the ridges and down into the valleys. The sun was so low in the west that 
it was hidden behind the next ridge while the plane was in the valley. The 
upper surface was sharply defined within a foot or two so that it was frequently 
possible to fly the plane with the landing gear in the cloud while the rest of 
the plane was above it. 

In some cases the plane was flown towards the west at such a level that 
only half the sun’s disk was visible above the next ridge. It was then seen 
that at a height of two or three feet above the surface of the cloud there was 
sharp temperature discontinuity rendered visible by the ‘theat waves” caused 


54] 
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by the irregular refraction of the sun’s rays by the admixture of air masses 
of different temperatures. 

This temperature difference could be felt very distinctly when the plane 
was flown alternately just above or just below the upper surface of the cloud, 
the air above the cloud being several degrees warmer than that in the cloud. 
(Usually just the reverse temperature difference is experienced in flying into 
the upper part of a cumulus cloud). The upper surface of the cloud thus 
formed the boundary between an underlying layer of moist cool air and an 
overlying layer of dry warm air with relatively little difference in horizontal 
velocity between these layers. 

After flying to the western limit of this stratus cloud, the plane was 
turned back towards the east and it was then noticed that the track of the 
plane could be seen for a distance of about two miles in the upper surface of 
the cloud. For about 20 minutes (until the sun had set) various manoeuvers 
were carried out to observe these tracks. The track consisted of a groove cut 
in the upper surface having a width about equal to the span of the wings and 
a depth which gradually increased with time until it became approximately 
equal to the width of the groove. This track or groove had approximately 
vertical sides and at the bottom of the groove was a narrow and deeper groove 
evidently caused by the slip-stream from the propeller. The track remained 
clearly visible for about two to three minutes, finally disappearing by gradually 
filling up and becoming indefinite in cross section. In some cases before com- 
plete disappearance, the track appeared as a ridge on the surface of the cloud 
instead of a depression. : 

The apparent cause of the track left by the airplane in the upper surface 
of the cloud is that the weight of the plane, which must be borne by the air 
through which it passes, gives to the air along the track a downward component 
of velocity. This causes the warm dry air which lies just above the cloud to 
be forced down into the cloud. Because of the difference in density of the 
air in this track and the surrounding colder air of the cloud, the downward 
motion is gradually dissipated and is followed by a swinging-back of the warm 
dry air and corresponding inflow of the cool moist air of the cloud. This 
oscillation could account for a ridge appearing before complete disappearance 
of the track. 

The description of this observation led the other author to repeat it on 
several occasions, and in some instances to obtain photographic records of 
the effect. 

The first successful attempt was on January 6, 1934, when stratus clouds 
offered a fairly sharply defined upper surface at 6000 feet above sea level 
near Boston. A distinct track was made in this surface and photographed 
from the plane within the next minute. The track was visible in the picture, 
but indistinct. 

A better record was made on January 14, 1934. The upper surface of the 
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clouds over Brockton, Massachusetts, in the late afternoon, was about 10,000 
feet above sea level. Two or three successive tracks were made and photographed. 
The chief difficulty encountered at this altitude was that of climbing quickly 
enough after making the track to obtain a good position for photography. 

The most successful photograph was taken on April 9, 1935, early in 
the afternoon, over the west end of Lake Erie at an altitude of about 4000 
or 5000 feet. 

On three other occasions tracks as sharply defined as that taken on April 9, or 
even more so, were observed when no camera was available for photography. 
Probably the best example was on June 11, 1935, about 8:45 a.m., near New 
London, Connecticut, at an altitude of about 4000 feet. There was a thin, 
flat sheet of cloud and the plane was flown in its upper surface. On looking 
back from above, a few seconds later, a sharply defined furrow was seen, 
which looked as if it extended downward through the entire cloud layer, so 
that the ground below could be seen through it. More striking still was the 
elevation of the surface of the cloud layer at the left edge of the furrow. This 
is undoubtedly due to the rotary effect of the propeller on the slip-stream. 

On four occasions attempts were made to see how long these tracks would 
remain visible. This was done in the case of the cloud just described (June 
11, 1935). By circling over it, the track was kept in view as continuously as 
possible. For nearly two minutes it appeared almost as distinct as when first 
seen. At the end of two minutes it already appeared less distinct. 

On June 5, 1935, between 4 and 5 p.m., fairly well-defined flat-topped clouds 
were found at about 2500 feet near Boston. Two visible tracks were made in 
these. One appeared distinct a half-minute after it was made, but was then 
lost sight of in circling; when next the plane was brought in line with its 
course, about 1? minutes after it was made, it could not be clearly distin- 
guished from adjacent natural furrows. Evidently this cloud was of a less 
stable type than the preceding one. 

Two clouds, both fairly stable, but differing greatly from each other, were 
observed on September 27, 1935. The plane was then equipped with pontoons 
for water flying. In the middle of the afternoon three low fog banks of small 
extent were seen over the water between Montauk Point and Block Island. 
One of these, three or four miles southeast of Point Judith, was examined. 
From one side it appeared flat and continuous, with a well-defined surface; 
from above it was seen to be broken into patches, the sea being visible through 
the gaps. The top of the cloud was about 150 feet above the water. A very 
sharply defined track was made in this. It showed little change for more 
than a minute. When the plane was next in a good position for observation, 
two minutes after the track was made, it could no longer be seen. 

About 15 minutes later, off Sakonnet Point, a long cylindrical cloud, its 
shape suggesting a roll of French bread, was found about 900 feet above the 
sea, its long axis being northeast and southwest. A track was made longitu- 
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dinally in its upper surface. When first seen, looking back, about a half a minute 

’ later, the groove, sharply defined, was seen to be well to the northwest side 
of the highest point. It was kept in view till about 1} minutes after it was 
made, when it was still further over on the northwest side of the cloud. 
At 2 minutes it could no longer be distinguished from irregularities of the 
cloud surface. Evidently this cloud was rotating fairly rapidly about its long 
axis. 

On several occasions attempts were made to cut visible tracks through 
the tops of rounded cumulus clouds. By the time the plane could be manoeu- 
vered into position for looking back, the tracks had become indistinct or 
had disappeared. This observation agrees with other evidence of turbulence 
in cumulus clouds. 

On one occasion a visible track was made in the under surface of a cloud. 
One of us was flying south from Berlin, N.H., through Pinkham Notch, east 
of Mt. Washington. A flat layer of cloud hid the summit of the mountain, 
and when attaining an altitude of 6000 feet the plane was found to be 
in the cloud, although the ground was still visible. The under surface of the 
cloud was not sharply defined. No attempt was made to observe the track 
by looking back from the plane, but an observer on the ground reported that 
a track could be seen extending back from the plane for a long distance. 

It may be concluded from a comparison of these observations that a sharply 
defined upper surface of a stratus cloud, correlated with inversion of tempera- 
ture, presents a condition of great stability, and that in the case of stratus 
clouds the more sharply defined the surface, the greater is the stability. 
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AIR TRAFFIC REGULATIONS 
AS APPLIED TO PRIVATE AVIATION 


The Sportsman Pilot 
Vol. XVIII, 8 (1937). 


Piots in private aviation fly for transporation and pleasure. The speed and 
flexibility of air transporation are its main advantages. The pleasure depends 
largely upon the freedom that one has in the air. One is no longer confined 
to two dimensions but can travel far and wide, and up and down. One can 
explore clouds and obtain scenic effects excelling those of the most magnifi- 
cent mountain scenery. 

Everyone recognizes that there is a great future for private flying, that 
there will ultimately be many times as many private fliers as there are at 
present. The Department of Commerce encourages private flying. Our national 
defense system depends in no small measure on having large numbers of pri- 
vate pilots from whom an air force for defense must largely be recruited. 

The need of regulation of pilots and flying is obvious, and regulation has 
in general been well done by the Bureau of Air Commerce. The prime object 
of this regulation is to reduce the hazards of flying. It is the duty of the 
Bureau to do what it can to promote the safety of the passenger in the airlines 
and in non-scheduled flights. It has also properly undertaken to promote the 
safety of the pilots themselves and to protect property and persons on the 
ground. 

Since this regulation is under the jurisdiction of the Department of Com- 
merce, it is natural that there is much emphasis on rules which regulate com- 
mercial flying. If one looks through Aeronautics Bulletin No. 7 on air commerce 
regulations, one finds that about 80 per cent is devoted primarily to commercial 
flying. One gets the impression that relatively little attention has been given 
to the type of flying which is done by the non-commercial private flier. 

The increasing use of the radio range along the civil airways during bad 
weather has led to the fear that a serious accident to a transport plane may 
occur through collision. In August, 1936, new regulations required that 
intentional instrument flying along civil airways will be permitted only if 
(1) the planes fly at prescribed heights, (2) they are equipped with two-way 
radios, (3) they submit a flight plan so that they may be under control of 
a ground station, (4) the planes be equipped with prescribed navigational 


(58] 
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instruments, and (5) the pilots shall have passed an exhaustive examination 
in instrument flying. The sole object of these regulations is to prevent accidents 
by collision along the airways. 

Let us examine a little more closely what the effect of these regulations will 
be and what useful results they may accomplish. If we are to progress in aero- 
nautics, it is important that instrument flying among private fliers be encouraged 
rather than discouraged. The five new requirements listed above are so severe 
that probably not one per cent of the private pilots will equip their planes 
with the instruments and take the examination necessary to allow them to 
make instrument flights along the airways. 

To realize how severe these requirements are, we must realize that there 
are 30,000 miles of airways in the United States and that the restrictions 
apply to a strip 50 miles wide, or 25 miles on each side of the center line 
of the airway. Multiplying 30,000 by 50 we get 1,500,000 square miles. Allowing 
for overlapping of the airways, the restricted area is about 1,350,000 square 
miles, or 45 per cent of the whole area of the United States. 

In other words, the private pilot is forbidden to fly over approximately 
half the area of the United States, the half in which the private flier most 
wishes to fly. He may not even pass up through a thin overcast into the clear 
sky above within this half of the United States. Near Schenectady, which 
is ten miles from the Albany airport, there is no place within 38 miles of the 
city where I am permitted to fly through a small cloud. 

The freedom of the air to the private pilot is thus seriously menaced. The 
flexibility of private flying as a means of transport is greatly reduced when 
it becomes necessary to submit flight schedules or to avoid all possibility of 
flying through clouds. I have on my plane, for example, a turn-and-bank 
indicator and a directional gyro. I have flown a great deal through clouds and 
above them, and to do just this thing is one of the greatest enjoyments I get 
from the use of my plane. I know that I have had sufficient experience in 
blind flying to fly through ordinary clouds without danger to me or to others. 
Yet, according to the above rules, I can indulge in this pleasure only by flying 
to a point 38 miles from Schenectady where I would have to fly over wooded, 
mountainous country, which I naturally avoid without any urging from 
a regulatory body. 

The private flier would willingly forego this freedom of the air which he 
has had in the past if the regulations would really eliminate a serious hazard, 
but I maintain that the formation of the new regulations is based on a complete 
misconception of the hazards involved. 

The sole purpose of the new regulations is to prevent collisions by airplanes 
in flight. Accidents of this type are called ‘‘Class A Collisions.” Every six 
months the Bureau of Air Commerce tells us how many accidents of this 
kind have occurred in connection with scheduled airline services and miscel- 
laneous flying operations. 
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During the eight years from 1928 to 1936 there were two accidents of 
this kind in connection with the scheduled air services, out of a total of 
860 accidents which occurred from other causes during that period, of which 
96, or 11 per cent, were fatal ones. 

In the miscellaneous flying operations in recent years, there has been an 
average of 1600 accidents per year, of which about 180, or 11 per cent, 
have been fatal accidents. Out of these 1600 accidents per year, there have 
been on the average two to three collisions of the Class A type. 

Considering both kinds of flying, we may conclude that one accident in 
600 is the result of a collision in full flight. 

Obviously the probability of a collision of this type increases rapidly as 
traffic density increases, being particularly great near airports. It therefore 
seemed to me probable that all of these Type A collisions have taken place 
near airports and not along the civil airways. Wishing for more data on this 
point, I wrote to Col. J. Carrol Cone, then assistant director of the Bureau 
of Air Commerce, asking whether any of these accidents had occurred along 
the airways at distances of more than ten miles from the airport. Colonel Cone 
supplied the data which I quoted on Class A accidents, and stated that ‘‘col- 
lisions of the type in question have been practically negligible.”” He added 
further that they had no figures available on whether or not these accidents 
had occurred near airports but, he wrote, ‘‘It is reasonable to suppose that 
they all did.” 

In other words, the Bureau has no data to show that there has even been 
an accident in the United States between aircraft in full flight except close 
to airports. It is obviously possible that such accidents may some day occur. 
It was stated, in fact, in one of the Air Commerce bulletins that the purpose 
of the regulations which went into effect last year was to ‘‘prevent the pos- 
sibility” of a collision in flight. 

The fact remains, however, that there are about 1700 accidents per year 
from other causes. The main problem before the Bureau is to find out how 
to cut these accidents in half, or to a still smaller fraction. Every pilot realizes 
the importance of this and will do everything in his power to aid in enforcing 
regulations which would bring it about. 

Any such drastic restriction of the freedom of the private flier as that which 
was enacted in August, 1936, for the purpose of avoiding a kind of accident © 
which never occurred is, however, a totally unnecessary measure at the present 
time. It is clear that the only way completely to prevent flying accidents is 
to prevent all flying. But this would be like forbidding the construction of 
large bridges because it always involves loss of life. 

Now I do not advocate that nothing should be done about the danger of 
collision. Wherever traffic density is unusually high, there is a danger which 
should be carefully considered; and steps should be taken to eliminate it. 
The problem before the Bureau is to make an analysis of the density of air 
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traffic at different places and at different times. Straight forward engineering 
calculations can show when and where traffic density is so great that an 
appreciable hazard exists. 

To aid in the formulation of this problem, I have made an analysis from 
the meager data available to me. The actual figures which I have obtained 
are, of course, subject to revision with better data which could be obtained 
by the Bureau. The principles of the analysis should be useful in any study 
which the Bureau may make. In the meantime, the figures at least show the 
order of magnitude of the collision hazard. 

Number of Planes in the Air at Any One Time. The miles flown in connection 
with scheduled airline operations amount to about 70,000,000 miles per year. 
If we take the average speed of these planes as 150 miles per hour, we get 
470,000 plane hours per year, or 53 plane hours per hour. This means that 
on the average there are 53 planes at a time engaged in scheduled flying. The 
miscellaneous flying amounts to about 85,000,000 miles per year, and if we 
take the average speed to be 100 miles per hour, we find that the average 
number of planes engaged in this kind of flying in the air at one time amounts 
to about 97. This, of course, represents the average at all hours of the day and 
over the country as a whole. The major part of the miscellaneous flying occurs 
within about eight daylight hours each day, but the scheduled flying does 
not represent such a great concentration in the daylight hours. 

Air Traffic Density. Air traffic may be divided into two groups: A. 
Controlled Flights. These would include airline operations where each flight 
follows a definite schedule and where the danger of collision with other con- 
trolled traffic can be made negligible. B. Random Flights. These are flights 
which are not under direct control. This is the type of flying that would normally 
be done by the private flier. It would seem desirable that a large part of the 
commercial flights which carry passengers for hire be placed in the class of 
controlled flights. 

The danger of collision is thus limited to collisions between the planes 
engaged in controlled flights and those in random flights, and to collisions 
between planes, both of which are on random flights. 

The probability of collision between a plane in a controlled flight with a plane 
in random flight is proportional to the air traffic density of planes in random 
flight, while the number of accidents among the planes of random flights 
will increase in proportion to the square of the random traffic density. 

Obviously, then, to estimate the probable number of accidents per year 
from collision, we must know something of the density and distribution over 
the area of the United States at different times of the day and under different 
weather conditions. 

The factors which modify the density are: 

(1) Concentration at certain hours of the day. It is reasonable to assume 
that about 70 per cent of all random flights and about 50 per cent of the 
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controlled flights occur during about eight hours of the day. Thus, with an 
average of 96 planes engaged in random flying and 53 in controlled flying, 
the average numbers during the eight hours of heaviest traffic are about 200 
and 80, respectively. 

(2) Concentration along the airways. Nearly all the scheduled flights and 
the larger part of the random flights take place within a rather narrow strip of 
about three miles in width along the right-hand side of each airway. 

(3) Concentration near the airports. There are about 100 airports equipped 
with radio ranges where the converging lines of traffic cause a great increase 
in traffic density. Besides that, near the airports, there is a great deal of mis- 
cellaneous flying which is even more important in increasing traffic density. 

(4) Concentration of certain levels. Probably most of the random flights are at 
levels between 1500 and 4500 feet. Along the airways, we have a very great 
increase in concentration at certain heights because of the prescribed altitudes 
at which planes must fly. 

(5) The effect of weather. We may assume that most of the random flights 
which involve instrument flying occur during the tenth of the eight high-traffic 
daylight hours when the weather is at its worst; in other words, about 290 hours 
year at any one place. At these times the random flying (outside of the neighbor- 
hood of airports) falls to one tenth of average, while the controlled flying may 
be assumed to fall to one-half its average. We are particularly concerned with 
the actual time during which instrument flying is being done. We may assume 
that one-half of the scheduled flying and one-fifth of the random flying which 
take place during these flights will be done with a visibility of less than one 
mile. These figures may naturally be subject to error by a factor of perhaps 
three, but the use which we shall make of them requires that we know only 
the order of magnitude of the traffic density. 

Collisions between planes in random flight. To help fix our ideas as to the 
order of magnitude of the collision danger during instrument flying, let us 
estimate the probability of collision in the hypothetical case that there is no 
concentration of traffic; that is, that the traffic density is uniform over the 
whole United States. We shall consider later the tremendous increase in hazard 
that occurs in some places where the traffic is denser. In evaluating these 
calculations, however, let us keep in mind that over half the United States 
the traffic density must fall below the average if it is to be above the average 
over the other half. Therefore, these calculations will give a reasonable estimate 
of the collision hazard for at least half of the United States. 

Let us the assume that on the average, during the eight hours of daylight, 
there are 200 planes on random flights in the air at one time. During the tenth 
of the time in which.the weather is at its worst and when most of the instrument 
flying will occur, there will thus be 20 planes flying blind one-fifth of the time, 
or on the average we may say that there will be four planes engaged in instru- 
ment flying for an average of 290 hours per year. 
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By methods like those used in the kinetic theory of gases for calculating 
the probability that molecules collide with one another, it can readily be shown 
that p, the probability of a collision per hour per cubic mile of space is given by 


p=0.7 Anto (1) 


where n is the number of planes per cubic mile engaged in random flight, 
ov is the velocity in miles per hour at which these planes move, and A is the 
target area per collision, expressed in square miles. We may roughly take the 
target area to be 4000 square feet, or A = 1/700 square miles. If we take the 
average velocity of the planes to be 100 miles per hour we then obtain 


p= 0.010 (2) 


Assuming that the planes fly between heights of 1000 and 6000 feet, we 
find that the volume of air over the United States within which the planes 
fly is 3,000,000 cubic miles. Thus during the 290 hours in which the four planes 
fly blind the average volume density of the aircraft turns out to be n= 1.3 x 10°* 
planes per cubic mile, and the probability of collision per cubic mile per hour 
comes out to be 1.7x 10-4, During the 290 hours per year during which these 
planes fly blind the total probability of collision would be 10“ per cubic 
mile. For the whole United States there would thus be 3 x 10-® collisions per 
year, or one collision every 33,000 years between planes in random flight. 
It is not surprising that no Class A accidents have happened except near 
airports. 

We may take this figure of 3 x 105 per year as an upper limit to the probability 
of collision over the one-half of the country which is not now covered by civil 
airways. The danger of collision is, of course, greater in the other half of the 
country which is covered by the airways. But is it reasonable to suppose that 
there is a serious hazard right up to the edge of the 50-mile strip which is now 
restricted territory? 

In view of the present 1700 accidents per year, the Bureau of Air Commerce 
scarcely needs to concern itself with any cause of accident which is not likely to 
bring about more than one accident per century. We submit that such a criterion 
is useful in defining a permissible hazard. The probability of accident could 
thus safely be made at least 300 times greater than that which now exists from 
random flights over half of the country. The probability, however, would be 
300 times greater if the density of traffic were made 17 times greater than 
that which we have considered in the example already cited. It is clear, 
however, that the density of traffic can be only 17 times the average over less. 
than 5 per cent of the country. 

Collisions along airways. The effect of concentration of traffic along airways, 
resulting from the use of radio beams and prescribed flight altitudes, requires 
careful consideration if we are to estimate the probability of collision. From 
considerations like those in the last section, it is easily seen that the danger 
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of collision between the planes engaged in random flight during periods of low 
visibility is negligible compared to the hazard of collision between the planes 
on scheduled flights and those in random flights. 

The only important collision hazard that we need to consider is that which 
exists during about 300 hours per year, when the planes engaged in random 
flight involve instrument flying. During this period there would be an average 
of about 20 planes engaged in scheduled instrument flying, so that these planes 
would represent a total of about 6000 plane hours of blind instrument flying. 

Let P be the probability that a given plane flying blind and on a scheduled 
flight will collide with a plane flying blind on a random flight. Then consider- 
ations similar to those used in arriving at Equation (1) gives us 

P=0.5 An(v, +2) (3) 
where, as before, A = 1/7000 square miles, n is the number of planes engaged 
in random flight per cubic mile, v, is the average speed in miles per hour 
with which a controlled plane approaches a random plane going in the opposite 
direction along the airway, and v, is the speed at which a controlled plane 
overtakes a random plane going in the same direction. We may therefore put 
v, = 250 and v, = 50 miles per hour. Thus the equation becomes 


P = 0.02n collisions (4) 


per plane hour of controlled flight. 

Since there are about 6000 plane hours of instrument flying on the part 
of the controlled planes along the airways, the total probability of collision 
per year is 120 n, where n is now the average number of random planes per 
cubic mile along the airways (weighted in proportion to the traffic density 
of schedules flights). If the total number of collisions of this type is not to exceed 
one per century, then 2 should not exceed 10-4 planes per cubic mile. This may 
therefore be regarded as a permissible density of random planes along the 
airways. 

To form some estimate of the actual density of random planes along the 
airways, let us assume that three-quarters of the random planes which fly 
at distance of more than five miles from airports are concentrated along the 
airways, that half of these are concentrated along the 10 per cent of the airways, 
(3000 airway miles) in which the traffic is the heaviest, and that these planes 
are to be found within five miles of the center line of the airway. Then we find 
that in these regions of high traffic density averages 0.5 x 10-4 planes per 
cubic mile. 

We thus see that the traffic density of random planes can exceed the permis- 
sible value only within a ten-mile strip along 10 per cent of the airways. 
Of course, along a few airways and close to large centers of population the 
traffic density of random planes may well be many times the value that we 
have considered to be permissible. It is only within such regions, therefore, 
that regulation of air traffic is needed. 
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Collision danger near airports. A single plane flying blind within three miles 
of an airport constitutes a greater hazard for collision with an incoming scheduled 
plane than 10,000 miles of blind flying along the average airway. There is, 
therefore, no doubt about the need of control of blind flying near important 
airports. : 

Effect of prescribed flight altitudes upon the collision hazard. In the foregoing 
it has been assumed that the random flying is distributed uniformly throughout 
a height of about 5000 feet. If the random fliers are required to fly at the even 
thousand-foot levels, there are three effects that should be taken into account: 

(1) Half of the planes are concentrated into the even and the other half 
into the odd thousand-foot levels. If the flights are made within 100 feet of 
these prescribed levels, the volume density of the planes that fly in one direction 
is increased tenfold. 

(2) The danger of colliding with a plane going in the opposite direction 
is eliminated. But the danger of colliding with an overtaken plane is about 
one-fifth as great as that of a head-on collision when traffic in both directions 
is permitted at one level. The net result of those two effects is approximately 
to double the collision hazard between planes in controlled flights and in random 
flights. 

(3) An important effect of prescribing the heights of flights is that it forces 
many of the random planes to fly at levels which necessite instrument flying. 
This factor would approximately double the amount of instrument flying. 

Thus we can safely estimate that the total effect of requiring prescribed 
flight altitudes on the part of the random fliers would increase the hazard by 
a factor of about four. 

These observations lead to the following specific suggestions: 

(1) Restrictions which limit intentional instrument flying by private pilots 
shall be limited to two regions: A. A strip extending along about one-tenth 
of the airways of the country which have the greatest traffic density. This strip 
should be ten miles wide; i.e., five miles on each side of the center line. B. Air- 
ports: Around each of the approximately 100 radio-range stations there shall 
be a circle of five miles radius which constitutes a restricted area. 

(2) Intentional instrument flying along airways (region A) when the visibility 
is less than one mile shall be permitted only on the right-hand side of the 
airways at levels between 300 and 700 feet above those prescribed for sched- 
uled flights. Transitions from one level to another under these conditions 
may occur only at distances of three miles or more from the center line of the 
airway. 

(3) Intentional instrument flying with a visibility of less than one mile or 
within 500 feet above or below cloud layers should be permitted only within 
five miles of a radio range station (region B) when such instrument flying 
is necessary to complete a flight in which it is unsafe to pass below the ceiling 
at a distance greater than five miles from the airport. 
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(4) If private fliers take the specified test for instrument flying and equip 
themselves with two-way radios and meet the other requirements in regard 
to instrument flying, they may be permitted to fly through restricted areas 
A and B under the same conditions as those to which scheduled flights are 
subject. 

These suggested modifications of the air traffic rules would greatly decrease 
the collision hazard. The 500-foot levels would bring an increase in safety 
which would much more than offset the reduction of the restricted area. 

The present regulations, which would restrict nearly half the area of the 
United States, are wholly unenforceable, particularly since they seem so 
unreasonable to the average private flier. 
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On Aucust 7, 1927, when about 600 miles from New York on an Atlantic - 
crossing to England I noticed that there were large quantities of floating sea- 
weed, most of which was arranged in parallel lines with a somewhat irregular 
spacing ranging from 1100 to 200 meters. These lines, parallel to the wind 
direction, which I shall call streaks, often had lengths as great as 500 m. Between 
these larger streaks, which contained vast quantities of seaweed forming 
continuous bands 2 to 6 m wide, there were smaller streaks which were 
made up of detached masses of seaweed along nearly straight lines. At this 
time the wind was from the north with a velocity of approximately 10 m/sec 
(22 miles/hr) and the waves roughly 4 m high. 

A day later the waves were larger and the streaks of seaweed were still 
abundant. On the afternoon of this day a sudden change of wind direction 
occurred (of about 90°); within 20 min all the seaweed was arranged in new 
streaks parallel to the new wind direction, although the waves continued to 
move in the old direction. 

It was clearly not cohesion between masses of desihed that held them 
together in the streaks. At that time it seemed to me that the only reasonable 
hypothesis was that the seaweed accumulated in streaks because of transverse 
surface currents converging toward the streaks. The water in these converging 
currents descends under these streaks. Between the streaks rising currents, 
upon reaching the surface, flow out laterally toward the streaks. 

The action of the wind on the water sets up longitudinal surface currents 
in the direction of the wind. The effect of the wind is thus to produce a series 
of alternating right and left helical vortices in the water having horizontal axes 
parallel to the wind. If we face in the direction toward which the wind blows 
we should observe that the water between two adjacent streaks forms a pair 
of vortices. The water on the right-hand side of the vertical plane halfway 
between the streaks has a clockwise rotation (right helix), that on the left 
a counter clockwise rotation (left helix). 

During the years 1928 and 1929 I made a large number of experiments on 
Lake George, near Bolton, New York to test this hypothesis of helical motion 
and to make observations on other water currents produced by wind. 
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This lake and the location chosen have many advantages for such studies. The 
depth is about 50 m and the water so clear that white objects at 8 m depth 
can be seen. Since the lake lies between two parallel mountain ridges, rising 
from 300 to 700 m above the lake surface, the wind usually dies down completely 
at night and during the day blows only in one of two directions (southwest 
or northeast). Most of the experiments were made at a point about 1 km 
from the nearest land with a clear fetch of from 4 to 7 km in the direction 
from which the wind was coming. 

With wind velocities of 4 m/sec or more, streaks become visible because 
of the accumulation of traces of oil from motor boats, floating leaves or bubbles. 
Streaks are usually much more prominent in rivers contaminated by industrial 
oils or by organic matter from swamps. 

A gram of oleic acid or olive oil applied to the surface of the lake spreads 
out to form a monolayer, covering about 1000 square meters, and this area, 
because of the damping and elimination of capillary ripples, is sharply distin- 
guishable from the surrounding uncontaminated surface by its smoother surface. 
After the oil has spread to its maximum area, however, it soon becomes invisible 
and no longer retards the formation of ripples. Oxidized lubricating oil after 
spreading to its maximum area leaves a still visible film which accumulates 
in the streaks and is thus more effective in rendering them visible. 

In the autumn floating leaves are particularly useful to show the downward 
motion of the water under the streaks, for it can be seen from a motor boat 
brought over a streak that a large number of leaves are gradually carried down 
and disappear from sight under the streaks. The number of such descending 
leaves seems to be far too great to be accounted for by leaves which have grad- 
ually become denser then water. Some of the leaves placed on the water 
halfway between streaks reach the streaks, 6 to 10 m away, in about 
5 min. 

In November, 1929, further study of those motions was made by pouring 
50 ml of a 2 per cent fluorescein solution into the water from a bottle on the 
end of a bamboo pole. The motor boat was then moved away a suitable 
distance to prevent disturbance of the surface, and after definite time intervals 
the boat was brought over the place to observe the motion. It was found that 
when fluorescein was introduced at the center of a well-defined streak with 
a wind velocity of 6 m/sec it gradually moved downwards, taking 5 min to 
go 4 to 6 m. This corresponds to a vertical motion of about 1.6 cm/sec. 
The horizontal motion of the water on the surface was 15 cm/sec and 10 cm/sec 
at a depth of 3 m. 

When fluorescein was similarly placed in the clear water between the two 
well-defined streaks it spread out irregularly over the surface and gradually 
moved toward the two neighboring streaks. The motion could not be followed 
as far as the streaks, as the fluorescein gradually became very diffuse, showing 
that although the motion was very slow it was very turbulent. 
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In other experiments a white cord 2 mm in diameter having small fragments 
of cork along its length at 10 cm intervals was floated on the surface of the lake 
in a straight line perpendicular to the wind direction. After 10 min this cord 
had developed well-defined waves, being displaced forward in the direction 
of the wind in the streaks and backward in the spaces between them, indicating 
that the forward velocity of the water was greater in the streaks than in the 
spaces between them. The water rising from deeper levels has a low forward 
velocity, but this increases steadily through the action of the wind so that when 
the water reaches the streak it has its maximum velocity. 

A few measurements were made of the vertical components of motion by 
means of a large square sheet of aluminum suspended in a horizontal plane 
from a small lamp bulb so weighted as to give practically zero buoyancy. This 
device was calibrated in quiet water to determine the rate of descent or ascent 
when small weights were added or removed. This apparatus was lowered a 
few meters below the surface and attached by a light horizontal cord, 2 m long, 
to a lead weight suspended at an equal depth from a bulb floating on the 
surface. In this way the tendency of the aluminum plate to rise or fall could 
be observed without fearing the loss of the apparatus and without subjecting 
it to appreciable horizontal or vertical forces. In the streaks it was thus found 
that two meters below the surface there were descending currents of about 
2 to 3 cm/sec and rising currents of from 1 to 1.5 cm/sec midway between 
adjacent streaks. This method appears particularly promising for future 
investigations. ; 

To measure currents in the lake set up by wind, at depths from 5 to 30 m, 
some umbrellas, 60 cm diameter, were tilted 90° from their normal positions 
and suspended, with proper counter weights to hold them in this position, 
by light cords from small lamp bulbs floating on the surface. A painted bulb 
floating on the surface attached to a lead weight resting on the bottom served 
as a marker buoy. By placing umbrellas at different depths close to the marker 
buoy and observing the motion of their floats the velocities and directions 
of the currents at different depths could be determined. The distances 
traversed by the floast were measured by the time required to cover 
the distance from the marker buoy to the float by a motor boat moving at 
a known speed. 

In experiments on October 6, 1929, it was found that a ‘‘velocity indi- 
cator” at depths less than 5 m gradually drifted under a streak, but one suspended 
10 m deep had no tendency to do so. Perhaps at a greater depth the indicator 
would move into a position midway between streaks, since there must be 
horizontal currents which converge under the rising currents between 
the streaks. 

Between September, 1926, and August, 1929, on 28 separate days well 
distributed throughout the years, I measured the water temperatures at dif- 
ferent depths (0 to 58 m) with an electric resistance thermometer. 
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- When the lake freezes over, usually about January 10, the temperature 
at depths from 3 to 58 m is very uniform at about 1.2°C. By the end of March 
the temperature at the bottom rises to about 2 2°; but the increments are smaller 
at lesser depths. 


This warming is due to the absorption of the sun’s rays which penetrate 
the ice. The warmed water, being denser, sinks to the bottom and slowly 
flows to the deeper parts of the lake. Measurements have shown that in parts 
of the lake which have a depth of 5 to 10 m there is often a layer of warm water 
of 3 to 4°C of 1 m thickness close to the bottom. 

By the time the ice breaks up, about the middle of April, the temperature 
is again rather uniform, and is about 3°C, except for a thin layer of cold water 
under the ice. The rapidity of the breaking up and disappearance of the ice, 
which often takes only 10 to 20 hrs, is due to the warm underlying water 
stirred up by the wind as patches of open water are formed. 

After the ice breaks up and while the water is within 1° or 2° of the tem- 
perature which gives maximum density (4°C), the temperature on windy day 
is the same at all depths and rises at a rate about 4° per month. At this time 
of the spring overturn, however, the temperatures on quiet days are especially 
nonuniform over different parts of the lake. In shallow places the temperature 
rises far more rapidly than in deep parts, for there are then no appreciable 
density differences to equalize the temperatures. 

In 1926 the maximum temperature at 58 m was 9.6°, which occurred about 
November 10. In 1927 the temperature at 58 m depth rose at a gradually 
decreasing rate from 7° on June 1 to a maximum of 10° on November 15. 
During 1928 on June 1 the temperature at the bottom was only 5.3° and rose 
at a steady rate of only 0.7° per month until August 1. On October 20 the 
bottom temperature was 8.4°, which had been reached the previous year 
early in July. In 1929 a bottom temperature of 8.4° was reached as early as 
June 15, and it was 9.2 on July 6. 

Examination of the temperature-distribution curves at different depths 
shows that between May and November a few quiet sunny days cause the 
development of a nearly uniform temperature gradient of as much as 0.7°/m 
which may extend to 10 or 15 m depth. A windy day causes the temperature 
gradient to disappear down to a certain depth, but produces a very sharp 
temperature gradient (as much as 5°/m) at the lower limit of the isothermal 
layer (thermocline). After alternating warm and windy periods the topmost 
15 m of water may contain several of these isothermal layers (or epilimnions) 
with intervening thermoclines. The most marked gradients have always been 
observed at depths between 10 and 15 m. 

I believe this represents the maximum depth to which the helical vortices 
descend with the wind velocities ordinarily occurring during the summer 
months. 
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When the surface temperature falls during the autumn the cooled water 
sinks to the level of water already of similar temperature. Thus the depth of 
the epilimnion increases during late September and October and reaches the 
bottom of the lake and produces the maximum bottom temperature about 
the middle of November. During this cooling the thermocline disappears, 
for the gradient below the bottom of the epilimnion is usually less than 0.3°/m, 

Measurements with the velocity indicators have shown that longitudinal 
currents set up by wind extend to very different depths at different seasons. 
On June 20, 1929, at 9:00 a.m. when there was a 2 m thick, sharply defined, 
isothermal layer of water at 22°, overlying 16° water, a wind having an estimated 
velocity of 2 to 3 m/sec set the whole epilimnion into motion at 30 cm/sec. 
This lasted all day and continued for a couple of hours after the wind died 
down in the evening. The epilimnion was still 22° but had increased in depth 
to over 4 m. 

Observations showed that after windless nights the water velocities at 
various depths were usually of the order of 2 to 3 cm/sec (rarely as high 
as 6) and had different directions at different depths. Within less than an 
hour after a wind of 4 to 8 m/sec springs up the water near the surface is set 
in motion parallel to the wind direction with velocities of 10 to 20 (rarely 
as high as 30), but the velocity and direction of the currents at depths greater 
than 10 m usually remains unchanged for at least 6 hours. 

On July 27, 1929, the epilimnion (21.8°) had a depth of 6 m; the tempe- 
rature gradient in the thermocline was 1.0°/m to a depth of 15 m (12.5°). 
Below that, in the hypolimnion the gradient was only 0.07°/m. After a windless 
night a southwesterly breeze of 2 m/sec started about 8:00 a.m. (E.S.T.) 
and gradually increased to a velocity of 6 m/sec at noon, reached a maximum 
of 7 m/sec at 200 p.m. and fell to 5 at 4:00 p.m. and to 1.5 at 7:00 p.m. 

At a depth of 10 m the velocity during the whole afternoon was about 
5 cm/sec in a direction 90° to the left of the wind direction, but at depths 
from 12 to 15 m the velocity was about 1 cm/sec in a direction which was 
30° to the right of the wind. At depths less than 6 m the motion of the water 
was parallel to the wind. The momentum delivered to the water by the force 
of the wind must therefore be distributed within a layer 6 m deep. 

At 12:30 p.m. the velocity of the surface was 20 cm/sec, and this rose to 
24 at 3:20 and then increased slowly to 27 at 5:00 and decreased to 15 at 7:00 
p.m. and was still 14 at 7:30 p.m. 20 min after the wind had died down complete- 
ly. At a depth of 3 m the velocity was 14 at 4:00 p.m. and 10 cm at 7:30 p.m. 
At 6 m it was 9 at 4:30 and decreased to 7 at 6:00 p.m. and to 5 at 7:0 p.m. 
The velocities were also frequently measured at 1.3 m depth and were approxi- 
mately halfway between those observed at depths of 0 and 3 m. 

A rough estimate of the increase of momentum of the water which was 
caused by the wind was made by integrating (v—v,)dx from the surface down 
to a depth x = 600 cm, where the velocity remained approximately 6 during 
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the day. The momentum/cm! of lake surface rose from about 6000 (g cm7 
sec“) at 4:00 p.m. to a maximum of about 7000 at 5:00 p. m. and then slowly 
fell to 3000 at 7:30 p.m. The maximum occurred about 3 hours after the maximum 
wind velocity and at a time when the wind velocity was only half its maximum 
velocity. 

If we consider an infinite body of water the momentum per unit area due 
to the wind should be equal to {Fdt where F is the horizontal force per unit 
area exerted by the wind. To estimate the order of magnitude of F we may 
assume that a momentum of 7000 was delivered by wind acting for 3 hrs and 
so get F = 0.65 dynes/cm for a wind velocity of 5 m/sec (measured 2 m above 
the lake surface). 

It is very evident from the measurements that the momentum does not 
increase steadily in proportion to {Fdt. There must then be some mechanism 
by which the momentum is transferred to the shores of the lake. A current 
of 10 cm/sec is only 0.36 km/hr, so that with a wind sweep of 5 km it should 
take 14 hrs for the effect of the shores to make themselves felt. 

An unusual opportunity to study the effect of wind on the momentum 
of ‘the water occurred on August 2, 1929, when there was a sudden reversal 
in the wind direction. At 9:00 a.m. on this day there was no wind and the 
surface water had a velocity of 2.9 cm/sec. By 10:00 a.m. there was a wind 
of 5.6 m/sec and the azimuth of the wind direction was 140°. The surface 
water was then moving 11 cm/sec (145°) and at 3 m depth the velocity was 
6.3 (225°). At 12:20 the wind had increased to 8 m/sec, 120°, and at 2:50 p.m. 
had fallen to 3.5 m/sec, (90°), and the surface water was then moving 22 cm/sec 
in the same direction as the wind. 

At 2:50 p.m. the wind suddenly reversed its direction. At 2:55 p.m. 
the wind velocity was 4, and the direction was 240°. The velocity decreased 
to 3.3 at 3:30 and rose to 7.0 at 3:45, the direction staying constant 
at 240°. 

The surface water had a velocity of 13 at 3:12 p.m. and 18.5 at 3:35, the 
direction being 210° at both times. At 3:12 the velocity was 5.3 (185°) at 
3 m depth and at 3:35 it was 3.2 (240°) at 6 m depth. Using these rather 
meager data, but assuming that the depth distribution curves were similar 
to those found on other occasions, I estimate that at 2:50 p.m.. the momentum 
per cm? was about 6000 in a direction at 90° and it was 4000 (200°) at 3:12 
and 6500 (220°) at 3:35. This would mean a change of momentum of 8300 
in the first 22 min after the wind reversal and a further change of 3000 during 
the next 23 min. A change of 8300 in 22 min means F = 6.3 dynes/cm?, a value 
10 times as great as given by the data of July 27, although the wind velocity 
was lower than on that occasion. The rate of increase of momentum, however, 
rapidly decreased during the next 20 min. 

On August 4 after 28 hrs of strong wind, 8 to 15 m/sec, of steady direction, 
the surface water had a velocity of 24 cm/sec, while the wind velocity ranged 
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from 8 to 10 m/sec. This is a much lower velocity than was produced in June 
by a wind of only 2 to 3 m/sec. 

On August 24 after 8 hrs of strong northeast wind the water velocities were 
30 on the surface, 20 at 2.1 m and 19 cm/sec at 4.6 m depth, while the wind 
velocity was 11 m/sec 2 m above the surface. 

Temperature measurements were made on the morning of August 25 after 
this storm had died down. The epilimnion (19.9°) had a depth of 10.1 m 
and the gradient in the thermocline was 1.4°/m to a depth of 14.6 m. 

The velocities observed on September 2, 1929, with an isothermal layer 
(20.2°) of 11.5 m showed several interesting features. There was no wind 
until 9:30 a.m. and the wind velocity rose to 3.5 at 10:30, 5.0 at 11, 6.5 at 
noon, 9 at 1:00 p.m.; the velocity then decreased slowly to 5 at 3:00 p.m. 
Between 3:00 and 5:00 p.m. the wind was somewhat variable but averaged. 
5 m/sec. It then decreased gradually to 3 at 6:00 p.m. 

The velocity at 0.2 m depth was 11 cm/sec at 11:00, reached a maximum 
of 16 at noon, and decreased to 14 at 4:00 p.m. to 11 at 5:00 p.m. and to 4 
at 6:00 p.m., although there was still a wind velocity of 3 m/sec. 

At a depth of 1.3 m the velocity was only about 1.5 cm/sec less than at 
20 cm. At 3 m depth the velocities decreased gradually from 10 cm at noon 
to 2 cm at 6:00 p.m. At 6 m the velocities ranged from 4 to 2. 

The marked decrease in water velocity during the afternoon after 3:00 p.m. 
in spite of a nearly steady wind is in striking contrast to the observations earlier 
in the year in which currents were observed to continue with little decrease 
for hours after the wind died down. The falling off of velocities in September 
is undoubtedly due to the cooling of the isothermal layer by radiation into 
a clear afternoon sky which induces instability and causes the surface water to 
sink to the bottom of the isothermal layer, carrying its longitudinal momentum 
with it. 

There is thus every reason to believe that the helical vortices set up by 
the wind extend to the depth of the epilimnion but do not penetrate through 
the thermocline. The surface of the lake is a free surface in the sense that there 
is no frictional force to restrain horizontal motion. The thermocline, however, 
is practically a fixed surface like that of a lake bottom, for it is not set in 
motion by the overlying layers. The longitudinal and transverse velocities 
of the water in the vortices have their maximum values at the surface and grad- 
ually decrease to zero at the thermocline. Thus the vortices are unsymmetrical 
in respect to depth, being increasingly diffuse at greater depths. 

Observations of the streaks at different seasons show that in May and 
June, especially after quiet days when the epilimnion is shallow or is not strictly 
isothermal, the streaks are close together (5 to 10 m), while in October and 
November well-defined streaks usually have spacings of 15 to 25 m. The 
spacings are presumably approximately proportional to the depths to which 
they penetrate. Quantitative measurements of the streak spacings are difficult 
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because between the well-defined streaks there are numerous smaller and 
less well-defined streaks. Just as large waves have smaller waves upon them, 
it appears that the surfaces of the larger vortices contain smaller and shallower 
vortices. The patterns of streaks on the lake surface are slowly changing; 
some growing, others dying out. On some days the streaks are much more 
regular than on others. 

During the spring and fall overturns in April and early December when 
the whole lake is isothermal, the vortices may extend to the bottom of the 
lake, but they would then be very diffuse in their lower portions. On clear, 
cold windy nights in October the lower parts of the vortices should have their 
greatest velocities, since large-scale turbulence would then be stimulated 
by the descent of masses of denser water cooled by exposure on the surface 
at temperatures sufficiently above 4°C, to give a reasonably large coefficient 
of thermal expansion. 

The helical vortices set up by wind apparently constitute the essential 
mechanism by which the epilimnion is produced. The currents thus set up 
at the bottom of the epilimnion may sweep off the upper part of the ther- 
mocline, making it thin and of increased gradient. 

I have never observed in Lake George any reverse flow in the lower 
part of the epilimnion, but have frequently found an increase in the depth 
of the epilimnion at one end of the lake and a corresponding decrease at 
the other due to the wind. The return flow apparently usually takes place 
slowly at night and is not accompanied by the turbulence associated with 
the helical vortices and so does not give vertical velocity components which 
alone can give thermal transport to the deeper layers. 

I have not made any search of the literature on this subject, but conversations 
with many students of turbulent flow and oceanography have indicated that 
the helical vortices induced by wind are not commonly recognized. 

Professor C. Harold Berry has called my attention to a paper by James 
‘Thomson! in which he explains “calm lines seen on a rippled sea’”’ as the lines 
of convergence of surface currents. There is no suggestion, however, that the 
streaks seen with strong winds are caused in this way. 

H. Jeffries? shows that there must be transverse circulation in streams with 
straight channels. He draws this conclusion from the fact that the greatest 
longitudinal velocity is observed at a certain depth below the surface near 
the middle of the stream. There are thus descending currents near the center 
and rising currents near the shores. Jeffries was not able to explain these 
transverse currents on the basis of hydrodynamical theory. Undoubtedly 
the mechanism is similar to that which causes helical vortices on the surfaces 
of lakes. 


1 Phil. Mag., 4th series 24, 247, 1862. 
* Proc. Camb. Phil. Soc. 25, 20, 1929. 
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In 1933 I made numerous studies of the growth of waves under the influence 
of wind. I have found that the momentum carried by the waves and delivered 
to the shore as a radiation pressure accounts satisfactorily for the fact that 
the momentum of the water increases rapidly at first (before the waves have 
had time to build up) and then remains nearly constant. I expect to give an 
account of this work in another publication. 
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With Vincent J. SCHAEFER as co-author 
Journal of the Franklin Institute 
Vol. CCXXXV, No. 2, 119, February (1943). 


RipEA! was unable to detect any decrease in the rate of evaporation of water 
in open dishes in air at atmospheric pressure when the water was covered 
with a monolayer of stearic or oleic acid. However, the evaporation in vacuum 
from one leg of an inverted U tube at 25°C into the other leg at 0° was reduced 
about 25 per cent by a film of stearic acid and 50 per cent by oleic acid. 

It was found later by Langmuir and Langmuir® that even at atmospheric 
pressure the rate of evaporation of water exposed to a wind of about 180 cm 
per sec™} was cut to about one-half by a film of cetyl alcohol, although the 
fatty acids produced no measurable effect. 

It was pointed out that there are two factors that determine the rate of 
evaporation. There must be a drop in the partial pressure of the water vapor 
as it diffuses through the air overlying the liquid, but the effect of a film of 
cetyl alcohol is to offer a resistance to diffusion which resides in the mono- 
layer itself. 

Instead of dealing with the rates of evaporation of the water in g cm™* sec"? 
there is thus an advantage in considering the resistance to evaporation which 
may be assumed to be proportional to the reciprocal of the rate measured 
in cm-*sec g-}. The resistance to diffusion through the air overlying the 
water is not affected by the presence of a film. When, however, a film is 
present, there is also a resistance characteristic of the film itself which is 
in series with the air film resistance. Two experiments in succession—the 
first with a film on the water, the second with a clean water surface—give 
data for the calculation of the characteristic resistance of the film which should 
be independent of such extraneous factors as the wind velocity and the pressure 
of the atmosphere. This resistance is simply the difference between the reci- 
procals of the rates in the two experiments. 

* This paper was read at the Symposium on Surface Chemistry held under the auspices 
of the American Association for the Advancement of Science at the University of Chicago, Sep- 
tember 24, 1941. © > 


1 E.K. Rideal, ¥. Phys. Chem. 29, 1585 (1925). 
2 T, Langmuir and D. B. Langmuir, ¥. Phys. Chem. 31, 1719 (1927). 
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An analysis of Rideal’s data showed that at 25°C a film of stearic acid 
offered a resistance of 300 units, while oleic acid gave a resistance of 850 
units, but the experiments with cetyl alcohol gave a resistance of 60,000 units, 
roughly a hundred times greater than given by the fatty acids. 

Sebba and Briscoe® have recently passed a stream of dry air inwards from 
the edge of a metal disk 0.3 cm above the surface of water in a tray which 
is provided with barriers and a surface balance. By withdrawing air from 
a tube at the center of the disk at the rate of two liters per minute and measuring 
the water content of this air, they determined the relative rates of evaporation 
with and without films and with films exposed to different surface pressures 
F in dynes per cm. They found that films of oleic acid and cholesterol even 
when compressed did not cut down the rate of evaporation. Stearic acid had 
no effect up to F = 20, but then there was a rapid decrease until at F = 40 
the rate of evaporation was only 36 per cent of that from pure water. The 
aliphatic alcohol with 18 carbon atoms showed no effect up to 10 dynes, but 
at 30 dynes the rate fell to 42 per cent. Still greater effects were had with 
the alcohol having 20 carbon atoms. Here the evaporation was 92 per cent 
at 5 dynes, 18 per cent at 20, 12 per cent at 40 and only 1 per cent at 
F = 48, 

They made no attempt to calculate resistances or express their data in 
quantitative units giving rates per unit area. Although their rates decreased 
as F was increased, and the length of hydrocarbon chain increased, they did 
not give any theory or analysis of these data. 

In another paper, Sebba and Briscoe‘ found that the great decrease in rate 
produced by the Cyo alcohol gradually disappeared in a few hours when the 
film was allowed to remain on the surface under only small pressure but that 
this effect did not occur if the film was maintained under high pressure. They 
found in blank runs that no appreciable amount of impurity accumulated on 
the surface during a similar time when no alcohol film was present. As an 
explanation of this decrease in rate with time, they suggest, quite ad hoc, 
that a slow association of the alcohol molecules by adhesion between the hydro- 
carbon chains occurs, giving double molecules with an —OH group at each end. 

Our experience has generally been that slow effects of this kind are due 
to impurities. There are logical reasons for believing that a very small amount 
of an impurity which offers little resistance should have a very great effect 
in increasing the permeability of a film to water. Let us assume, for example, 
that we have a film of cetyl alcohol having a specific surface resistance of 60,000 
units and we have another substance like oleic acid, with a specific resistance 
of 600 units. With a film made from a mixture of these substances we have 
to deal with resistances in parallel—not in series. We therefore should add 
the conductances to get the average conductance of the film. If we had only 


* F. Sebba and H. V. A. Briscoe, ¥. Chem. Soc. (London), 106 (1940). 
‘ F. Sebba and H. V. A. Briscoe, ¥. Chem. Soc. (London), 128 (1940). 
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one per cent of oleic acid in the film, its partial conductance would be about 
equal to that of the cetyl alcohol, so that about 1 per cent of oleic acid would 
reduce the evaporation resistance to one-half. 

It is evident therefore that amounts of impurity far too small for Sebba 
and Briscoe to have detected might easily account for the gradual increase 
in the rate of evaporation that they observed with the alcohol films. 

We undertook experiments to test this hypothesis of the sensitivity of 
impermeable films to traces of permeable substances. We anticipated that the 
effect would be very much like that of minute conducting particles in an 
insulating film on a condenser plate giving a kind of short-circuiting effect. 
In the experiments that we planned we wished to retain the advantage of 
Sebba and Briscoe’s experiments of measuring the rate of evaporation from 
an extended surface of water in a tray with films that could be subjected to 
pressure. Their experimental procedure, however, was time consuming and 
suffered from the disadvantage that it did not easily give quantitative data 
expressible as rates per cm®. In their experiments the air moving radially 
inward became gradually more humid, so that all parts of the surface were 
not acting in parallel. 

Experimental Method. Preliminary experiments showed that the rate of 
increase of weight of a drying agent such as calcium chloride supported on 
a wire gauze just above the surface of the water in a trough gave a very simple 
and reliable measurement of the rate of evaporation. This method has the 
advantage that there is uniform evaporation over a large surface. 


Surface 
Balance 


Barrier 








Fic. 1. The drying box and its arrangement over the water of a trough. 


The apparatus used is shown in Fig. 1, a tin ointment box was chosen 
having a tightly fitting cover, the box being 9.6 cm in diameter and 2.2 cm 
deep. A circular hole 8.9 cm in diameter was cut out of the cover and across 
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this opening was stretched a copper gauze (50 meshes per inch of wire 0.006 
inches diameter). Another cover was spun to a slightly larger diameter so 
that it could be fitted tightly over the first cover that supported the gauze. 
The apparatus thus consisted of three parts, which could be separated from 
one another: the container, the gauze frame, and the cover. In normal use the 
whole device was turned upside down as indicated in Fig. 1, the container 
being on top, the cover at the bottom. : 

With the parts in this position but separated,the gauze was covered with 
a uniform layer about 3 mm thick of fine granular calcium chloride (about 
50 grams) and this was immediately covered with the container and the cover 
was then applied under the gauze. The calcium chloride used has the com- 
position CaCl,.2H,0. 

The water surface from which the evaporation: was to be measured was 
contained in a long trough, 20 cm wide and 100 cm long, shown in Fig. 1. 
This was provided with a surface balance to measure the spreading force F 
(dynes per cm) and a barrier which could be used to scrape the surface or 
compress a monolayer which had been spread upon the water. The trough 
was levelled by means of a spirit level and the depth of the water in the trough 
was kept constant to within less than 0.1 mm’ by a submerged hydrophilic 
point of glass which just touched the surface. As the water evaporated more 
was added from time to time, bringing the surface just to the tip of this 
point. 

A heavy square brass plate 25 cm square and 6 mm thick was provided 
with a large circular hole, 9.7 cm diameter, into which the drying box could 
be inserted. A flange on the gauze frame of the drying box was located so 
that when the box was inserted in the hole the lower surface of the wire 
gauze was flush with the lower surface of the brass plate. A series of brass 
tubes (not shown in Fig. 1) were made all having an inside diameter of 8.9 cm 
but having various lengths. These were arranged so that any one of them could 
be fitted into the hole in the brass plate so as to support the drying box at 
various heights above the water surface. The heights chosen were 0.2, 0.3, 
0.4, 0.5, 0.8, 1.0, 2.0, 4.0 and 6.5 cm. The brass plate was supported over 
the trough so that its lower surface was always 0.2 cm above the water surface. 

In a typical experiment for the measurements of the rates of evaporation 
the drying box containing the calcium chloride was weighed, the lower cover 
was quickly removed and the box was fitted into the hole in the brass 
plate or into one of the brass tubes so that the gauze frame was at a known 
distance, b, above the surface of the water. The box was left in this position 
for a definite time interval measured by a stop watch, times of 2, 5 or 10 minutes 
usually being selected. At the end of the time interval the box was quickly lifted 
from the brass plate, the cover applied and the box was again weighed. 

Using a surface of clean water which had been repeatedly scraped by moving 
barriers, experiments were made measuring the rate of evaporation in g cm™* 
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sec}, At 25°C and with a distance of 0.2 cm, the increase in weight was about 
63 mg per minute. Some blank runs were also made in which the brass plate, 
instead of being over water, was laid on a glass plate, all operations being 
conducted as in the usual experiment. The gain in weight under these condi- 
tions, which did not exceed one milligram, was used as a correction in the 
experiments. 

In studying the effect of compressed monolayers measurements of the 
rate of evaporation were first made with a clean water surface and then with 
a surface covered by the monolayer. At the end of such a series the rate of 
evaporation from a pure water surface was again made, so as to detect any 
changes in the absorbing quality of the calcium chloride. It was found that 
there was only a very slow and steady decrease in the rate of taking up water 
vapor. During a long series of runs in which a total of about 1.5 grams of 
water was absorbed the rate of absorption of water (with 6 = 0.2 cm) decreased 
from 62 mg per minute to 58 mg per minute. 

From the rates of evaporation with and without the film the resistance 
to evaporation was calculated in accordance with the theory which will be 
described later. A check on the theory was obtained by varying the distance b 
between the water surface and the wire gauze supporting the calcium chloride. 
This naturally changed the actual rates of evaporation but it did not alter 
the resistance of the film. 

The evaporation caused a perceptible cooling of the water surface. 
A thermometer was placed in the water about 5 mm below the surface as shown 
in Fig. 1. During a five minute interval the temperature decreased as the result 
of evaporation by about 0.7°C. A cylindrical metal box filled with mercury 
and of a diameter equal to that of the hole in the brass plate, was lowered 
into actual contact with the water surface. To produce a lowering of 0.7° in 
the same time in the thermometer reading it was necessary to cool the 
mercury by about 1.1°. We assume, therefore, that during the evaporation 
the lowering of the temperature of the surface of the water was about 14 
times that shown by the thermometer. As this cooling effect was proportional 
to the rate of evaporation of the water it was affected by the presence of films 
and by alteration of the distance 5. 

The cooling of the water surface produced by the evaporation naturally 
decreased the vapor pressure of the water and caused the observed rates of 
evaporation to be lower than they would otherwise be. However, since there 
is only a small lowering of temperature the depression of the vapor pressure 
varied in proportion to the rate of evaporation. The effect was thus equivalent 
to that of an increase Ab in the distance between the water and the calcium 
chloride, and this increment would not be changed by the presence of a mono- 
layer on the water surface. Thus the resistance of the monolayer, as calculated 
from the rates of evaporation with and without the monolayer, is not modified 
by the cooling effect. 
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Just as the evaporation of water from the trough cools the surface so 
the absorption of the water by the calcium chloride produces an appreciable 
rise in temperature. This temperature gradient, warm on top and cooler below, 
has a marked effect in preventing convection currents, and so gives a linear 
distribution of partial pressure of water vapor in accord with the ordinary 
laws of diffusion. 

Let M be the mass of water (in g), taken up by the calcium chloride in 
the time ¢ (in seconds); A the cross sectional area of the diffusion tube (62.2 
cm?); 6 the length of the diffusion path (in cm), and D the diffusion coef- 
ficient of water vapor in air (in cm* per sec). Then diffusion theory gives: 


M/At = D(w—w,)/b, (1) 


where w is the concentration of the water vapor measured in g per cm? at the 
surface of the water just above the monolayer, and m, is the concentration 
in similar units at the lower surface of the wire gauze. 

Since the surface of the calcium chloride, with a rapid diffusion of water 
to it, becomes covered with a hydrate, the value w, is presumably not 0. It 
becomes important, to know whether it is reasonably constant. Since there 
may be appreciable resistance to the passage of the water vapor through the 
meshes of the copper gauze and into the lower layers of the calcium chloride 
it is desirable to replace Eq. (1) by the following: 


M/At = D(w—w)/(b—b), (2) 


where b is the distance from the lower surface of the gauze to the water 
and b, is the distance from the same point to the effective absorbing area of 
the calcium chloride. 

A series of measurements were made of the rate of evaporation of water 
as a function of the distance b, this being varied from 0.2 to 6.5 cm. The 
results are shown in Fig. 2 where the ordinates represent DAtw/M and the 
abscissas represent b measured in cm. The temperature of the water, as given 
by the thermometer in the position shown in Fig. 1, was recorded at the 
beginning and end of each evaporation run. From the mean temperature 
during the run the value of w was calculated from the data of the Smithsonian 
tables (w = 17.12 x 10-* g cm? at 20°C and 22.78 x 10-¢ at 25°C). To eliminate 
effects resulting from changes in temperature due to cooling it was better 
to plot DAtw/M rather than At/M. 

Examination of Fig. 2 shows that for values of b up to 2 cm the points lie 
accurately on a straight line whose slope according to Eq. (2) is equal to 
%/(w—wy). 

The diffusion coefficient of water vapor in air (International Critical Tables, 
Vol. 5, page 62) is given by: 


logy) D = 1.75 log,, T—4.921. (3) 


6 Langmuir Memorial Volume X 
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Thus at 20°C, D = 0.249 cm? sec"! and at 25°C it is 0.2563. We have made 
several direct measurements of the diffusion coefficient of water vapor and 
have satisfactorily checked the foregoing values. 

The slope of the line in Eq. (2), 1262, thus gives 


(w—w,)/w = 0.79, (4) 


which corresponds to a relative humidity w,/w at the surface of the calcium 
chloride of 21 per cent. 

The intercept of the straight line in Fig. 2 on the b axis gives by 
= —0.07 cm. Thus the distance measured from the lower surface of the wire 
gauze to the effective absorbing area is only 0.7 mm. 


4 





A= 62.2 cm* 

t» 300 sec 
248°%c (243-265) 
M= 0.035 to 0348 


- 
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Fic. 2. The dependence of the diffusion resistance upon the height 6 of the drying 
box above the surface. 


The fact that the line in Fig. 2 is straight proves that the partial vapor 
pressure of water at the effective absorbing surface is constant and corresponds 
to a relative humidity of 0.21. The equilibrium between CaCl,.2H,O and 
CaCl,.4H,O corresponds to a relative humidity of 0.144 (International Critical 
Tables, Vol. 7, page 294) at 25°C. For the equilibrium between hydrates con- 
taining 4 and 6 molecules of water the relative humidity at 25°C varies from 
0.18 to 0.22 depending whether the a or B form of the hydrate is present. 
It thus appears that under the conditions of our experiment, with a rapid 
supply of water vapor, the hydrate containing 6 molecules is formed, but no 
liquid phase is produced. The calcium chloride after having absorbed 1 or 
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2 g of water vapor showed no tendency to cake together as it would if any 
liquid phase had been produced. 

Figure 2 shows that when b was greater than 2 cm the reciprocal of the 
evaporation rate no longer increases linearly. This effect is obviously due to 
convection, resulting from minute temperature differences. It has been shown’ 
that close to a heated surface in open air there is a film of relatively stationary 
air of several mm thickness through which diffusion and heat conduction 
must occur. 

The actual rate of evaporation given by the data of Fig. 2 with b= 4 cm 
corresponds to diffusion through a layer of quiet air of 2.3 cm thickness 
while with 6 = 6.5 cm the equivalent layer is 2.9 cm. The thermal stratification 
of the air over the water surface thus gives a very high degree of stability and 
prevents convection up to values of b as great as 2 cm. 

Evaporation Resistance of Monolayers. The reciprocal of the rate of eva- 
poration is not a wholly satisfactory measure of the rate of evaporation. For 
example, it does not take into account the effect of the variation of vapor pres- 
sure resulting from changes of temperature. By analogy with Ohm’s law, 
C= PV/R, it is desirable to define the evaporation resistance by an equation 
of the type: Rate = Driving Force/Resistance. Let us consider the resistance 
offered by the layer of air of thickness 6 in the experiments represented by 
Fig. 2. The greater the vapor pressure of the water (produced by raising 
the temperature), the greater will be the rate of evaporation with any given 
value of 5. This increase in pressure is analogous to an increase in the voltage 
of an electric circuit. The flow of water vapor M/t corresponds to the electric 
current. We might measure the driving force by the difference of the partial 
pressures, p—po. It is however better to use w—w, which varies in proportion 
to p—po, because by so doing we employ the same units of mass that are 
involved in M/t. The logical analog of Ohm’s thus becomes 


M/t = (w—w,)/Q, (5) 


where Q is defined as the evaporation resistance. By comparing Eqs. (5) and 
(2) we see that the resistance of the air column for the experiment of Fig. 2 is: 


Q = (b—b,)/AD. (6) 


In our studies of the resistances of monolayers we are interested in knowing 
the specific surface resistance, that is the resistance that would correspond to 
a unit of area. Since by Eq. (6) Q varies in inverse proportion to the area A 
we may define the specific surface resistance by: 


w = AQ. (7) 


5 I. Langmuir, Phys. Rev. 34, 401 (1912); ibid., 12, 368 (1918); Trans. Amer. Electrochem. 
Soc. 23, 299 (1913). 
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Comparing this with Eq. (5) we find that can be calculated from the 
observed rates of evaporation by the equation 


= (Atw/M) (w—w,)/w. (8) 

When we use CaCl,.2H,O in the drying box the value of (w—w,)/w in 
accord with Eq. (4) is 0.79. We may insert this value in Eq. (8). Furthermore 
we recognize that w represents two resistances in series: w, is the resistance 
of the air layer of thickness b—b, and w, is the resistance of the surface itself 
including that of a monolayer. Eq. (8) thus becomes: 

@ = 0.79Atw/M = w,+,, (9) 
where 
@, = (b—b,)/D. (10) 

By defining surface resistance in this way the equations have been much 
simplified and the value of w does not depend upon the units of mass or of 
pressure as it would if we had taken p—p, as the analog of voltage. The specific 
resistance w has the same dimensions as the reciprocal of a velocity, that is 
it is measured in seconds per cm. 

Because of the finite velocity with which molecules leave the surface of 
an evaporating liquid there is a definite limiting surface resistance, w9, even 
for a water surface which has no monolayer on it. 

Let us consider a surface of water covered by a monolayer and let this 
be in thermal equilibrium with its own vapor. The molecules in the vapor 
are moving in random directions at an average velocity given by 

v = (8RT/xM,)", (11) 
where M, is the (chemical) molecular weight, and R = 8.32 x10" ergs deg™. 

The rate at which molecules impinge on the surface, in g cm? sec", is 
given by 

M/At = wo/4. (12) 

Of these molecules which strike the surface we will assume that a fraction 
a condense and enter the liquid phase. We may call a the condensation 
coefficient. The fraction 1—a of the molecules act as though they are reflected 
from the surface. Actually, however, they condense on top of the monolayer 
but are held by such small forces that they evaporate so rapidly that no appre- 
ciable number are present at any given time in this adsorbed layer.® 

Under equilibrium conditions the rate at which the molecules condense 
is therefore awv/4, and the rate at which they evaporate must be equal. Since 
the evaporation and the condensation phenomena are independent of one another 
the rate of evaporation will not be modified by changing the vapor pressure 
above the liquid, so the true rate of evaporation into a vacuum is given by: 


M/At = aw(RT/22M,)". (13) 
* I. Langmuir, Proc. Nat. Acad. Sci. 3, 141 (1917). 
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The surface resistance corresponding to this rate of evaporation can be 
obtained from Eq. (8) by putting w, = 0, giving 

M/At = w/w,, (14) 

where w is the equilibrium vapor density, which is not altered by the presence 


of a monolayer. 
Combining Eqs. (14) and (13) we find 


@, = (1/a) (22M,/RT)"? = (2.75 x 10-4/a) (M/T)"2. (15) 
For water at 20°C (M = 18, T = 293) this gives 
@, = 6.8 x 10-5/a sec/cm. (16) 
Comparison of Eqs. (15) and (11) shows that 
1/w, = av/4. (17) 


Thus the value of w, for a clean water surface for which a = 1 is the reciprocal 
of one-fourth of the average molecular velocity. 

If we make an experimental determination of w, the resistance due to a film 
spread upon the water we can calculate the condensation coefficient a for 
this film, by Eq. (16) 


a = 6.8X10-8/w,. (18) 


Langmuir and Langmuir* took the evaporation resistance of a film to be the 
change in the value of At/M produced by the film. When we compare this 
with Eq. (8) we see that we can express the old data for film resistance in terms 
of our new units by multiplying the old values by w — w,. From Rideal’s data 
at 25°C we thus calculate that for an oleic acid monolayer (presumably at 
F = 29 dynes/cm) w = 0.019 sec cm}, while for stearic acid (at an unspecifed 
but presumably low value of F) w = 0.007 sec cm™. The data presented by 
L. and L. for cetyl alcohol monolayers were obtained by measuring the rate 
of evaporation into air of an unspecified humidity. If we assume that the relative 
humidity was 50 per cent then for these films w = 0.6 sec cm™. From these 
data by Eq. (18) we find that the condensation coefficients a are; for oleic 
acid 0.0036, for stearic acid 0.0010 and for cetyl alcohol 0.00011. Thus the 
true rate of escape of molecules from the surface was decreased in the ratio 
of about 10,000 to 1 by the presence of a cetyl alcohol monolayer. 

An Energy Barrier as a Cause of Evaporation Resistance. There are two 
conceivable mechanisms which could account for low value of a. It might 
be that the resistance w, is essentially due to slow diffusion of water through 
the monolayer. A second possible factor would be an energy barrier that opposes 
the penetration of water molecules into the film or some part of the film. 

A diffusion resistance would increase in proportion to the thickness of the 
film. Similarly if there are a number of energy barriers in series the total 
barrier resistance that results from them is the sum of the separate resistances. 
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The concentration of molecules in any region is decreased in a ratio n/ny 
at an energy barrier of magnitude A, where / represents the energy per molecule 
needed to bring the molecule to the height of the barrier. The Boltzmann 
equation gives for n/n, 

n/ny = exp. (—A/kT). (19) 

Apart from a numerical coefficient which depends upon geometrical factors 
and steric hindrance, but is probably of little significance in the present case, 
the value of the condensation coefficient will be given by 


a = exp. (—A/kT). (20) 

If the height of an energy barrier is doubled it does not double the value 
of a but it gives a new value of a equal to the square to the old value. 

It was pointed out in 1927? that the very small values of a produced by cetyl 
alcohol could not reasonably be explained as a diffusion resistance for it would 
require that the concentration of water within the film should be of the order 
10-* g cm-, very much less than any observed solubility of water in oil. A test 
of this hypothesis of diffusion resistance can be made by considering the effect 
of varying the thickness of the film. 

It was pointed out also that when a water molecule penetrates the monolayer 
it must push the other molecules apart and so produce a momentary increase 
in area which may be represented by ay. If the film is under a surface pressure F 
there is thus an energy barrier Fa, which must be overcome. Taking a) = 8 A? 
and F = 30 dynes cm“ we find that the energy barrier is 2 = 2.4 x 10-4 erg, 
which corresponds to 360 cals per g mole. Putting T = 300° we then find by 
Eq. (20) a = 0.55. Thus the barrier corresponding to the energy necessary 
for a molecule of water to penetrate into a monolayer under a pressure of 
30 dynes cm-! could account only for a reduction in a from 1 to 0.55. To give 
a value of a as low as 0.0001 would require an energy barrier of 3.7 10-™ 
erg or 5500 cals per g mole, about 16 times as great as that which would cor- 
respond to a water molecule forced into a film at 30 dynes cm“. 

There is another useful way of considering the problem. If a monolayer 
of a thickness of 14A (a condensed film of stearic acid) is under a pressure 
of F = 30, the average pressure in the film is about 125 atmospheres. Let this 
pressure be represented by P and let v, be the volume of the water molecule 
(about 30 A*), then the energy barrier corresponding to molecules subjected 
. to this pressure would be A = Puy. To account for the value a = 0.0001 the 
pressure P would have to be 12,000 atmospheres which would require a surface 
pressure of 3000 dynes cm~ if the pressure were uniformly distributed through 
the thickness of the film. 

We thus conclude that the observed high evaporation resistances of some 
films involve forces upon single molecules of water of the order of 100 times 
greater than those previously known to exist in monolayers. Sebba and Briscoe 
have proved that the evaporation resistance of films increases rapidly when 
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the pressure is raised. This increase is far greater than could be accounted 
for directly by a barrier Fup. 

Experimental Determination of Evaporation Resistances of Monolayers of Pure 
Substances. Our experiments with the drying box which have been described 
were made for the purpose of throwing light upon these rather puzzling theoretical 
questions. We wished particularly to find whether w, varies in proportion 
to the thickness of the film as it would by the diffusion hypothesis or whether 
log w, varies linearly with F and with thickness of the film. We have made 
a large number of experiments with the highly purified fatty acids having 16, 
18, 19, 20, 21, and 23 carbons. These will be represented in general by the 
symbol C,,, Cz3, etc. We have also studied the Cy. aliphatic alcohol. Many 
experiments were made to determine the effect of the pH of the substrate 
and of the presence of barium and cadmium salts. 

In most experiments the force F was increased in a series of steps and the 
position of the barrier was noted in each case so that the force-area curve 
of the compressibility of the film could be determined. In our later experiments 
care was taken to make sure that all of the applied substance was completely 
spread as monolayer but in some of the earlier experiments where such pre- 
cautions were not taken, the areas per molecule, although correct as regards 
telative value may be too low in absolute magnitude. 

The fatty acids C,,, C,,, and C,, were purchased from F. Francis and were 
the preparations of exceptionally high purity that were used for the determi- 
nations of freezing points and other properties reported by Francis, Collins 
and Piper.? The Cy. alcohol was a very pure product given to us by Dr. E. 
Emmet Reid. The stearic acid, Cy), and arachidic acid, Cy), were prepared 
for us in this laboratory by Dr. R. E. Burnett by fractionation of esters. The 
sample of stearic acid is very pure but we know that the C,, contained small 
amounts of neighboring acids. 

Weighed amounts of the acids or alcohol were dissolved in benzene and 
weighed amounts of these solutions were placed upon the water surface by 
means of a pipette. Precautions were taken to avoid errors due to changes in 
concentration of the solutions by evaporation. 

When drops of a dilute solution of benzene and a fatty acid are placed 
on a clean water surface they move about vigorously over the surface. It is 
very important that they should not come into contact with the edges of the 
trough. We have found a simple means of localizing the spreading action 
within a definite region near the center of the trough. A shallow glass dish 
with a thick hydrophilic rim is placed under the surface of the water in the 
trough. For this purpose we have used the glass cover of a staining jar of the type 
known as the Coplin jar. The edge of the cover which rests on the jar has 
a plane ground glass surface which renders it hydrophilic. Inverting the cover 


? F. Francis, F. J. E. Collins and S.H. Piper, Proc. Roy. Soc. London 158A, 691 (1937). 
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so that the rim turns up like a saucer, we have ground the bottom of the dish 
so that it also has a plane surface. The dish has an outside diameter of 6.0 cm 
and an inside diameter of 5.0 cm. The dish is supported on glass plates in the 
center of the trough so that the ground upper surface of the rim lies about 
1 mm below the surface of the water in the trough. 

When drops of benzene containing a fatty acid are placed upon the water 
over the center of the submerged dish they move around only. within the limits 
of the dish. The monolayer which flows radially out from the drops exerts 
a viscous drag on a thin layer of underlying water and thus lowers the level 
of the water within the dish, until the out-flow is balanced by a gravity in-flow 
close to the rim of the dish. The amount of depression thus depends -upon 
the width of the edge and its depth below the water surface. The drops of the 
benzene solution always stay within this depressed portion of the surface. 

When this method of spreading is not used the drops are apt to break into 
many droplets some of which evaporate leaving minute crystals of fatty acid 
which do not spread. With the submerged dish the spreading is under much 
better control and if, as rarely happens under these conditions, any residual 
crystals remain on the surface they can be readily seen because one knows 
where to look for them. 

The arrangement of the trough, the drying box, surface balance and barrier 
were not exactly as shown in Fig. 1. The trough was 100 cm long and 20 cm 
wide. The surface balance marked F in Fig. 1 was 15 cm from one end. The 
edge of the brass plate which supported the drying box was about 1.5 cm from 
the surface balance. The water surface was first cleaned by repeated motions 
of the barrier from the edge of the brass tray to the far end of the tray. Any 
contamination of the surface under the brass plate was removed by blowing 
air from the surface balance under the brass plate. Immediately after cleaning 
the water surface a glass plate was placed about 5 mm over the water so as 
to protect all parts of the water surface from contamination by dust. 

At the beginning of each series measurements of evaporation resistance the 
drying box was weighed and was then inserted into the hole in the brass for 
two minutes. The increase in weight was used to calculate w, by Eq. (10). 

The weighed amount of benzene solution of the spreadable substance was 
then applied to the water surface over the submerged dish through a small 
hole in the glass plate and the hole was then covered. By thus spreading the 
film from the center of the trough any traces of impurities on the surface 
were driven to the two ends of the trough. The film under the drying box 
had thus never been exposed to contamination by dust. When the spreading 
of the film was complete and careful examination had shown no residual 
crystals of fatty acid over the dish, the barrier was removed to exert a pres- 
sure on the monolayer, indicated by the surface balance. The position of 
the balance barrier F in Fig. 1 was always kept constant within about 0.1 
mm, and the distance from F to the movable barrier at the other end of the 
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trough was also measured within 0.2 mm. From these data the area per 
molecule, a, was calculated. 

In general, the surface pressures F were raised in definite steps of 2, 3, 
or 5 dynes cm7. At certain selected values of F (usually multiples of 5), the 
drying box was applied and the increase in weight in a 2, 5, or 10 minutes 
interval was determined. When the drying box was removed it was always 
replaced by a cover. 

From the increase in weight the value of w was calculated by Eq. (9). 
In a series of measurements with a given monolayer the pressure was often 
raised to a high value and then lowered again and in some cases several such 
cycles were completed. At the end of the series the monolayer was scraped 
off by using several barriers in succession and all trace of remaining film was 
blown out from under the brass plate. Another determination of w, was then 
made with a clean water surface. Linear interpolation between the initial and 
final values of w, was used to allow for the progressive slight change in w, 
during the successive measurements. The values of w, were then obtained by 
subtracting w, from o. 

Figure 3 gives typical data for w, obtained with monolayers of the Cyg, 
Cy, and Cy, acids spread upon water acidified with H,SO, pH 3. The lowest 
curve marked by crosses was obtained with the C,, acid spread upon water 
which had been twice distilled, the second distillation being from a quartz 
condenser. The CO, from the air gives the pH 5.8. 

It is evident from these data that log w, is approximately a linear function 
of F, and the slopes of the lines are approximately equal. An increase in length 
of the hydrocarbon chain causes a marked rise in log w,. Since log w, measures 
the height of the energy barrier we should expect a linear dependence of 
log w, upon ” the number of carbon atoms in the acid. The coefficients in 
the equation 


logis @, = —3.08 +0.0425 F +0.122n, (21) 


which expresses these linear relationships, have been chosen to fit the data 
of Fig. 3. The three parallel dashed lines near the upper three curves are plots 
of this equation for n = 18, 20 and 23. 

Although the agreement is not very close, the equation gives a useful approxi- 
mation to the observed values. We shall see that traces of impurities and 
slight uncontrolled differences in experimental technique may cause variations 
comparable to the deviations of the calculated lines from the experimental 
data. 

The curve for the Cy, acid on distilled water is very much lower than the 
curve for this acid on pH 3 water. Other less accurate data with other acids 
have given general confirmation of this conclusion, that the values of w, obtained 
at pH 3 are always much higher than those found on distilled water. The 
line for the C,, acid on water of pH 5.8 is approximately parallel to the others 


Google 


90 Rates of Evaporation of Water Through Compressed Monolayers on Water 


and can be represented by Eq. (21) if we change the term — 3.08 to — 3.70. 
The lowest of the dashed lines represents this modified equation for n = 20. 

Towards the end of our experiments on evaporation resistances (Sept. 
1940) two experiments were performed with more strongly acidified water, 
dilute H,SO, pH 2. With the C,, acid values were obtained which were about 
one-eighth those previously obtained with the dilute H,SO, of pH 3. The 
semilog plot of w, gave a line a little below that shown in Fig. 3 for Cz. pH 





10 20 30 40 50 60 


Fic. 3. The evaporation resistance for monolayers of the C,,, Cy, and Cys acids 
on dilute H,SO, pH 3, and the Cy, acid on distilled pH 5.8. 


5.8. Another run was made with the C,, acid and dilute H,SO, pH 2. This 
gave a series of points on the semilog plot which formed a good straight, 
parallel to the theoretical dashed lines of Fig. 3 with values of w, about 
one-seventh as great as those obtained at pH 3. Unfortunately the experi- 
ments were discontinued about this time. The results suggest that the 
maximum values of w, occur at some definite value of pH that probably lies 
between 3 and 5.8. 

The value w, = 62 sec cm“ for the Cy, acid on pH 3 water at F = 55 
is the highest evaporation resistance which we have found. The value of a, 
with 6 = 0.2 cm averaged about 1.1 seccm™. Thus the rate of evaporation 
was cut down to 1/50 by the presence of this monolayer at this value of F. 
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Sebba and Briscoe have reported a single observation in which the evaporation 
rate was cut to 1/100 by a monolayer. This was found with the C,, alcohol 
at F = 48 although at F = 40 this alcohol gave a rate 0.12 of that from water. 
Roughly these points would correspond to w, = 120 at F = 48 and 10 at 40. 

F(a) Curves. Figure 4 shows typical curves that we have obtained by plotting 
F in dynes cm= as a function of a, the area per molecule expressed in sq. 
A units. These F(a) curves for fatty acids on water of pH less than 7 and for 
the higher alcohols consist in general of two straight lines such as AB and BC 
in Fig. 4. The intercept of the extension of the line CB on the a-axis we shall 
designate by D. 





18 19 20, 21 22 3 24 
Sq. A per Molecule 


Fic. 4. Typical F(a) curves for condensed water films. 
Curve 1 — Cy alcohol on distilled water. Curve 2 — C,; acid on dilute H,SO, pH 3. 
Curve 3 — Ba salt of Cy. acid on 10-*M BaCl, adjusted to pH 7.0 with KHCO,. 


Tables I, II, and III summarize our observations on the F(a) curves for the 
films we have studied. The figures given in parenthesis are data given by 
Nutting and Harkins.® 


* G.C. Nutting and W. D. Harkins, 7. Am. Chem. Soc. 61, 1180 (1939). 
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Tasie I 
Fatty Acid Films on Dilute Sulfuric Acid pH 3 
uw] || me | ah] ae 
Cu | (26.75) (22.51) 
C., | (24.59) (27) (0.180) 
C, | 250 | 204 | 24 | 30 0.202 | 0.0130 
(24.11) (21) (0.178) 
Cy i >50 0.165 0.0115 
(24.0) 25 | (29) (0.163) 
Co [247 | 204 | 27 32 0.174 | <0.019 
(23.6) | (28.5) | (0.159) 
Cu 27 | >45 0.17 0.011 
Cy, |246 | 20.2 | 30 | >60 | 0.158 | 0.016 
Co | 21.8 198 | 17, 50 0.134 | 0.0120 
Alcohol \ i | 
Tasie II 
Fatty Acid Films on Distilled Water pH 5.8 
~ = ir 
n | a4 | ap | Fg | Fo age aalae 
20 |245 | 214 | 260) 4 | 016 | oo1s 
235) 197 ae >50 | 0.144 | 0.0115 











2322.2? «18.2? | 280 >60 | 0.140 | 0.008 





Tasie III 
Films of Fatty Acids on 10°* BaCh, Adjusted to pH 7 by KHCO, (2x10 *M) 
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n | a, | ap | Fg Fo = dala 
TGn, oe al So 

Ce. | | \ <3). 

Cs | | | 45+ 7 

Cw | ‘i oo | = 

Cu | 213° 209| 5 |  So* | ots 

Cn! | >60 | 

Ci, 21.2) 196| 10 | >60 | 0.026 





* The pH in this case was 9.0. There was a limited decrease in area at F = 30. 
+ Very slow temporary collapse observed even as low as 5 dynes. 
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With the fatty acids on water at pH 3 the areas at the points A and D decrease 
only very slightly as m increases. The value of F; increases by about 1 dyne 
cm= for each additional carbon atom. 

In the Tables I, II, and III the fifth column gives F,, the pressure at which 
collapse occurs. The increments of pressure were usually 2 or 3 dynes cm-}, 
although at pressures above 50 these increments were often 5 dynes cm”. 
Thus when it is stated in the table that collapse was observed at 32 dynes cm“ 
for a Cy) acid this means that no appreciable changes in area occurred at 30 
dynes cm! during the four minute period during which measurements of 
evaporation resistance were being made, but that an appreciable rate of decrease, 
such as 0.2 per cent per minute, was observed at F = 32. The notation F, > 50 
for the C,, acid means that at 50 dynes no change in area was observed but 
an appreciable decrease in area did occur at the next higher reading, which 
in this case was 55 dynes cm}. 

With the acids and the Cyp alcohol on water at pH 3 and pH 5.8 the collapse 
point was very definite. For example, with the C,, acid at F = 60 no change 
in area as great as 0.1 per cent occurred during four minutes but at F = 62 
there was a progressive change of about 0.5 per cent per minute. In the case 
of the Cy alcohol as shown in curve 1 of Fig. 4 there was a decrease of about 
1 per cent in four minutes at F = 50 and about 4 per cent in four minutes 
at F = 55. . 

With the films spread on 10-4M. BaCl,, at pH 7 the collapse point as shown 
by curve 3, Fig. 4, was not at all definite. A slow change in area of 0.2 per cent 
in four minutes was often observed at pressures as low as F = 20 or 25. 
At F = 50 the change in four minutes would often be 0.5 per cent. At still 
higher pressure collapse became much more rapid but sometimes after having 
started seemed to reach a limiting value. On the other hand with the barium 
salt of the C,, acid at pH 7 a limited collapse of this kind at F, = 45 was followed 
by subsequent decreases in area at pressures as low as F = 10. This peculiar 
Property of the barium stearate films is probably one of the factors that makes 
it so easy to build up monolayers from them. Multilayers of the pure fatty 
acids can be built only with great difficulty. 

The data for F, shown in parentheses in Table I are the highest values 
at which Nutting and Harkins were able to measure the film areas of fatty 
acids. They state that at pressures above these collapses set in, but the collapse 
presures were not accurately reproducible. Their values of F, are surprisingly 
low compared to those which we have found. Thus their measurements did 
not extend to sufficiently high values of F to enable them to observe the kink 
at B, which is shown with great distinctness in all of our data. For example, 
we found no collapse of the C,, acid at F = 50 whereas Nutting and Harkins 
found collapse at F = 29. 

Of course, we do not definitely know why Nutting and Harkins were 
unable to use higher pressures for fatty acids, but some of our experience 
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suggests a probable reason. In spreading films for building up multilayers 
it is necessary to keep the films on the water surface for long periods of 
time, and as the film is used up new films must be spread on the surface. 
In spite of great care in obtaining the best grade of distilled water (even 
using a quartz condenser in the last distillation), we have usually found 
that the first films have distinctly different properties from those that are 
subsequently spread upon the same water. With films containing barium or 
cadmium this difference often shows up in the higher rigidity of the first 
film making it difficult to deposit satisfactory multilayers. After the second 
or third applications of monolayers to the surface constant and reproducible 
results are obtained. 

In some of our early experiments with fatty acids on quartz distilled water, 
pH 5.8, we found that F, was very much lower for the first film than for the 
second or third films spread on the same water. For example, with the Cys 
acid it was sometimes found that the film collapsed at a rate of as much as 10 
per cent per minute with F = 17. In other cases this collapse rate might first 
be observed at F = 25. The immediate replacement of the film by a new one 
did not have much effect in increasing F,. If the monolayer was left on the 
surface for twenty minutes or more and then replaced there would be a large 
increase in F, but sometimes it was necessary to apply a third film before 
a definite reproducible value of F, was reached. As a result of this experience 
it was our common practice each day to put new water in the trough and to 
apply one or two fatty acid films during the first half hour before beginning 
a regular series of measurements. 

These observations point strongly to the presence of minute traces of 
impurities which cause easy collapse of the film. These impurities are appa- 
rently removed by adsorption by the monolayer. We have previously reported 
similar studies of the removal of minutes traces of Al ions from water by stearic 
acid films.® 

It is an interesting fact that the values of F, are much higher for the acids 
which have an odd number of carbon atoms. Thus F, for the C,, acid exceeds 
by 19 units the average for the C,, and C,) acids and the value for the C,; 
acid is 13 units higher than that for the C,). Nutting and Harkins’ data confirm 
this conclusion. Their value for the Cy, acid exceeds by 5 units the average 
of the Cy) and Cy, acids, and their value for the C,, acid is about 5 units higher 
than the average of the C,, and C,,. Since it is known that the alternation in 
the properties of the fatty acids is limited to the crystalline state this fact is 
a strong indication that the condensed films of these substances under high 
pressure approximate closely to crystals. It is thus probable that each hydro- 
carbon chain which when extended has a zigzag arrangement of.carbon atoms, 
is in step with its neighbors. 


° J. Langmuir and V. J. Schaefer, ¥. Am. Chem. Soc. 59, 2400 (1937). 
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Whenever the pressure was raised so high that a collapse of more than 
1 or 2 per cent occurred the evaporation resistance of the film was very greatly 
decreased, often to one-tenth of its former value. 

When the collapse occurs in the films we have studied the whole surface 
of the monolayer becomes covered with very fine lines that can be seen by dark 
field illumination. In other cases there are very fine starlike points of light. 
The uniformity of such a structure is a good indication of the purity of the 
film and of the care with which it has been spread. With some of the films 


50; 
40 











10 20 F 
Fic. 5. Evaporation reistance for a monolayer of the C,3 acid on distilled water 
pH 5.8. 


when an attempt was made to raise the pressure above F = 60 it was found 
that collapse occurred only close to the barrier which was moved and that 
the film was so rigid that no additional force could be transmitted through 
the film to the surface balance. This phenomenon was never observed in our 
experiments at lower values of F. We believe, therefore, that the whole 
film was under a uniform surface pressure. 

Figure 5 gives values of evaporation resistance forthe Cy acid on distilled 
water. It is seen that at the highest pressures the values of w, are not greatly 
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different from those observed on acidified water (Fig. 3.) but at F < 30 the 
values are about one-eighth as great. Between F = 35 and F = 40 there is an 
extremely rapid rise in w,. With the fatty acids C,, and Cy, on distilled water 
this steep part was not apparent. A broken curve of this kind for the semilog 
plot of w, is also shown in the curve for the C,, acid on 10-*M. Ba at pH 7 
in Fig. 8. 

A better understanding of the nature of this sharp rise will be had from 
examination of the data in Figs. 6 and 7. Here F was increased in steps to a high 
value and was then progressively decreased. In Fig. 6 (with the Cyg acid on 
10-*M. Ba, pH 7) a, after rising slowly while F was raised to 35 underwent 
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Fic. 6. Hysteresis effects observed with the C,, acid on 10-*M Ba, pH 7. 


a twenty-fold increase when F was raised from 35 to 45. When F was de- 
creased to 25 the value of w, was more than 5 times greater than had previously 
been found at the same value of F. Upon reducing the pressure to F = 10, 
however, the value of w, decreased nearly to its initial value. As the pressure 
was raised again up to F = 45 the first ascending part of the curve was approxi- 
mately reproduced. 

Similar hysteresis curves were obtained with all the fatty acids on the water 
containing barium salts, pH 7. The hysteresis in the w,(F) curves seems to 
be roughly paralleled by appreciable but smallar hysteresis in the (F-A) curves. 
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Thus when the pressure was decreased the area of these films of the barium 
soaps did not increase as much as the corresponding decreases that occurred 
when the pressure was raised. On the other hand with the fatty acid films 
on water of pH 3 the (F-A) curves for descending values of F usually coincided 
with the ascending provided the maximum pressure was about 5 dynes/cm 
less than Fy. 

Hysteresis effects were also obtained with films of the C,) alcohol on distilled 
water, pH 5 as shown in Fig. 7. The figures along the curve close to the observed 


17.66 





10 20 30-40 30 60 


Fic. 7. Hysteresis effects shown by a monolayer of the Cyo alcohol on distilled 
water pH 5.8. The curve marked ‘‘prepacked” was obtained after several cycles 
up to values of F not exceeding 45 dynes cm. 


points give the areas in sq. A per molecule. When there was any appreciable 
collapse of the film two figures are placed close to one point (at F = 50 and 
F = 60) to indicate the initial and final areas which were recorded at these 
pressures. 

Other runs were made with the C,, alcohol in which the maximum pressure 
did not exceed F = 45. The hysteresis loop in this case had a much smaller 
area and after 2 or 3 alternations of pressure between F = 10 and F = 45 
the area of the loop decreased to practically zero, giving the dotted line marked 
“‘Prepacked.” For comparison the Cys pH 3 theoretical line of Fig. 3 is repro- 
duced in Fig. 7. It is interesting that with this film several alternations of pres- 
sure caused the values of w, to rise to their highest values. There is, however, 
a large and permanent decrease in , if the pressure is raised enough to produce 
much collapse. 


7 Langmuir Memorial Volume X 
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All of these phenomena show that the evaporation resistance w, is a property 
of condensed monolayers which is extremely sensitive to internal changes 
in the monolayers, and should thus be of great value as a means for reaching 
a better understanding of the structure of condensed monolayers. 

Figure 8 gives a number of curves which we have obtained for the barium 
soaps of fatty acids Cy, to C,,. These were early experiments made under 
conditions which were not as carefully controlled as those we adopted later. 


os 
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Fic. 8. Evaporation resistances of monolayers of fatty acids C,,to Cy, on 10-* M Ba, 
pH 7.0. 


Mixed Films of Cy, Acid with Cholesterol. As was pointed out in the opening 
paragraphs our experiments on evaporation resistances were originally started 
to find whether small traces of impurities in a high resistance film cannot 
cause a great decrease in resistance thus explaining the peculiar aging effects 
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which Sebba and Briscoe attributed to polymerization of alcohol molecules. 
We therefore decided to use mixtures of the C,, acid with cholesterol a subs- 
tance which gives a resistance so low that Sebba and Briscoe were not able to 
measure it. Figure 9 summarizes the results that we obtained. The full-line 
curve marked C,, gives new data for the C,; acid as part of this series of experi- 
ments. The dashed curve is a reproduction of the curve of Fig. 5 obtained 
by us at another time. 





Fic. 9. Evaporation resistances of mixed films of C3 acid with cholesterol. The 
ratios marked on the curves give the parts by weight of cholesterol. Thus 1:15 
means 1 part of cholesterol to 15 parts of the Cy, acid pH 5.8 25°C. 


Three mixtures were studied containing 1 part of cholesterol to 1800 parts 
of C,3 acid; 1 part of cholesterol to 60 parts of acid; and 1 part of cholesterol 
to 15 parts of acid. Figure 9 also shows the curve obtained from the cholesterol 
alone. 

It is seen that the value of w, for cholesterol is by no means negligible. 
A monolayer of this substance decreased the observed rate of evaporation 
about 30 per cent. As little as one part in 1800 of cholesterol in the acid decreased 
the value of w, by about 40 per cent. 1 part in 60 lowered the resistance to one- 
tenth at F = 45 but raised it 80 per cent at F = 25. 

The upper parts of the curves shows a rapid rise suggesting that cholesterol 
gets squeezed out from between the fatty acid molecules. 
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These preliminary experiments prove that minute amounts of foregni 
substances may have very great effects on the resistances. The use of measure- 
ments of w,, which are easily made, thus promises to throw much light on 
the interactions between molecules in monolayers. 

Mixed Films of Dihydroxystearic Acid and the C,, Acid. From theoretical 
considerations which will be discussed later we were led to the belief that 
a high resistance in the monolayer must depend upon an intense localized 
compressive force at a definite level or stratum in the monolayer. We thought 
then if we could add to the monolayer some molecules like dihydroxystearic 
acid which have an increased cross section in the middle of the chain we might 
obtain a high state of compression at this level. If too many molecules of this 
type were present it would interfere with the formation of the condensed film 
and produce an expanded film which would offer little resistance. These 
predictions from theory have been verified by the experimental data shown 
in Fig. 10. 

The material used in experiment of Fig. 10 was the 9, 10 dihydroxystearic 
acid (DHC,,) obtained several years ago from Eastman. There are several 
modifications of this substance. The one that we used melted at 130°C and 
is thus the high melting racemic form which can be made from oleic acid 
by treatment with permanganate. Beilstein gives the melting points of 132° 
and 95° for the high and low melting enantiomeric forms. 

There are three sets of curves in Fig. 10. The lower five curves give w, 
as a function F. The lowest curve near the bottom which is marked DHC,, 
refers to the dihydroxystearic acid. The value of w, was 0.04 and was prac- 
tically independent of F. The topmost curve in Fig. 10 which has its own 
special scale of ordinates at the left is the area per molecule of this film on 
water. It is a highly expanded film occupying 78 sq. A per molecule at F = 10. 
It stands 45 dynes/cm before very much collapse sets in, the area then being 
about 50. 

The other curves in the lower part of Fig. 10 are marked C,,, 2, 5 and 10. 
The curve marked C,, refers to the monolayer of the pure C,, acid. The four 
figures 2, 5, and 10 on the other three curves give the number of parts by weight 
of the C,, acid for each part of the DHC,, acid in the film. The four curves 
marked C,,, 10, 5, and 2 which are in the middle level of Fig. 10 with a scale 
of ordinates on the left represent the areas per molecule for these mixed films. 
The C,, acid gives a broken curve like those shown in Fig. 4, and the curves 
10 and 5 join this C,, curve at about F = 8 and 14 dynes cm™ respectively. 
At lower values of F the areas are much larger. Thus a film which consists 
of one part with DHC,, acid and 10 parts of the C,, acid acts as an a ca 
film at very low pressures and gives a low resistance. 

The area per molecule contributed by the DHC,, acid at F = 8 should 
be about 8 sq. A if the areas were additive. However, at a pressure of only 
F=7 nearly all of this DHC,, acid is squeezed out and the area becomes 
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practically that of the C,, acid. (Small differences of the order of 0.2 sq. A 
were observed but were considered to be not greater than the probable 
experimental error.) Above F = 10, w, increased rapidly to values about 
three times as great as that observed with the pure C,, acid in spite of the fact 





Fic. 10. Evaporation resistances and a(F) curves for mixed films of Cy; acid with 
dihydroxystearic acid (DHC,,). The numbers on the curves denote the parts by 
weight of the C,, acid for each part of the DHC,,. Note three scales of ordinates. 


that most of the DHC,, acid must have been squeezed out of the monolayer. 
Still higher values of w, were obtained at F = 30 and 40 in curve 5 with 
the greater amount of the DHC,, acid. However, in this case the film remained 
expanded up to about F = 14 and up to this pressure w, was much lower 
than that for the pure acid. 
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With the proportion of the DHC,, acid increased to 1:2 the DHC,, acid 
was not completely squeezed out at even the highest pressures. There was 
a steady decrease in area at each value of F above 10 as shown by the broken 
lines of the a(F) curve, marked 2. The presence of only 30 per cent of the 
C,, acid causes rapid collapse of the film of the DHC,, even at low pressures 
while the pure DHC,, acid should withstand even F = 50. These data serve 
as good illustrations of the fact that small amounts of a foreign substance 
can cause collapse of a film that would otherwise stand high pressure. 

Evaporation Resistances of Thicker Oil Films. In order to determine the 
diffusion resistance produced by thicker films of the hydrocarbon oils on the 





Fic. 11. Effect of duplex films of a hydrocarbon oil and of aroclor upon the 
the evaporation of water. 


surface of water we spread duplex films of oxidized turbine oil. We also studied 
films of aroclor which is a mixture of chlorinated aromatic hydrocarbons 
(largely pentachlor diphenyl), used as a non-inflammable oil for transformers 
and condensers. In order to make these substances spread small amounts 
of highly oxidized oil were added. The technique of preparing and measuring 
the thickness of those films of indicator oils has already been described.!® 4-12 
The thickness of the duplex film spread on water can be varied within wide 
limits by altering the proportion of oxidized oil used, allowing the oil to spread 
on a free water surface. By compression between barriers the thickness can be 


1° K. B. Blodgett, J. Opt. Soc. Amer. 24, 313 (1934, December). 
11-V. J. Schaefer, ¥. Phys. Chem. 42, 1089 (1938). 
18]. Langmuir and V. J. Schaefer, Chem. Rev. 24, 181 (1939). 
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increased to any desired degree. Thus it was possible to vary the proportion 
of oxidized oil without altering the thickness. 

The evaporation resistance w, was measured by using the drying box and 
the results are shown in Fig. 11. The abscissas represent the thickness of the 
duplex film in A units. The resistance increases in proportion to the thickness 
of the film and is entirely independent of the proportion of the oxidized oil 
needed to produce the spreading. 

The value of w,/b, for the oxidized oil is 4.7 104 sec cm while for the 
aroclor it is 2.5410 seccm-*. Eqs. (14), (7), and (6) give 

M/At = w,/o, = D,w,/b,, (22) 
where M/At is the rate of evaporation of water through the film when the 
air above the film is completely dry, w, is the vapor density of air saturated 
with moisture, w, is the concentration of water vapor, in gcm-%, in the oil 
film on the surface when saturated with water, D, is the diffusion coefficient 
of water within the oil film, 6, is the thickness of the oil film, and w, is the 
evaporation resistance of the oil film that is given by the experiments by 
Fig. 11. By introducing the values of w,, and w,/b, we find 

D,w, = 4.1x 10°? (23) 

According to the data of International Critical Tables the solubility of 
water in hydrocarbons, such as petrolatum and lubricating oils, is of the order 
of 0.005 per cent, so that we may take w, = 5x10 gcm™. 

A general empirical equation for the diffusion coefficients of organic sub- 
stances in liquids has been given by Thovert'® 


D = 8x 10-7/(n M3?) cm? sec", (24) 
where M, is the molecular weight of the diffusing substance and 7 is the 


coefficient of viscosity of the solvent through which the diffusion occurs. 
Introducing M, = 18 for water molecules we thus find 


D =1.9x10-/n. (25) 
From this and the value of w,, we find by Eq. (23): 
n = 0.023 C.g.S. (26) 


which is a very reasonable value of the viscosity of hydrocarbons. 

We conclude that the observed value of w,/b, from the experiments of 
Fig. 11 indicates that the evaporation resistance given by these thick films 
is wholly a diffusion phenomenon through the bulk of the oil and that there 
is no appreciable resistance associated with the upper or lower interfaces of 
the duplex film. 

The resistance of an oil film having the thickness of a stearic acid monolayer 
(24 A) or an oleic acid monolayer (11 A) would amount to 0.011 or 0.005 sec cm™ 


4M. J. Thovert, Ann. de Phys. 2, 369 (1914). 
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respectively. These may be compared with the values of w, calculated from 
Rideal’s data for these two acids viz. 0.007 for the stearic acid and 0.019 
for oleic acid. Our measurements for stearic acid at higher values of F (Fig. 3) 
have given w, = 1.2 which is a hundred times greater than can be attributed 
to the diffusion resistance offered by the hydrocarbon layer. In the case of 
the C,, acid this discrepancy is of the order of 5000:1. 

Although the diffusion resistances of the hydrocarbons shown in Fig. 11 
are very small for thicknesses comparable to those of monolayers, the resistances 
become very great (4700 seccm=) for a layer of oil 1 mm thick. 


Discussion of Experimenta! Results 


Energy Barriers. Using Eq. (21) to summarize the results of the experiments 
on the fatty acids on acidified water which have given the highest values of 
@,, we may calculate the magnitude of the energy barrier, 4, by Eqs. (18) 
and (20). We find 

A/RT = 2.51+0.98F+0.282. (27) 


If we want to express A in calories per g molecule at 20°C we should replace 
kT by 582 calories. Thus we find that each increase in pressure of 1 dyne cm} 
increases the height of the barrier by 570 calories. An increase in the length 
of the hydrocarbon chain of one CH, increases the barrier by 163 calories. 

The highest value of w, which we have observed, 62 sec cm™, corresponds 
to a condensation coefficient of a = 1.1 10-¢ and a total energy barrier of 
8000 calories. 

If we look upon the energy barrier, 4, as equal to the product of P and 
v where P is the pressure that acts upon the water molecule of volume vp, 
then we calculate from Eq. (27) that 


P = 3340+131F+4374n atmospheres. (28) 


One of the common methods of determining the magnitudes of energy 
barriers involves measurement of the temperature coefficient of a reaction 
velocity. From Eqs. (20) and (18) we find 


dinw,/dT = —d\na/dT = A/kT®. (29) 


In July 1940 we made one experiment to measure the temperature coefficient 
of w,. A film of the C,, acid was spread upon dilute H,SO, pH 3, in a trough 
surrounded by a large water bath so that the temperature could be changed. 

With the water at 28°C, w, was measured at 25, 35 and 45 dynes cm™ 
and then with F = 15 the temperature was lowered to 17°C and measurements 
of w, were made with the same monolayer at the same series of pressures. 
The results are given in Table IV. 

The rate of evaporation M/t is about 2.3 times greater at 28° than at 17°, 
but most of this increase is accounted for by the rise of vapor density 2 with 
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Tass IV 


Effect of Temperature on Evaporation Resistance. 
Cz, Acid on Dilute H,SO,pH3 - 











| Observed | 
prayers Pearle Ratio 

&. | mg in 5 min 

| 

2c | 17°C | 28°C | 17°C | Obs. | Cale 
25 | 317 135 0.30 0.43 1.43 | 1.40 
35 | 271 110 0.51 0.79 1.56 | 1.42 
45 72 | 36 4.50 | 4.71 1.05 1.48 











temperature. The observed ratio of w, at 17° to that at 28° agrees roughly 
with the values in the last column calculated by Eq. (29) with values of 4/kT 
obtained from w, by Eqs. (18) and (20). 

It is desirable that ‘further more accurate measurements of temperature 
coefficient be made with various films using a much wider temperature range. 
Such measurements should serve as a check on the energy barrier theory and 
would indicate whether the exponential term in Eq. (20) should have a nume- 
rical coefficient other than unity. 

Internal Stresses in Monolayers. In order to clarify our ideas regarding the 
structure of monolayers of fatty acids and alcohols, let us consider the behavior 
of a model. 

We assume that we have a number of hydrocarbon molecules C,H»,+2 
subject to the following two constraints. 

1, One end of each molecule (for example the carbon atom of a terminal 
CH, radical) must be located on a plane B. 

2. All the remainder of these molecules must remain on one side (say 
the upper side) of the plane B. 

Let the number of such molecules per unit area of the plane be a. The 
area per molecule a is then defined by 


a=I1/o. (30) 


We assume also that the molecules are subject to the forces of interaction 
(van der Waals forces and repulsive forces) responsible for the ordinary volume 
properties of hydrocarbons such as compressibility, crystal structure, heats 
of evaporation, heat of fusion, etc. 

We wish now to consider how the molecules behave as o progressively 
increases. With low o the molecules behave as an ideal 2-dimensional gas, 
and there must be a surface pressure given by 


F=akT or Fa=kT. (31) 


At higher a, there will be deviations from this ideal law. 
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At sufficiently low temperature the attractive forces (van der Waals) between 
the molecules will cause them to condense as a 2-dimensional liquid, so that 
as a increases F will stay constant (2-dimensional vapor pressure) until the 
liquid phase covers the surface and @ has then a much lower value than for 
a gaseous film. The longer the chain, that is the greater the value of , the 
lower the temperature at which this liquid phase can form. 

Let us examine the factors that determine the value of a for the molecules 
in this 2-dimensional liquid phase. We can best understand the problem of 
considering the analogous 3-dimensional cause. 

An unconstrained 3-dimensional mass of liquid hydrocarbon assumes 
a spherical form (surface tension). It has been shown" that the same tendency 
is manifest down to single molecules in the vapors of long chain hydrocarbons, 
whose molecules take approximately the form of spheres with a surface energy 
of about 34 ergs per cm*. 

We thus see that the 2-dimensional liquid phase of our model will be drawn 
together with forces of the order of 2y where y is the normal surface tension 
(ca. 30 dynes/cm), until some other force prevents further contraction. The 
film (for large values of nm) thus tends spontaneously to become a condensed 
film with a comparable to 20 A? per molecule. Here the repulsion forces between 
the molecules and the thermal agitation bring about a balance with the surface 
tension forces. 

If the temperature is lower than that of the freezing point of the 3-dimen- 
sional hydrocarbon, the same forces that produce crystallization should cause 
the molecules of our model to arrange themselves exactly as they do in the 
normal hydrocarbon crystals, since our two constraints are now only those 
that are actually present in ordinary crystals. 

It is known that higher hydrocarbons crystallize (orthorhombic or hexagonal) 
with their molecules arranged in planes (basal planes) with the zig-zag hydro- 
carbon molecules having axes perpendicular to the basal plane (6 = 90°). 
The area per molecule (measured on this plane) is a = 18.3 A*. 

It is known from X-ray studies! that even for changes of temperature 
produced by liquid air there is no appreciable coefficient of thermal expansion 
in the direction of the axis of the chains indicating that the carbon bond angle 
of 109° remains independent of temperature. Under these conditions the 
zig-zag molecules are in step with one another. 

If all the chains, while parallel to one another, are tilted so that 6 is 63° 
10’ the molecules are again in step so that (except near the ends of the molecules) 
the relationship of any CH, group to its neighbor in adjacent molecules is the 
same as for the original case of 6 = 90°. The area per molecule of basal 
plane is then a = 18.5/sin B = 20.51 A®. 

The molecules are again in step if 6 = 44°40’ and a = 26.0 A*. 


 T. Langmuir, Proc. Roy. Soc. 170A, 9 (1939); Chem. Reviews 6, 475 (1929). 
A. Miiller, Proc. Roy. Soc. 114A, 542 (1927). 
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In our model let us now assume that we have a third constraint that holds 
the terminal CH, groups in the B plane in a regular surface lattice like that 
in the basal plane of a 3-dimensional hydrocarbon crystal but that we can 
continuously change the scale of the lattice altering the value of a. 

It is evident that when a has the definite values 18.30, 20.51, 26.0, etc. 
which permit the molecules to be in step the free energy is a minimum. 

If we made a slightly less than one of these equilibrium values, the molecules 
are abnormally crowded against one another and thus a large compressive 
force F must be applied to decrease a. In order to increase a an internal tension 
(negative value of F) must be applied. The situation is quite analogous to 
a liquid under negative pressure. Negative pressures can exist only if the vapor 
phase is prevented from forming. In our model our third constraint will have 
this effect. 

Between the minima corresponding to 18.5, 20.5, 26.0 there must be 
maxima in potential energy. Too great an increase in a above one of the minimum 
values will tend to produce a progressive breakdown of the crystalline structure. 

An estimate of the magnitude of the energy involved in these changes in 
area may be made from the latent heat of fusion of hydrocarbons. Each additional 
CH, increases the heat of fusion by 60° calories per mole." 

Let us now consider the case where the CH; terminal groups in the plane 
B are replaced by active groups such as carboxyl or carbinol and that the 
plane B is a surface of water. The water then automatically gives the Constraints 
1 and 2 which we have previously had to assume. 

The water tends to squeeze in between the active groups or heads and force 
them apart. The thermal agitation of the heads may, if ” is small enough, 
be able to cause the heads to spread out on the surface as a gas except in so 
far as this is opposed by the tendency of the liquid hydrocarbon film to draw 
together. This theory of expanded films accounts quantitatively for most of 
their properties. 

At higher pressures or larger values of n, where the films are condensed 
we may still consider that the interactions between the heads and with the 
underlying water gives a resultant surface pressure F;, which will be a function 
of a. The observed external surface pressure F which acts on the film is 
thus 

F = Fy+Fyp (32) 


where F, is the pressure exerted by the hydrocarbon chain as already considered. 
Both F, and F, are functions of a, but functions of very different kind. 

The area per molecule a must be the same for both parts of the film. Thus 
if the heads require an area which is a little greater than values 20.5 A? which 
gives a minimum energy for the chains then these chains also must occupy 
a larger area and thus F, may take large negative values. This means that 


16 I, Langmuir, ¥. Chem. Phys. 1, 756, Pg. 772 (1933). 
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F,, may be much greater than the observed pressure F. According to this 
theory F,, can increase greatly as n increases. 

We have seen that the high values of w, we have found indicate energy 
barriers of large magnitude (8000) which increase by 160 cals. for each ad- 
ditional CH,. The internal localized compressive and tensile stresses within 
monolayers may in part explain the large evaporation barriers. However, 
this factor alone is not sufficient. 

Equation (28) shows that an increase in F of 1 dyne cm gives an increment 
to the barrier corresponding to a pressure P of 131 atmospheres acting upon 
the volume of a water molecule, 30 A®. Since this molecule has a length of 
at least 4 A the pressure of 131 atmospheres would have to be exerted throughout 
a layer of this thickness to give the required increment in the barrier. This, 
however, would give an increase in F of 4x 10-* x 1.3 x 10° or 5.2 dynes cm~}, 
which cannot balance the applied surface pressure of 1 dyne cm™. 

The pressures P given by Eq. (28) are therefore not pressures that exist 
a priori within a certain stratum of the monolayer, but are mainly local forces 
brought into existence by the presence of the water molecule. 

Crystal-like Properties of Condensed Monolayers. We have already seen 
that the alternating increases and decreases in F,, according as n is odd or even 
are characteristic of a crystalline state of the monolayers. There are many 
other facts that support this conclusion. It was shown by Cary and Rideal!? 
and Langmuir’ that stearic acid monolayers even at F = 0 are stable on water 
at pH 2 only at temperatures above 28°C. Theoretically a monolayer of this 
acid at F = 30 would be stable only at temperatures above 80°C. Thus all 
the compressed fatty acid monolayers we have studied are metastable. It is 
undoubtedly the interlocking of the hydrocarbon chains in the condensed 
films that holds them in the monolayer even at high values of F in spite 
of their inherent thermodynamic instability. 

In the theory of expanded films!* it was shown that the kink in the F(a) 
curve was caused by the sudden formation of micelles at a critical value of F. 
As F increased the proportion of micelles increased until finally when a part 
of the F(a) curve was reached which corresponds to the portion AB in Fig. 4, 
the micelles formed a continuous structure. 

The heat of formation of the micelles increased by 243 calories per mole 
for each additional CH,. This is about 40 per cent of the heat of fusion 
of hydrocarbons indicating that the crystallization is not perfect. This difference 
is to be expected since a is not the same as in the normal crystalline state. 

We must therefore consider that the condensed films both in the AB and 
BC portions of the curves have their molecules arranged in an imperfectly 
crystalline form. Presumably the hydrocarbon chains are mostly in step with 
their neighbors but the angle of tilt 9 and the corresponding azimuth angles 


17 A. Cary and E. K. Rideal, Proc. Roy. Soc. 109A, 301, 318, 331 (1925). 
18 J, Langmuir, ¥. Franklin Inst. 218, 168 (1934). 


Google 


Rates of Evaporation of Water Through Compressed Monolayers on Water 109 


are constant only within limited small domains that are continually fluctuating 
in position and magnitude. 

We can now advance the hypothesis that the presence of a water molecule 
causes a local breakdown in crystal structure that affects a relatively large 
number of neighboring molecules. Thus many molecules co-operate in producing 
the barrier and the magnitude of the barrier should depend on the length 
of the chain. 

To produce this effect it is not essential that the water molecule should 
lie between the hydrocarbon chains of neighboring molecules. It is more 
likely that the heads, which are under a high compressive stress F,, are them- 
selves forced into a lattice-like or close-packed arrangement which determines 
the possible arrangements of the tails. A water molecule inserted among the 
heads can cause a disruption of the surface lattice which in turn causes many 
of the hydrocarbons to get partly out of step or forces a change in the angle 
of tilt. 

The water molecule which produces such a widespread effect must naturally 
be subjected to intense opposing forces which may well be equivalent to the 
pressure P of Eq. (28). 

Absence of Kinks in w,(F) Curves at F,. In view of the presence of definite 
kinks B in the F(a) curves of the acids and alcohols, Fig. 4, it is natural to 
expect kinks in the w,(F) curves at the same values of F. The surface viscosities 
of monolayers of alcohols have been found!® to show sudden increases at 
critical values of F which agree reasonably well with Fy. 

It is a remarkable fact, however, that the w,(F) curves that we have 
obtained show no kinks that coincide with the values of B, in Tables I, II, 
and III. For example, the fatty acids C,g, Cyp and C,s show very sharp kinks 
in their F(a) curves at 24, 27, and 30 dynes per cm, but there are no indica- 
tions of kinks in the curves of Fig. 3. On the other hand the w,(F) curve 
of Fig. 5 shows a sharp rise at F = 37 but none at F = 30. Fig. 6 shows 
a sharp kink at F = 38 but Table III gives only a very slight kink at 
F = 10 in the F(a) curve. The curve of w,(F) for the Cyp alcohol (Fig. 7) 
is a straight line from F = 5 to F = 35 although there is a very sharp kink 
at F, = 17 dynes cm™ for the same substance shown in the F(a) curve, in 
Fig. 4. 

The marked changes in w, observed in the hysteresis experiments, Fig. 7, 
that appear to be associated with small changes in area; and the very great 
sensitiveness of w, to small residual admixtures shown in Figs. 9 and 10 are 
hard to reconcile with the absence of effects resulting from the fundamental 
changes in structure presumably associated with the kink at B. 

Certainly much more experimental and theoretical work needs to be done 
before these effects can be well understood. 


1* L. Fourt and W. D. Harkins, ¥. Phys. Chem. 42, 897 (1938). 
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ABSTRACT 


The effect of surface tension in causing the evaporation of the smaller droplets in clouds 
with simultaneous growth of the larger droplets is an important factor determining the early 
stages of cumulus cloud droplets. The process is too slow to account for the formation of raindrops. 
If larger droplets are produced near the top of the cloud by the melting of snowflakes 
(Bergeron-Findeisen) they may grow to raindrop size by accretion due to coalescence with cloud 
droplets. A quantitative theory is developed for the efficiency of the accretion process considering 
the trajectories of the small droplets moving near the surface of the larger falling drop. 

Heavy rain consisting of large drops frequently forms in tropical clouds which lie wholly 
below the freezing level (‘‘warm”’ clouds). Large summer cumulus clouds with tops above 23,000 ft, 
reaching above the freezing level (‘‘cool’’ clouds), after seeding with dry ice have given heavy 
rain of large drops which reach the ground within fifteen to twenty minutes after seeding. It is 
considered that such effects are caused by a chain reaction in which a falling drop, of a size 
sufficient to give good collection efficiency, falls through the cloud until it grows so large 
that it breaks up giving numerous smaller drops which are carried aloft and grow to the break- 
up size before returning to the height at which they were formed. The critical conditions for 
maintaining such a chain reaction involve lower limits for the updraft velocity, the thickness and 
water content of the cloud, the diameters of the cloud droplets and of the fragments produced 
by the break-up of the falling drops. The production of heavy rain by dry ice seeding of 
warm clouds in the Hawaiian Islands by Leopold and Halstead are explained as being due to 
this chain reaction. The rapid formation of rain by seeding large cool cumulus clouds is explain- 
ed. The rain is brought rapidly to the ground by the downdrafts caused by the localized 
weight of the falling rain. The seeding of rapidly developing warm cumulus clouds by intro- 
ducing water drops or pellets of ordinary ice should thus under proper conditions lead to the 
production of heavy rain. The development of self propagating storms in unstable air messes 
is also discussed. 


1. Evaporation-condensation Theory of Cloud Droplet Growth 


Because of the effect of surface tension, small droplets in clouds have 
slightly higher vapor pressure than the larger droplets. The smaller drops 


1 The research reported in this document was made possible through support extended the 
Research Laboratory of the General Electric Company jointly by the Signal Corps and the 
Navy Department (Office of Naval Research) under Signal Corps Contract No. W-36-039- 
SC-32427. Acknowledgment is also made of assistance from the Army Air Forces in providing 
aircraft and associated personnel. 

+ A preliminary account of this work was included in an address before the National Academy 
of Sciences in Washington, D.C. on 17 November 1947. See Proc. Amer. phil. Soc. 92, 167 (1948). 
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thus evaporate to give vapor which condenses on the larger ones. Although 
the vapor-pressure difference amounts to only a few hundredths of one per 
cent, this phenomenon is very important in determining the rate of growth 
of the cloud particles within the first few minutes after they are first formed 
as the base of a cumulus cloud. However, after the droplets have grown to 
diameters: of 20 to 30 microns, this process proceeds extremely slowly and 
it is not possible in this way alone to account for the relatively rapid formation 
of rain which sometimes occurs in cumulus clouds. 

This evaporation—condensation theory of the growth of particles in aerosols 
was developed early in 1942 and led to the design of a screening smoke 
generator. In the years 1943 to 1945, in connection with the studies of for- 
mation of rime or ice on aircraft, measurements were made, on the summit 
of Mt. Washington, of the rate of deposition of ice on slowly rotating cylinders 
of various diameters exposed to supercooled clouds blowing over the summit 
at known velocities. A method was evolved for determining the diameters 
of the cloud droplets. These data indicated that the droplets increased in 
size and decreased in number after they were formed at the base of the cloud 
by the cooling of the air by adiabatic expansion. 

The same quantitative evaporation—-condensation theory that had been 
so useful in the development of the smoke generator was again found to be 
applicable. The following semi-empirical equation, consistent both with the 
experimental data and with theory was obtained: 


59+T, =) (pe) ae 





d= 2.46( 2c (1) 


where d is the diameter of the fers in microns, T, is the temperature 
in degrees Centigrade, w is the liquid-water content in grams per cubic meter, 
and V is the vertical component of the wind velocity in meters per second. 

This equation should presumably be at least approximately applicable to 
the growth of water droplets in clouds of the free atmosphere. Experiments*® 
are being planned to test this theory in airplane flights and to develop a better 
knowledge of the growth of cloud droplets. 

According to the Mt. Washington experiments, we should expect that 
droplets in summer cumulus clouds at +20 C should grow to a diameter 
of about 26 microns in one minute and to about 72 microns in thirty 
minutes. Under mild winter conditions with cloud temperatures of 0 C, the 
diameters should be only 14 after one minute of 44 microns after thirty minutes. 
According to Humphreys (1940) droplets of 100 microns diameter fall with 
a velocity of only 25 cm sec and so in thirty minutes in quiet air could fall 
only 450 meters. However, in actively growing cumulus clouds there are upward 
vertical currents of several meters per second that would prevent the descent 
of these droplets and would even carry them to great heights. 


* Project CIRRUS. 
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Since cumulus clouds often develop rain within less than thirty minutes 
after their formation, we see that some mechanism other than that assumed 
in the evaporation-condensation theory must be involved in rain 
formation. 


2. Natural Processes Which Cause the Formation of Heavy Rain 


Some fifteen years ago, Bergeron (1933) and later Findeisen (1938) empha- 
sized the important role that might be played by the growth of snowflakes 
in the upper part of a cloud if this reached a temperature below freezing. The 
vapor pressure of supercooled water at —20 C is 22 per cent higher than that of 
ice at the same temperature and under these conditions, snowflakes grow 
thousands of times faster than water drops. Findeisen, even in recent papers, 
has maintained that rain of substantial intensity can only form after the top 
of the cloud is above the freezing level and contains ice nuleci. 

On the afternoon of a hot day near the end of May 1944, with a surface temper- 
ature of +30 C, the writer observed very large raindrops falling from a turbulent, 
broken, relatively small cumulus cloud which was estimated to have a height 
not exceeding 7000 ft, so that the temperature could not have been below 
freezing. Later, it was found that most Army and Navy pilots who flew in the 

“South Pacific area reported that heavy showers over the Pacific Islands fre- 
quently occur from clouds that are wholly below the freezing level. For example, 
according to a forthcoming publication by Colonel B. G. Holzman and Major 
D. L. Crowson on weather techniques used during ‘‘Operation Crossroads,” 
at Bikini,* 

Showers occured with great regularity from clouds with bases at 1500 feet and with tops 


at 5000 to 6000 feet. Air crews complained that it rained harder from these clouds than from 
larger-developed cumulus. 


In Project CIRRUS, experiments have been made by the Signal Corps 
and Navy using Schaefer’s (1946) method of seeding stratus and cumulus 
clouds by means of dry-ice pellets. These experiments have all given results 
which support the theories of Bergeron and Findeisen in regard to the rapid 
growth of snow as soon as suitable neclei are present. Dusing the summer 
of 1947 numerous large cumulus clouds have been seeded at 20,000 to 28,000 
ft and have always given very heavy rain which reached the ground within 
15 to 25 minutes. Usually the clouds subsided rapidly within 5 to 15 minutes, 
but in a few cases, they grew to greater heights. 

The remarkable speed with which heavy rain developed in the part of the 
cloud below the freezing level indicated that some unrecognized mechanism 
was acting. 


“ See also article by Kotsch (1947). 
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3. Accretion Theory of Growth of Raindrops 


In the summer of 1944, the writer undertook a theoretical investigation 
of the factors that can cause the formation of large raindrops in clouds, which 
contain no snow crystals. Some droplets in the cloud, happening to be of more 
than average size, would fall more rapidly and so would overtake the others 
and coalesce with them. It was then assumed that this growth by accretion 
would proceed at first slowly but the rate of growth would increase rapidly 
as the drops acquired higher velocities and cross sections. As the drop falls, 
it sweeps through an approximately conical volume and a certain fraction E 
of the droplets within this volume would be intercepted or collected by the 
drop. By assuming that the velocity of fall increases with the square of the 
radius in accord with Stokes’ Law (only approximatelly true) and that the 
cloud contains a uniform liquid-water content w (g m-°), it was found that the 
reciprocal of the drop radius decreased linearly as the time increased so that 
after a definite time ¢ the drop should grow to infinite size. The following 
equation was obtained: 


t = 18n/Egwr,. (2) 


Here 7 is the molecular viscosity of air, E the collection efficiency, g the accel- 
eration of gravity, w the liquid-water content of the cloud, and 1, the initial 
radius of the drop (which started falling at time t = 0). Equations were also 
derived for the growth of droplets in a cloud in which the air is rising with 
a given velocity. It was realized that the actual size to which the drop could 
grow might be limited by the thickness of the cloud or by a small collection 
efficiency. 


4. Deposition of Rime on Cylinders, Spheres, and Ribbons 


During the winter. of 1943-44, in cooperation with members of the staff 
of the Mt. Washington Observatory, studies were made of the rate of growth 
of rime on rotating cylinders; experimental and theoretical determinations 
of the collection efficiency for rime collection were also undertaken. 

A theory has been proposed by Albrecht (1931), according to which the fog 
particles, consisting of supercooled water droplets, move with the air around 
the cylinder when the droplets are very small, but move in trajectories that 
allow them to strike the cylinder when the droplets are larger. He showed 
that deposition of droplets of radius 7 carried by a wind of velocity v can 
occur on a cylinder of radius C only when rv/C exceeds a certain critical value 
that depends on the viscosity and density of the air and the density of the 
droplets. Albrecht’s calculations were not accurate. Later, Muriel Glauert 
in England made more careful computations of the trajectories and of collection 
efficiencies, but she considered only cases where the wind velocities were much 
lower than those prevalent on Mt. Washington. 


8 Langmuir Memorial Volume X 
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In 1945® we, therefore, made a thorough investigation of the trajectories 
of spherical particles carried by air flowing around cylinders, spheres, and 
ribbons. The integrations were carried out by a differential analyzer, and the 
results given in a report submitted to the Army Air Forces, Air Material 
Command, in the form of equations, tables, and twelve figures showing families 
of curves which give the collection efficiency, the distribution of the deposit 
on the collector surface, and the impact velocities and angles of incidence. 
This report will be referred to hereafter as the ‘1945 Report”.¢ 

Efficiency of deposition on collectors. — The efficiency of deposition EF depends 
on the wind velocity, the droplet size, the size and shape of the collector. In the 
cases considered in the report, the wind velocity and the collector size were 
assumed to be sufficiently high so that the airflow around the collector was 
of the aerodynamic type (like that of an ideal frictionless fluid). The data are, 
therefore, not directly applicable to the case of the collection of cloud droplets 
by a water drop during its growth to raindrop size, for in this case, the fall 
velocities are so low that the airflow around the drop is that characteristic 
of a viscous fluid. For this reason, while the differential analyzer was set up for 
the solution of these droplet trajectories, a few calculations were carried out 
for the case of viscous flow arround the surface of a sphere. It was hoped that 
these results would be useful in calculating the growth of raindrops by accretion 
during their fall through clouds. 

To understand the factors involved in the problem of calculating the depo- 
sition efficiency E for accretion by falling raindrops, we will discuss a few 
of the concepts that were used in the 1945 Report. 

When a small spherical droplet of radius r moves with a sufficiently smal 
velocity v through a gas having a viscosity 7, it is acted upon by a frictional 
force f given by Stokes’ Law: 


f = 6ayre. (3) 
Stokes’ Law does not apply for particles of larger size with higher velocities. 
In general, however, the force f can be accurately expressed by 
Sf = 6anrv(CpR/24), (4) 
where Cp is the ‘‘drag coefficient” for spheres and R is the Reynolds number 
defined by 
R = 2orv/n, (5) 
where @g is the density of the air. 
The drag coefficient is a function of R only.” The values of the quantity 
CpR/24, which occurs in equation (4), are given as a function of R in the 
second column of Table II. For low values of R, it approaches unity as a limit 


5 Army Contract W-33-038-AC-9151. 


* These data are published in a paper by Langmuir and Blodgett (1946). 
™ Goldstein (1938). 
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so that (4) reduced to Stokes’ Law, (3). The calculations of Albrecht and of 
Glauert on the efficiency of rime collection involved the assumption that the 
force was given by Stokes’ Law. Actually, for the wind velocities occurring 
during riming conditions, the factor CpR/24 is usually very much greater 
than unity. 

The ‘‘range” of cloud droplets.—The dependence of the collection efficiency 
E upon such variables as the radius of the collector, the wind velocity U and the 
droplet radius r, can conveniently be expressed in terms of the ‘“‘range” 4 of 
a droplet of radius r, which may be defined as distance which the particle can move 
as a projectile when introduced into still air with an initial velocity U. As the 
velocity of the droplet decreases, the resisting force acting on it finally becomes 
so small that Stokes’ Law applies and the droplet thus comes to rest after 
having traveled a finite distance A. Actually the range of a high-velocity particle 
cannot be calculated by Stokes’ Law. However, we find that the range ,, 
calculated on the assumption that Stokes’ Law does hold at all velocities, is 
a quantity that has great value in the theory of collection efficiency. The 
range A, is given by 

1 = 30,°U/n, (6) 
where g, is the density of the spherical droplet. 

Let K be the ratio of A, to the radius C of a cylindrical collector; then we 
have 

K=4/C = $9,7°U/Cn. (7) 
The critical condition for which the droplets first begin to strike the cylinder 
was found to be K = }; that is, no droplets can strike the cylinder unless the 
range A, of the droplets exceeds 4 of the radius of the cylinder. 

This critical condition is exactly fulfilled even if the airflow velocity U is 
so high that deviations from Stokes’ Law make the true range A much less 
than 4,. , 

For the case of rime collectors having the form of spheres of radius S, we 
have in place of equation Ae 

= 4,/S = §0,7°U/Sn. (8) 
The critical condition for which cloud droplets first begin to reach the surface 
of the sphere is obtained by putting K = ;',, where K is given by (8). 

The calculation of the collection efficiency E was based on the assumption 
that all fog particles that strike the surface of the sphere coalesce with it. Later 
we shall consider the evidence regarding the extent to which noncoalescence 
(‘‘bounce-off”) may be a factor which limits the collection efficiency. 

If U, the velocity of the airflow past the sphere, and the radii of the fog 
droplets are small enough, then the motion of droplets with respect to the air 
carrying them brings into play forces which are in accord with Stokes’ Law. 
Under these conditions, E is a function of K only, and the relation, as taken 
from the 1945 Report, is given in the second column of Table I. 
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During the summer of 1947 improved methods were developed for calcu- 
lating the trajectories of particles carried by a wind close to the surface of a 
collector for the case of large values of K. The following equation was derived 
for the. efficiency of collection by a sphere: 

E=K/(K+}). (9) 
The values given by this equation are in excellent agreement with the data of 
the 1945 Report for all values of K greater than 0.2. 

Deviations from Stokes’ Law cause E, for any given value of K, to decrease 
if the product Ur becomes too large. It was found, in general, that E could 
be expressed as a function of K and of another dimensionless parameter 9 
defined by 

@ = Ri/K = 189°SU/ng,. (10) 

Here R, is a Reynolds number calculated as in equation (5) except that we 
replacev by U according to 

R,, = 2orU/n. (11) 

It is seen that p depends on SU but is independent of 7, the fog-droplet radius. 

Under Mt. Washington conditions (—10C, 785 mb pressure) we have 
e = 0.00104 g cm-*, 0, =1.0 g cm-’, and 7 = 1.66 10-4 g cm™ sec", so that 
(10) becomes 

gy = 0.117SU. (12) 
In the riming experiments on Mt. Washington, we were dealing with col- 
lectors having radii ranging from 0.2 to 5 cm and wind velocities from 10 to 
110 miles per hour (4.5 to 49 m sec™) so that g ranged from 10 to 2600. For 
icing of aircraft, values of y of the order of 10,000 are to be expected. The 
data of the 1945 Report showed that with spherical collectors, for K = 5, 
the efficiency E was 0.83 for p = 0, 0.71 for p = 100, 0.63 for y = 108, and 
0.51 for » = 104. ‘ 

Efficiency of deposition on raindrops.—We wish, however, to know the 
collection efficiency for falling raindrops. According to Humphreys (1940) 
the largest raindrops have a radius of about 0.025 cm and fall with a velocity 
of about 8 m sec" so that p never has values greater than 23. This is so small 
that no appreciable error will be made in considering that the motion of the 
fog droplets takes place in accord with Stokes’ Law. 

Whether motion of the air near the surface of the spherical collector or 
raindrop is of the aerodynamic type (ideal fluid) or of the viscous-flow type 
(Table I) depends upon the value of another kind of Reynolds number calcu- 
lated from an equation similar to (11) except that the fog-droplet radius 7 is 
replaced by S, the radius of the spherical collector. We may place 


R, = 29SU/n. (13) 
Comparing cquations (13) and (10) we see that 
R, = 3(0./0)¢- (14) 
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Under Mt. Washington conditions, we can put e,/e = 1000 so that R, = 1109 
and therefore, in our riming experiments R, (or rather, the corresponding 
quantity R, for a cylinder) had values ranging from 1100 to 290,000 and for 
airplane icing was of the order of 10°. 


Taste I 


Limiting Values of the Collection Efficiency E for Spherical 

Drops of Radius S Falling through Clouds Containing Cloud 

Droplets of Radius r. (Stokes’ Law Assumed to Hold for 
the Motion of the Cloud Droplets) 




















Limiting values of collection efficiency 
K=A,/S E Ey 
Aerodynamic flow Viscous flow 
| 
0.0833 | o* 0 
0.10 0.011 0 
015 | 0.047 0 
0.20 = | 0.081 0 
0.40 0.199 0 
0.60 0.298 0 
1.00 0.445 0 
1.214 | 0.501 o* 
1.5 0.563 0.066 
2.0 0.640 0.186 
3.0 | 0.738 0.326 
5 ! 0.826 0.472 
10 0.907 0.634 
20 | 0.952 ! 0.760 
50 0.980 | 0.872 
100 0.990 | 0.924 
200 | 0.995 0.956 
* Critical. 


The aerodynamic type of flow takes place with very high Reynolds numbers 
R, and we are thus justified in using the data in the second column of Table I 
for riming experiments with large spherical collectors and possibly for the 
largest raindrops. 

During the early stages in the growth of the falling drops, the value of R, 
is far less than 1000, and so it is probable that the viscous type of flow corre- 
sponding to Stokes’ Law and to low values of R, will correspond more nearly 
to the conditions that determine the collection efficiency. 

The theoretical flow lines and the velocity components for air motion 
near spheres are known for both limiting cases (aerodynamic flow and viscous 
flow) and have been used in the calculations of the 1945 Report. With aero- 
dynamic flow the highest velocity (3/2)U occurs near the surface of the sphere 
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(at its equator), but with the viscous flow the velocities approach zero everywhere 
over the surface of the sphere and the reduction in velocity of the air extends 
to considerable distance, falling off at large distances approximately with the 
inverse square of the distance (inverse cube for aerodynamic flow). 

In the 1945 Report, differential-analyzer results are given for two sets of 
trajectories of droplets carried by a viscous fluid around a sphere. It was found 
that for K = 10 (and g = 0, i.e., Stokes’ Law), E = 0.64. It was also found 
that the critical condition (below which E,= 0) occurred very nearly at K = 1.0 
instead of the critical value K = ,', for aerodynamic flow around a sphere. 

During the latter part of 1947, new calculations were undertaken to determine 
E for viscous flow. With improved methods the result was obtained that the 
critical value of K was 

Ker = 1.214. (15) 
Later, the theory was extended to cover all values of K and the following 
equation was derived: 


E = [1+(3/4) (In 2K)/(K—1.214)]-. (16) 
The data in the third column of Table I were calculated from this equation. 
The value E = 0.634 at K = 10 agrees well with the value E = 0.64 deter- 
mined earlier (in 1945). 

In order to be able to use these data to obtain the rate of accretion by 
falling drops, it is necessary to know the value of K. According to equation 
(7) this requires knowledge of the velocity U at which the drop falls through 
the air. 


5. Calculation of Terminal Velocity of a Falling Drop 


To calculate the velocity we can use equation (4) in the form 


f = 62nSU(C,R,/24), (17) 
and can put the force f equal to that exerted by gravity: 
f= 4xS*0,2. (18) 
Eliminating f, we get . 
Un(CpR,/24) = §e.gS*. (19) 


If the droplets are so small that Stokes’ Law holds, we can put C)R,/24 = 1 
and get for the terminal velocity 


U = 30,gS*/n. (20) 

To calculate U for larger drops we can eliminate U from equation (19) 
by using (13) and so obtain 

S? = (97°/400,8)(CpRi/24). (21) 

We may now choose any value of R,, as in the first column of Table II, 

and get C, R?/24 by multiplying C,R,/24 in the second column by R,. Then, 
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from (21), S can be obtained. The values of S in the third column of Table II 
were calculated by taking 7 = 1.713 x 10-¢ g sec4 cm“, 9 = 0.001007 g cm-, 
e, = 1.00 g cm and g = 980 cm sec-’, in accord with the conditions typical 


of an altitude of 2000 m as given in Table III. 


Tasie II 


The Drag Coefficient C, for Spheres and the 
Terminal Velocities U of Falling Spherical 


Raindrops of Radius S in Air at 785 mb 


Pressure and +2C 














Rs CoR,/24 ibe lise liad 
0.05 1.009 15 2.8 1880 
0.1 1.018 19 4.5 2640 
0.2 1.037 . 24 7A 2960 
0.4 1.073 31 11.1 3580 
0.6 1.108 36 14.4 4000 
1.0 1.176 43 19.9 4620 
1.4 1.225 49 24.5 5000 
2.0 1.285 56 30.6 5450 
3 1.37 65 39.0 6000 
4 1.45 73 47 6440 
6 1.57 86 60 6970 
10 1.78 106 80 7530 
14 2.01 123 96 7800 
20 2.29 145 116 8000 
30 2.67 175 146 8300 
40 3.01 200 170 8500 
60 3.60 243 210 8650 
100 4.59 313 272 8700 
140 5.40 369 322 8700 
200 6.52 447 380 8500 
300 8.26 549 465 8500 
400 9.82 640 532 8300 
600 12.97 804 635 7900 
800 15.81 945 720 7600 
1000 18.62 1075 790 7400 
1400 24.0 1309 910 7000 
2000 32.7 1634 1040 6400 











Similar calculations of S and U have also been made for the conditions 
corresponding to 5000 and 8000 meters altitude as given in Table III. By plotting 
all three sets of data on double-logarithmic paper using U as ordinates and 
S as abscissae, it is found that the curves lie close together, within 12 per cent, 
at the lower ends (small S), but they separate gradually until at the highest 
values of S (1000), the values of U for 8000 meters are 29 per cent higher 
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Tape III 
Typical Conditions at Various Altitudes 























Altimde | Bre | Temp.|  @ | nxt | 2e/n 
See ede b c kgm | gsec-tcm™ | sec cm-* 
meters | feet a” | 

t) 0} 1000 | +15 1.21 | 1.77 13.7 
2000 | 6600) 795 | + 2 1.007 1.71 11.76 
5000 | 16,400} 540 | —17.5| 0.737 1.62 9.06 
8000 | 26,200 | 355 | —37 0.524 1.53 6.87 





than for 2000 meters. Thus the effect of altitude is not large and for most 
purposes may be neglected. In the remainder of this paper, we shall use only 
values of U and S given by table 2, ie., for 2000 meters. 

The data of Table II are subject to two sources of error from factors that 
have been neglected in their derivation. Stokes’ Law, equation (3), is based 
on the assumption that the sphere is rigid. It has been shown by Rybczynski 
(1911) that for spheres having negligible internal viscosity (for example, 
air bubbles in a liquid) the coefficient 6 in (3) should be replaced by 4. 
An equation was given for this coefficient in terms of the ratio of the viscosities 
of the sphere and the surrounding medium. For water droplets at —5C, 
7 = 0.021 while for air at this temperature 7 = 0.000168. From this we 
conclude that the coefficient of Stokes’ Law should be decreased only 0.27 
per cent—a negligible effect. 

A more serious effect is produced by the deformation of the falling drops. 
Large falling drops become flattened and are in a state of constant oscillation 
and the resisting force exerted by the air is then increased. Humphreys (1940) 
gives a table of the observed velocities (at sea level) of drops of various sizes. 
For those having radii up to 500y, the velocities agree well with those of Table II, 
but with a radius of 1050u the velocity is 600 cm sec“! as compared to about 
700 cm sec} from the data of Table I (adjusted to sea-level conditions). 

Drops which are larger than about 2500y in radius break into smaller drops 
in falling through the air and the maximum velocity at sea level is about 800 cm 
sec™, about 880 at 2000 meters and about 1330 cm sec! at 8000 meters. 


6. Calculation of the Effective Efficiency of Droplet Collection 
by Falling Drops 

In Table I upper and lower limits are given for the collection efficiency 
by falling droplets. The upper limit E, for aerodynamic flow corresponds 
to high Reynolds numbers R, while the lower limit, E,, for viscous flow, 
corresponds to low values of R,. 

We may estimate the range of values of R, over which the transition from 
E, to E, occurs by considering how the relation between U and S in Table IT 
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depends on R,. For low values of R, the velocity U is given by Stokes’ Law, 
equation (20), and in this range U varies in proportion to S? and depends 
on the viscosity 7, but not on the density @ of the air. Thus for low values 
of R, or S, U varies inversely as the viscosity 7 and so from the data of Table III, 
U increases only in the ratio of 1 to 1.12 as the altitude changes from 2000 
to 8000 meters. 

The drag coefficient C,, which can be calculated from Table II, for low 
values of R, is approximately equal to 24/R, but at high values decreases 
more slowly. Thus at R, = 50, C, is 1.6 instead of 24/40 = 0.48. At R, = 1200, 
Cy = 0.246 and beyond that C, decreases very slowly to 0.38 at R, = 3500, 
then increases to 0.417 at 16,000, rises to a maximum of 0.47 at 60,000, and 
decreases to 0.41 at R, = 160,000. Thus with reasonable accuracy, we can 
say that for high values of R,, above 1000, C, has a constant value of 0.40 
which we may represent by C). By inserting this value in (19) and combining 
with (13) we find 

U* = $0,85/Coo. (22) 
This limiting expression gives U varying in proportion to the square root 
of S/o. Thus, according to Table ITI, in this range for any given value of S, 
U increases in the ratio 1 to 1.39 as the altitude changes from 2000 to 8000 
meters. 

An examination of the double-logarithmic plot of U(S) from the data of 
Table II shows, in accord with the limiting expressions of equations (20) and 
(22), that the lower end of the curve practically coincides with a straight-line 
asymptote having a slope 2, while the upper end is nearly a straight line of 
slope 0.5. The point where these two straight lines intersect can be calculated 
by imposing the conditions C,R,/25 = 1 and Cp = C,= 0.40. Thus the 
intersection occurs at R, = 24/0-4 = 60. A rough approximation to the whole 
course of the curve U(S) can be had by following the lower line according 
to equation (20) up to R, = 60 and, for higher values, shifting to the other 
line corresponding to (22). A much better approximation can be had constructing 
any reasonable ‘‘transition curve” joining the two limiting straight lines by 
a smooth curve. 

Asimilar method may now be used to estimate the transitional cases between 
E, and Ey, and results in the empirical equation 


E = [Ey +E,(R,/60)/[1 +(R,/60)]. (23) 


This has the advantage that for values of R, small compared to 60, E becomes 
nearly equal to Ey while it approaches E, when R, is large compared to 60. 

The method of applying this interpolation formula requires careful consid- 
eration. The two limiting curves, E,(K) and E,(K), were constructed from 
the data of Table I and are shown up to K = 5 in Fig. 1. It is clear from 
the nature of the airflow near the stagnation point that for intermediate values 
of S there will always be a critical value of K below which no deposition occurs, 
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and these critical values will increase progressively from K = 0.125 for S = a 
to K = 1.214 as S decreases to zero. It is reasonable, therefore, to use equation 
(23) to obtain these critical values that lie along the K axis in Fig. 1. However, 
for larger values of K, where the curves for E, and Ey, are nearly| parallel, 
interpolation can be carried out along vertical lines (constant values of K). 
For intermediate cases with K less than about 2, equation (25) has been used 
to interpolate along straight lines which radiate out from a point on the K 
axis at K = 2.5 since these lines cut across both curves approximately at 
right angles to their tangents. By this procedure, the interpolated curves 
in Fig. 1 were constructed. Each curve corresponds to a constant drop radius S. 


eentint t ¢ 





o ' 2 3 4 5 
Fic. 1. The efficiency E of collection of cloud droplets of radius r, by a falling drop of 
larger size having a radius S in microns. The abscissas K represent a dimensionless parameter 


whose magnitude is K = 1297r°U/S, where U/S is given in Table II as a function of S. 


The values of R, to use in equation (23) were taken from Table II. Thus 
for S = 250, R,/60 = 1.05, and therefore by (23), E is very close to the 
arithmetic mean of E, and Ey. It will be seen in Fig. 1 that the curve for 
‘S = 250 lies half way between the curves for E, and Ey. 

It is probable that these results are of reasonable accuracy and represent 
the general dependence of the collection efficiency upon the radii of the falling 
drops and of the cloud droplets, 

Table IV contains data for the collection efficiency E for drops of radius 
S falling through a cloud consisting of smaller droplets of uniform radius r. 
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If we introduce into equation (8) the values of e, = 1.00 and 7 = 1.71x10°4 
for an altitude of 2000 m (Table III), we have 


K = 12977U/S, (24) 


where r and S are expressed in cm and U in cm sec“. For any selected value 
of S the corresponding U/S is given in Table II, and by introducing this and r 
in equation (24) we find K. From these and S, by Fig.1, we obtain the values 
of E given in Table IV. 


Taste IV 


The Collection Efficiency* E for Drops of Radius S Falling through a Cloud 
of Smaller Drops of Radius r 











Ss f r(microns) , 
(microns) | 3 3 | 4 6 8 | 10 15 20 
1) — oa —- |-—- 0.092 0.269 0.500 | 0.643 
25 —_ — — 0.050 0.277 0.411 0.613 | 0.724 
40 — _ _ 0.205 0.394 0.510 0.690 | 0.782 
70 - - 0.035 0.340 0.500 0.608 0.750 | 0.834 
100 —- |; =— 0.133 0.418 0.564 0.660 0.793 | 0.862 
150 — 0.010 0.245 0.498 0.631 0.713 0.829 | 0.887 
200 —_ 0.085 0.326 0.564 0.684 0.756 0.859 | 0.908 
300 — 0.213 0.425 0.643 0.749 0.810 0.892 | 0.929 


400 0.040 0.303 0.500 0.698 0.793 0.849 0.919 0.950 
600 0.121 0.355 0.530 0.731 0.827 0.876 0.939 0.963 
1000 0.140 0.358 0.535 0.738 0.834 0.886 0.944 0.966 
1400 0.168 0.360 0.534 0.735 0.840 0.890 0.950 0.970 
1800 0.117 0.288 0.456 0.680 0.800 0.865 0.935 0.965 
2400 0.075 0.220 0.372 0.606 0.743 0.823 0.920 0.950 


3000 0.050 0.170 0.306 0.546 0.690 0.785 0.900 0.940 
I 
































* Calculated from data of Fig. 1 and Table II by using K = 1297r°U/S. For values of S 
greater than 10004, U was taken according to the experimental data to have the constant value 
of 900 cm sec~ at 2000 meters altitude which corresponds to the limiting velocity of 800 cm sec~* 
given by Humphreys and Lenard at sea level. 


TaBLe V 


Critical Radti of Falling Drops Below which no Accretion Occurs, for Various 
Cloud Droplet Radii r (Radit in Microns) 








r Serit | r | Serit 
1.5 600 5 31 
2 350 6 20 
3 140 7 14 
4 
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When the cloud droplets are of small radius (below 8) there is a critical 
size of falling drop below which E, the efficiency of collection, is zero. These 
values are shown in Table V. 

The starting of rain in a cloud thus requires not only the production of 
some larger drops that can fall out, but requires that the average droplet size 
in the cloud shall be fairly large. 


7. The Rate of Growth of Falling Drops by Accretion 
When a spherical drop of radius S and mass 47S%,, falls with velocity 
U through a cloud containing a liquid-water content w (in gcm-’), the rate 
of increase in weight (per second) is 7S?UwE. We thus obtain 
dS/dt = wUE/4p,. (25) 
The efficiency E, as given by Table IV, varies with S and with 7, the 
radius of the cloud droplets. If z is the height of the droplet above any 
arbitrarily selected horizontal plane, we also have 


dz/dt = —U. (26) 
By division dt can be eliminated from (25) and (26): 
dS/dz = —wE/4o,. (27) 


In general, w is a function of z while E is a function of S. Therefore, this 
equation can be solved by integration: 


Jods = —4o, { dS/E. (28) 


If the droplet size r is constant throughout a given cloud layer, E depends 
on S only and the second integral can be obtained from the relation between 
E and S in Table IV. 

If in any layer in a cloud we can regard w as approximately constant, we 
can integrate equation (25): 


t = (40,/w) { dS/EU. (29) 


To calculate the rate of growth of falling drops and its dependence on 
the water content and the cloud-droplet size, we need the integrals in the second 
members of (28) and (29). These have been calculated, by Simpson’s rule, 
from the data of Table IV (with intervals closer than those shown in that table) 
and the results are recorded in Tables VI and VII. Let us represent these 
integrals by the symbols A and B defined by 


S 
A=4fdS/E (30) 
So 
Ss 
B= 4 dS/EU. (31) 


So 
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Tasie VI 
S, 
The Integral A = 4{ dS/E 
5 

So - (microns) 

(microns) 29 3 4 | 6 8 10 15 20 
| 
15 — — _ | - 1.34 1.23 1.41 1.07 
25 — — - 1.61 1.32 1.21 1.10 1.06 
40 — — — 1.55 1.30 1.20 1.09 1.05 
7m | = - 2.43 1.51 1,28 1.18 1.08 1.04 
too | — = 2.27 1.48 1.25 1.16 1.06 1.02 
190 | 4.03 2.16 1.43 1.22 1.13 1.04 1.00 
200 | — 3.46 2.09 1.40 1.19 1.10 1.01 0.98 
300 - 3.18 1.98 1,33 1.13 1.05 0.97 0.94 
400 8.68 3.02 1.89 1.27 1.08 1.00 0.92 0.89 
600 7.57 2.78 1.74 1.16 0.98 0.91 0.84 0.81 
1000 6.33 2.33 1.44 0.94 0.79 0.73 0.67 0.64 
1400 5.26 1.88 1.14 0.72 0.60 0.55 0.50 0.48 
1800 4.27 1.46 0.86 0.53 0.43 0.39 0.35 0.35 
2400 2.43 0.78 0.43 0.26 0.21 0.19 0.17 0.16 
3000 0.00 0.00 0.00 0.00 | 0.00 0.00 0.00 0.00 
Taste VII 
S, 
The Integral B = 4 ef dS/EU (the Tabulated Values are BX 10°) 
5, 

Sy r(microns) 

(microns) | 9 3 4 6 8 10 15 20 
15 — -_ = a 10.32 6.95 5.15 4.59 
25 _ — - 9.99 5.32 4.45 3.65 3.37 
40 _ _ _ 5.05 3.86 3.35 2.88 2.70 
70 —_ _ 8.01 3.48 2.84 2.60 2.31 2.18 

100 _ a 4.94 2.93 2.44 2.25 2.03 1.93 
150 —_ 9.58 3.78 2.46 2.09 1.93 1.77 1.69 
200 5 — 5.84 3.28 2.20 1.88 1.74 1.60 1.55 
300 _ 4.45 2.77 1.88 1.61 1.50 1.38 1.34 
400 11.73 3.94 2.48 1.68 1.44 1.33 1.23 1.20 
600 9.13 3.36 2.11 1.41 1.20 1.12 1.03 1.00 
1000 7.11 2.62 1.62 1.06 0.89 0.82 0.75 0.73 
1400 5.85 2.10 1.27 0.80 0.66 0.61 0.55 0.53 
1800 4.74 1.63 0.96 0.59 0.48 0.44 0.39 0.39 
2400 2.70 0.87 0.49 0.29 0.23 0.21 0.19 0.18 
3000 0.00 | . 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
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The integration in Tables VI and VII has been carried out between a variable 
lower limit S, and a fixed upper limit S, = 3000u. Above S = 1300u the 
values of U calculated from the drag coefficient C, for spheres (Table II) 
are greater than 900 cm sec~}, which is probably the maximum fall velocity 
at an altitude of 2000 m. Assuming the drop, for greater values of S, is an 
oblate spheroid and considering the effect of the deformation on the weight 
and on Cp, it is estimated that the ratio of the vertical (minor) axis to 
the horizontal (major) axis is about 0.78 for S,,, = 1800u, 0.67 for S,,, 
= 24004, and 0.58 for S,4, = 30004. Lenard (1904) finds that drops break 
up at average diameters of 5.0 mm, this being calculated from the weight 
of the drop by assuming it to be spherical. 

For an oblate spheroid such as calculated for a drop of S,,, = 3000u, 
the effective radius as used by Lenard would be 3000 x (0.58) = 2500u, 
which corresponds to a diameter of 5.0 mm. The value S = 3000 in the first 
columns of Tables VI and VII represents S,,, for a drop of effective 
diameter 5.0 mm. 

In carrying out the calculations for A and B for values of S larger than 
1300, equations (28) to (31) were modified by multiplying the second members 
by A, the ratio of the minor to major axis. This is equivalent to assuming 
a spherical droplet of density Jo, instead of 0,. In this way, the effect of the 
deformation can be taken into account. 

The integral in the first member of (28) is the total liquid water in the cloud 
in the layer covered by the integration, expressed in grams cm-?, or since 9, = 1, 
it is also the depth of the theoretically available precipitation measured in cm. 
If we represent this precipitable water by w we have, using (30), 


wo = fodz=A. (32) 

From (29) and (31) we get 
t= B/w, (33) 
where w must be regarded as a mean value of w in the layer being considcred. 

Let us illustrate the use of these equations and tables by calculating the 
time required and the distance traversed by a drop (initial radius 40u) before 
it has grown to a radius of 3000 by falling through a cloud in which the droplets 
are of 84 radius and the liquid-water content is 1 gm™* or w = 10°* g cm“. 
From Tables VI and VII, we find A = 1.30 cm and B= 0.00386 sec. 
Equations (32) and (33) then give w = 1.30 cm and t = 3860 sec. 

A cloud layer 1000 meters thick with a liquid-water content of 1 g m™* 
(w == 10-*), will give a rainfall contribution w = 0.1 cm. Thus the 40u drop 
would have to fall 13,000 m through such a cloud before it cloud grow to 
3000u. We see then that the tabulated figures in Table VI multiplied by 10¢ 
represent the distances in meters that drops must fall to grow to 3000u radius. 

The required distance of fall varies, of course, inversely in proportion to 
the water-content w. 
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The time required for this growth, 3860 sec or 64 minutes, also varies 
inversely as w. The time in seconds required for a droplet to grow from one 
size to another in a cloud containing 1 g m- is 1000 times the difference between 
the corresponding tabulated values in Table VII. Thus in the cloud that we 
are considering (r = 84), a droplet would take 5000 sec or 1.39 hours to 
grow from 15 to 25, 0.40 hours more to grow to 40u, and 2970 sec or 0.82 
hours to grow from 40 to 1000u. 

This rapid acceleration in the growth is due to the increase in each of the 
three factors: velocity of fall, radius, and collection efficiency. These factors 
were also taken into account in the early work which led to equation (2). 
Inserting the values of 7 and g this becomes 


t = 3.1x 10+*/EwSy, (34) 


which is to be compared with equation (33). 

For the example we have chosen with S = 40u and w = 10-*, we obtain 
t = 780/E sec, and, if we take the average efficiency (Table IV) to be about 
0.5, this gives t = 1560 sec, which is about 40 per cent of the value that 
we calculated from Table VI. The reason for the low values of t given by (2) 
and (34) is that the derivation was based on Stokes’ Law which gives resisting 
forces lower than those actually encountered by falling raindrops. 

It is evident from (32) and the data of Table VI that in clouds in which 
there is no vertical motion, raindrops can grow to a size large enough to cause 
break-up only if the clouds have sufficient thickness and liquid-water concen- 
tration to give a total water content of about w = 1.0 cm. Only very large 
cloud masses, 12,000 or more feet in thickness, could meet these requirements 
and in such large clouds vertical motions always do occur. 


8. Hawaiian Experiments in Dry-ice Seeding of Clouds Above 0C 


Shortly after the values of E, and Ey given in Table I had been calculated, 
the writer received* a preliminary report® describing dry-ice seeding experiments 
made during September and October in Hawaii. 

These experiments were undertaken although it was known that, in Hawaii, 
only well-developed clouds reach high enough to penetrate the freezing level 
and such clouds almost invariably produce heavy rain without artifical in- 
ducement. 

The most interesting flight was that made on 23 September 1947 over 
the island of Molokai which lies about 40 miles ESE of Honolulu. This island 
is roughly rectangular in shape with its long axis oriented almost east-west. 
It has a length of 36 miles and a width of 6-8 miles. The mountains covering 


* From Lt. Comdr. Daniel F. Rex, Chairman of the Operations Group of Project CIRRUS. 


* Prepared by Luna B. Leopold of the Pineapple Research Institute and the Hawaiian Sugar 
Planters Experimental Station and by Maurice H. Halstead of the U.S. Weather Bureau. 
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the eastern half of the island reach to nearly 4000 feet, and they are generally 
covered on the north by a solid bank of stationary orographic clouds because 
of the northeasterly trade winds that prevail. 

The tests that will be described were made over a region near the center 
of the western half of the island. This half is much lower and has only one 
range of hills, the Maunaloa Hills, which reach a maximum height of about 
1300 feet, and thus there are only occasional, scattered orographic clouds 
which form along the west end of the coastal cliff that characterizes much 
of the north shore. 

A sea breeze usually develops each day along the southern shore of western 
Molokai and this southerly wind meets the northeasterly trade winds over 
the center of the siland. The leading edge of this sea-breeze front often gives 
rise to a line of cumulus clouds over the Maunaloa Hills and even over the 
sea just north of the north shore. These clouds normally give little or no rain 
so the cultivated lands of western Molokai are considerably drier than those 
of the other Hawaiian Islands. In fact, convective showers are extremely rare 
over this relatively dry western part of Molokai. 

Before any flights were made, a list was drawn up of the conditions that 
were considered favorable for the production of rain. 

1. Temperature inversions, which might limit cloud growth, should be 
absent or be abnormally high. 

2. Large moisture content should extend to abnormal heights. 

3. The trade wind should be relatively weak so as to allow maximum surface 
heating by the sun on the southern half of the island, giving considerable 
convective activity and sea-breeze flow over the island. 

4. The lapse rate should be steep. 

For the proposed flight tests, it was arranged to have an observer in the 
plane and two or more observers stationed on prominent hills to take notes 
and draw sketch maps of cloud distribution, rain sequences, etc. 

Since a short-range forecast indicated favorable conditions, the first flight 
was made on 23 September 1947. Radiosonde data were taken at Honolulu 
Airport, 60 miles away, at 0500 and at 1700 local time. The two temperature- 
pressure curves were nearly alike. The afternoon curve showed that up to 
3000 m the lapse rate was nearly constant at 0.60C per 100 m whereas under 
these temperature conditions, the wet adiabatic rate would be 0.43C per 100 m. 
The freezing level was at about 15,000 ft and at 5000 ft and 10,000 ft, the 
winds were only 5 mi hr- with direction from 210°. 

At 0830 there were three clouds in a row (NNE-SSW) near western Molokai. 
They had bases at about 2500 ft and the two larger clouds reached to about 
7000 fr. The northernmost cloud extended from the coast to a point about 
5 miles north of the north coast. The second cloud was over the hills forming 
the central ridge. These clouds were 10 miles or more from the nearest of 
the orographic clouds over the eastern half of the island. 
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By 1030 the two larger clouds had joined to form a single roughly circular 
cloud about 8-10 miles in diameter having a center over the sea about 2-3 
miles north of the coast. A flight over the cloud at this time showed that there 
were two main towering masses of cumulus; the higher tower, denoted by X, 
was over a part about 3 miles north of the coast while the second one called Y 
was only slightly lower and was about 4 miles to the SW, directly over the 
coast line. 

The X-peak was seeded with 50 pounds of crushed dry ice just over the 
top at 8700 ft. starting at 1037 and ending at 1042. Almost immediately after- 
ward (at 1045) the Y-peak was similarly seeded. Ground observers reported 
seeing rain start at 1046, only 9 minutes after the start of the seeding at a point 
directly under X, the portion of the cloud which was first seeded. This rain 
continued. Under the Y-peak observers reported seeing virga from the cloud 
about 15 minutes after seeding Y, but no rain reaching the ground under Y 
was recorded at that time. About one hour later, at 1145, rain from X had 
continued steadily and rain was falling over an area of about 2 square miles 
which had moved roughly 2 miles south from its original position at X. At this 
time, it was reported that steady rain was also falling from another area of 
roughly 2 square miles in the position corresponding to the seeding done 
at Y. This rain area under Y then spread quickly and coalesced with that under 
X covering most of the Maunaloa Hills. This large single rain cloud moved 
slowly southward and the rain area also extended to the west. This rain was 
estimated to have fallen over an area of 35 square miles in the western part 
of Molokai. 

During the day, several other clouds of size comparable to those seeded 
could be seen from the plane but none of these produced precipitation within 
several hours after rain had started from the seeded cloud. 

In a second flight, it was noted at 1215 that the two cloud peaks had nearly 
coalesced and that they had built up to 15,700 ft, a rise of 7000 ft in 95 minutes. 
From an altitude of 14,000 ft, another seeding was done with 100 pounds 
of dry ice. During the next 35 minutes a rainfall at 0.80 inches was recorded 
at the triangulation station, a point almost directly below the seeded cloud 
top. The total rainfall at this station amounted to 1.25 inches. 

During the afternoon, the cloud built up to an estimated 25,000 ft, drifted 
slowly (2 mi hr-) to the south giving copious rain over the ocean between 
Molokai and Lanai (another island, 40 miles south of point X) and it rained 
over a part of Lanai during the night. 

The preliminary report of Leopold and Halstead gives a brief summary 
of other seeding experiments from September 24 to October 11. In 7 out 
of a total of 10 cases in which clouds over 3000 ft in thickness were seeded 
rain was observed to fall within periods of time ranging from 9 to 30 minutes, 
the average being 16 minutes. However, outside of the test of September 23, 
which we have already considered, only in one case (October 11) did more 
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than a trace of rain reach the ground. On the date light rain which began 10 
minutes after seeding covered an area of about 18 square miles and gave 
a recorded maximum of 0.10 inch. The cloud base was at 3600 ft and the top 
at 7600 ft. The lapse rate, 0,68C per 100 m at Honolulu, was rather high 
from the ground up to 6000 ft, but there was a temperature inversion between 
6000 and 7500 ft. The freezing level was at about 16,000 ft. 

On September 30 a small, nearly circular cloud about } mile in diameter 
and 2200 ft in thickness was seeded by making several runs through the cloud, 
dropping a total of 125 pounds of dry ice. It was observed that the cloud top 
rapidly lowered and within 7 minutes from the initial seeding, the cloud 
totally disappeared. Observers on the ground reported seeing no virga or 
rain from it. 

In every test during September and October, the flight over the cloud 
produced an initial depression or diminution of height of about 300 ft within 
the first 3-4 minutes after seeding. With the thick clouds which gave persisting 
rain, the initial drop in height was quickly reversed and rapid building up 
occurred. 

The depressing effect of a flight over a cloud may in part, at least, have 
been due to the downward momentum delivered by the weight of the plane. 
A plane weighing 6 tons flying for 5 minutes within a cloud, as in the September 
30 tests, would deliver to the air a downward momentum of 1.5 x10" cgs 
units. A cloud 1 km in diameter and 500 meters thick contains 4x 10" grams 
of air, so that the whole should be given an average downward velocity of 4 cm 
sec-! by the weight of the plane. Of course, the regions actually traversed by 
the plane would receive considerably greater velocities (Langmuir and Forbes, 
1936). 

Each gram of dry ice introduced into a cloud increases the apparent weight 
of the cloud by 0.34 grams because of the increased weight of the CO, as 
compared to the air which it displaces. Besides that, there is an increase in 
density of the cloud due to the cooling effect of the dry ice. This gives an apparent 
increase in weight of 2.46 grams—a total of 2.8 grams for each gram of dry ice. 
Thus the 125 pounds of dry ice caused an effective increase in weight of 350 
pounds, giving in each second a downward momentum of 1.5 x 10® in cgs units; 
in 5 minutes, the total momentum due to this cause would be 4.5 x 10", only 
about 1/30 of that given by the plane. The direct effect of the CO, on the 
motion of the cloud thus seems unimportant. 


9. Rain Produced by a Chain Reaction 


The experiments described in the preliminary report of Leopold and Halstead 
(hereafter called L-H) appear to have been conducted with very great care, 
and the results were recorded with accuracy. The conclusions that are to be 
drawn from these experiments are as follows: 
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1. The proof is excellent that heavy rain was produced by the dry-ice seeding 
runs of September 23. 

2. The rain was produced very quickly—within 9 minutes. 

3. The rain persisted but spread through the large cloud very slowly 
although the cloud increased greatly in height. 

4. The third seeding at 1212, 95 minutes after the first seeding, produced 
a very great and sudden increase in the rain intensity and in the cloud height 
and caused the rain area to spread to about 20 square miles. 

5. At the time of the first and second seedings, 1037 and 1045, the lowest 
temperature within the cloud was about +10C. According to the Honolulu 
radiosonde data, the temperature at the height of the cloud top (15,700 ft) 
at the time of the third seeding (1212) was about —2C, but at the seeding 
height (14,000 ft), it was +1C. However, we have found that the interior 
of the upper parts of large cumulus clouds is usually a few degrees colder 
than the surrounding air, so it is probable that the third seeding was done 
in a supercooled cloud. 

It is of interest to compare these results of the L-H flights with our own 
experiences in connection with the dry-ice seeding of large cumulus clouds 
in Project CIRRUS. 

Laboratory experiments, airplane tests, and physical theory have proved 
that dry ice introduced into clouds of supercooled water droplets (temper- 
atures below 0°C) gives almost instantaneously numbers of minute ice crystals 
of the order of 10" per gram of dry ice’ (Schaefer, 1946). These nuclei grow 
rapidly, in accord with the Bergeron theory, into snowflakes. During July 
and August experiments were made, in Project CIRRUS, seeding high cumulus 
clouds whose tops reached far above the freezing level which ranged from 
16,000 to 18,000 ft altitude. A comparison of the five conclusions of the L-H 
report listed above gives: 

1. In Project CIRRUS (hereafter called P-C) dry ice always produced 
marked effects, turning the whole of the supercooled part of the cumulus 
cloud into ice crystals. The L-H data, however, showed much more variable 
results. In the September 23 tests, spectacular results were obtained but on 
other dates, usually only traces of rain fell or sometimes no rain at all. 

2. The results with the L-H and the P-C tests were alike in that rain, if it 
was produced at all, fell within 10 to 30 minutes. 

3. With the L-H tests, the effect of the first and second seedings spread 
very slowly whereas in the P-C tests, the effect of the seeding continued to 
spread rapidly throughout the whole cloud giving the maximum effect within 
10 to 15 minutes. 

4. The effects of the third L-H seeding on September 23 were very much 
like those that were normally produced in the P-C project from dry-ice seeding. 


10 Project CIRRUS. First quarterly progress report. Meteorological research. Office of Technical 
Services, Department of Commerce, Washington, D.C., 1947 (mimeographed). 
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5. The reason for this similarity is probably that in the L-H experiments 
at the time of the third seeding, the cloud had reached the freezing level so that 
the ice nuclei played their customary role. 

The mechanism involved in the production of rain by the first and second 
seedings of the September 23 flights must evidently by very different from 
those involved inthe P-C experiments with supercooled clouds. 

In analyzing these data, it appeared that the rain production in the above- 
freezing clouds in the L-H experiments was not caused by the cooling effect 
of the dry ice, but by the water droplets introduced in the upper part of the 
cloud by the melting of the thin coating of ice which normally collects on 
crushed dry ice fragments due to condensation of moisture of the air. A plane 
flying through the top of a cloud may also introduce water droplets by the 
“‘run-off” of water drops from the trailing of winds, this water having been 
collected from the cloud droplets by the motion of the plane through the cloud. 

The drops of water formed in either of these ways would be much larger 
than the ordinary cloud droplets, and they would fall through the cloud in, 
accord with the accretion theory already considered. These drops, under 
favorable conditions, would grow to such size that they break up into two or 
more large drops and produce also a relatively large number of small droplets 
which, however, would be larger than the cloud droplets. Each of these new 
drops or droplets might again grow to such size that they in turn can break. 
In the case of a thick cloud with large water content, this process might repeat 
itself many times, with the result that an amount of rain might be produced 
which would be very much greater than the amount of water produced. In each 
stage of such a process, the number of droplets might increase perhaps by 
a factor of 10, so that if the cloud were thick enough to give three such stages, 
there would be an amplification factor of 108. 

It is evident that even with such a large amplification factor, it would not be 
possible to account for the formation of amounts of rain comparable with those 
observed from the first and second seedings of the September 23 L-H flights, 
where about 0.1 inch of rain was produced within the first hour over an area 
of perhaps 3 square miles. Such an amount of rain would correspond to about 
2x2 grams or 20,000 tons while water introduced by the dry ice would 
perhaps be at the most a few kilograms, so that we would need an amplification 
factor of the order of 107. 

The indications are, however, that the first two seedings of the L-H flights 
produced a gradually increasing rainfall. This suggests that a true chain reaction 
was set up. This would be a process in which each raindrop leads to the pro- 
duction of at least one other raindrop under conditions such that the new 
raindrop has the same chance of producing another raindrop as the original 
one did. 

Chain reaction is snow formation.—In early studies of the effects to be 
expected from Schaefer’s dry-ice seeding technique, we came to a realization 
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that in natural snow storms there must be a mechanism by which enormous 
numbers of small ice crystals are generated so as to produce a continuous 
supply of effective nuclei. This is obvious when one considers that preceding 
these snow storms, the air normally contains relatively few nuclei compared 
with those needed to maintain a snow storm. 

The main cause of the generation of the ice crystals is the fragmentation 
of snowflakes produced by contact between snowflakes which accumulate in the 
upper portions of the cloud. In lower parts of the cloud, vertically rising 
currents may prevent the newly formed snowflakes from falling. In this way, 
even when there are relatively few nuclei in the air, the concentration of snow- 
flakes can build up to such a high value that snowflakes coalesce into larger 
aggregates and these in turn, break apart again producing many small fragments. 
Another effect is suggested by some observations made by Schaefer on the 
growth of ice crystals in the presence of strong electric fields. In such a field, 
there is a tendency for ice crystals to form long fibers in the direction of the 
field. This is perhaps due to the dipole attraction between the ice fibers and the 
supercooled water droplets near them in the presence of the field. With 
sufficiently large fields, these fibers grow to such size that they are broken 
apart by the field and thus produce enormous numbers of small fragments. 
The evidence thus far ebtained suggests that in this way, starting with a rela- 
tively small number of ice nuclei, an electric field may lead to a great increase 
in the number of ice nuclei. Schaefer has observed, in fact, that in natural 
snow storms very strong electric fields can be observed on the ground, usually 
stronger than those observed even during summer thunderstorms. 

As soon as there is a mechanism within the cloud by which each naturally 
occurring ice nucleus in the air produces on the average two or more other 
nuclei and these in turn multiply to produce two or more, we have the conditions 
required for the production of a chain reaction by which a self-propagating 
snow storm can be formed which requires no further influx of the naturally 
occurring ice nuclei. In analyzing the possibility of such a chain reaction, 
we were impressed by the important role that the vertically rising air currents 
would play. 

Chain reaction for rain formation requires vertically rising air currents.— Let 
us therefore consider the modifications in the theory which we developed in 
our derivations equations (25) to (33) which would be necessary if the air 
within the cloud is rising with a velocity V. 

In place of (26) we then have 


dz/dt = V—U. (35) 
If, by division, we eliminate dt between this equation and (27) we obtain 
f wdz = 42,[V f dS/EU— f dS/E}. (36) 
Combining this with (30), (31), and (32) we have in place of (32), 
wo = A—VB. (37) 
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By this equation, we can calculate the growth of drops in a cloud of uniform 
water droplets which is rising with a steady velocity V. 

Let us now consider what the rising velocity must be in order that a chain 
reaction may occur. At present, for simplicity, let us assume that in the breakup 
of a large drop, small droplets of radius Sy are formed. In order that these shall 
be carried upward by the rising air, V must be greater than U,. The rising drops, 
however, grow in size by accretion and as they grow their velocity of fall, U, 
increases until finally at some height z, the fall velocity equals the velocity 
of the rising air. At this point, the particle has reached its maximum height 
and then beings to fall. Let us denote by S, the radius of the droplet at the 
time t, at which it has reached its maximum height z,. The particle continues 
to grow and z decreases until finally at some time ¢, the droplet has reached 
a radius S, at which it breaks up to form one or more droplets of radius Sp, 
the size of the original droplets. 

If the height z, is lower than 29, the original height at which the first droplet 
was produced, then in repetitions of this process the new droplets will be formed 
at continually lower heights until finally the process terminates when the drop 
reaches the bottom of the cloud. This apparently does not constitute a chain 
reaction which can cause persisting rain. 

In order that a real chain reaction may occur, it is thus necessary that the 
final height z, shall be at least as great as 2, the initial height. The conditions under 
which the chain reaction can first occur are, thus, as in the case of other chain 
reactions, extremely critical. This critical velocity V, can be calculated by 
putting w = 0 in (37). To understand this, we must consider that w is obtained 
by integrating w over an interval of height z. We can assume that w is a function 
of z only so that if z, = 29, the contribution to w due to the upward motion 
of the drop from 2, to zy is positive, while the integral covering the range 
from zy to 2, has a negative value that exactly balances the positive increment. 
It is for this reason, therefore, in the special case that z, = %, we can put 
w = 0. Introducing this condition into (37) we thus obtain 

V,= A/B. (38) 

These values of A and B are given in Tables VI and VII. By means of (38) 
we can thus obtain the velocity V for the different sizes of cloud particles and 
drop sizes S as given in Table VIII. It should be noted that the values of A 
and B that go into this equation are those that correspond to the two integration 
limits S, and S, where, in the derivation of Tables VI and VII, S, was 
taken to be 3000u. The critical velocity V, given in Table VIII is, therefore, 
the velocity that corresponds to S, as given in the first column. 

Table IX contains the droplet radius Sy at the time when the droplet 
reaches its greatest altitude. These data are obtained by taking values of V, 
from Table VIII, and finding from the data of Table II the value of S that 
corresponds to U = V,, for this is the condition according to equation (35) that 
the altitude of the droplet shall be a maximum. 
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Tasie VIII 
The Critical Updraft Velocity V, (cm sec!) Needed for a Chain Reaction 
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so! r (microns) 

(microns) 2 | 3 | 4 6 8 10 | 4s 20 
; 7 
15 -. = —_ — | 130 ! 177 | 216 | 234 
25 —- |} - 0 = 161 | 248 272 «| = 302 314 
40 - - _ 308 | 338 358 | «379 389 
70 — — 304 433 448 | 455 | 418 477 
100 — — | 460 505 515 | S15 | 523 529 
150 a 422. | 572 581 584 585 587 591 
200, — | 593 | 637 637 632 632 630 632 
30 |  — 715 | 762 707 703 700 705 702 
400, 740 768 | 825 755 750 750 750 741 
600 | 819 828 | 890 824 815 | 810 815 810 
1000 890 890 900 885 890 890 880 | 9875 
1400 900 900 | 900 900 900 900 900 900 
Taste IX 


The Droplet Radius Sy (Microns) at the Time ty at which the Droplet Reaches 


its Greatest Altitude zy 





Ss 


(microns) | 5 


15 
25 
40 
70 
100 
150 
200 
300 
400 
600 
1000 
1400 


| 
| 





1000 
1125 
1350 
1400 


1400 


r (microns) 
6 8 
- 158 
192 | 287 
354 389 
508 | 526 
600 | 617 
720. | 723 
810 802 
925 | 917 
1023 998 
1135 | 1120 
1325 | 1350 
1400 | 1400 


210 
| 311 
' 412 
538 
| 617 
726 
| 802 
| 912 
998 
1110 
1350 
1400 


252 
346 
436 
485 
627 
728 
‘800 
| 917 
! 998 
1120 
1290 


| 1400 


272 
360 
449 
565 
637 
735 
802 
915 
983 
1110 
1260 
1400 





Table X contains the value of wy which represents the water content of 
the cloud that lies between the horizontal plane at z = 2, and at the plane 
2 = 2y. This gives the thickness of the layer in which the chain reaction 


takes place. The value of w,, is obtained by 


oy = Ay—V,By, 





(39) 
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TaBLe X 


The Total Liquid-Water Content wy (cm) that must Lie within the Cloud Layer 
between 2, and zy within which the Drops Grow and Break up 























s r (microns) 

(microns) = a ] ee i= oa. a pee 
a oe oe ee 8 | 10 15 20 

15 =_ - _ — 0.95 | 079 -_ = 
25 _ _ - 1.04 | 0.74 | 0.64 0.56 _ 
4: — = -_ 0.75 | 060 ' 0.53 0.46 0.43 
70 | — — | 145 0.55 0.45 | 0.40 0.36 0.33 
10 5 — — | 077 045 | 0.37 | 0.33 0.30 0.28 
150 — | 134 | 054 0.35. 0.29. 0.25 0.24 0.23 
200 | — | 0.80 0.42 0.28 | 0.24 . 0.21 0.20 0.18 
300 | 0.47 0.25 | 0.20 0.18 : 0.14 0.16 0.13 
400 109 | 028 | o4s | 0.14 0.13, O11 0.11 0.10 
600 041 | 0.18 | 9.08 | 0.08 0.08 | 0.07 0.07 0.06 
1000 0.06 : 0.04 | 0.02 | 0.02 0.02 | 0.02 0.02 0.02 

1400 0 , 0 o }| 0 {| 0 ' oO o | 0 





where A,, and B, are the values of the integrals in Tables VI and VII for values 
of S corresponding to Sy. By comparing the values of wy with those of Ap, 
which according to (32) should be equal to wo, we see that the amount of water 
needed in the cloud to maintain the chain reaction is very much less than that 
which would be required for the growth of droplets to large size in a cloud 
in which there is no updraft. Table XI illustrates this effect for a cloud consisting 


Taste XI 


The Effect of an Updraft of Velocity V,in Decreasing the Cloud Water Content 
Required for the Growth of Drops to Large Size (for the Example Shown 
r = 10 microns) 




















So Ve (cm) | wm(cm) | Ratio 
microns | cm sec™! | for V= 0 {for V=V,| w/w 
25 272 1.21 | 0.64 0.53 
40 358 1.20 | 0.53 044 
100 515 116 0.33 0.28 
200 632 1.10 | 0.21 | 0.19 





of droplets of 10 microns radius. The values of V, are taken from Table VIII, 
@, from Table VI, and w, from Table X. The last column contains the ratio 
@y/W. If, for example, there is an updraft of 5.15 m sec! and the breaking 
drops give one or more smaller droplets of about 100 microns radius, then it is 
seen that the liquid-water content of the layer in which the chain reaction 
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takes place only needs to be 0.33 cm, and this is only 28 per cent of that which 
would be needed to allow large drops to grow in a cloud without updraft. 

The time ¢ required for the growth of droplets depends primarily on the 
liquid-water content w and, therefore, can always be calculated by equation 
(33). This can be used not only to get the total time that the particles grow 
from a radius S, to the breakup point S,, but can be used to calculate the time 
for the droplet to grow to any other size. 


10. Applications of the Theory to the Leopold-Halstead Data 


From the data of the L-H preliminary report, it is possible to form an 
estimate of the conditions within the cloud which was seeded on 23 September 
1947. Table XII contains results of calculations from these data. The cloud 
base was at 2500 ft and the cloud top at 8700 ft. The fourth column contains 
the average of the temperatures given by the radiosonde at Honolulu at 0500 
and 1700. The temperatures in the third column have been calculated on the 
basis that the ground temperature was 28C and that from there to the cloud 
































Taste XII 
Calculations of Conditions for the Cloud Seeded in L-H Experiments of 23 
September 1947 
Altitude | Temperature (C) | 
| ] ° Pressure x y w o r 
Radio- —1 -1 = i 
ft on peor conde mb g kg g kg gm cm microns 
a ate _| average | | ain | | ; 
| 1 | 
o| o| 280 — | 1000 | 244) — '—| — _ 
2500 | 762 20.5 21 916 16.90 0 0 o | 0 
3000 | 914 19.9 20 900 16.50 0.40 0.43 | 0.003 8.9 
4000 | 1219 18.7 18 868 15.87 1.03 1.07 | 0.026 12.0 
5000 | 1524 17.5 16 838 15.23 1.67 1.68 | 0.068 13.9 
6000 | 1829 16.3 14 808 14.59 2.31 2.24 | 0.128 15.4 
7000 | 2134 15.1 13 780 13.93 2.95 2.78 | 0.204 16.5 
8000 | 2438 13.8 11 752 13.30 | 3.60 3.29 | 0.297 17.4 
8700 | 2652 12.9 10 | 733 12.88 4.02 3.59 | 0.371 18.0 
| x= 0.622e/(p—e); w = ye 











base, the temperature decreased according to the dry-adiabatic lapse rate of 
3.0C per 1000 ft. Above that, the temperature was assumed to vary according 
to the saturated adiabatic as calculated from data given by Brunt (1939). The 
pressures were calculated taking into account the temperatures in the third 
column assuming the pressure on the ground to be 1000 mb. The mixing 
ratio x in the sixth column expressed in g kg-} was calculated from the saturated 
vapor pressures according to the equation given at the bottom of the table. 
The seventh column contains the mixing ratio for liquid water; at any altitude 
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x +y retains the value that it had at 2500 ft. Multiplying v by the density 
of the air, we obtain the liquid-water content as given in the eighth column. 
Finally, by integrating this in accord with equation (32), we obtain the total 
liquid water the cloud base up to a given height. The last column contains 
an estimate of the radius of the droplets. This calculation assumed that within 
the first 150 meters of rise above the cloud base, the droplets grew in accord 
with the data obtained in the Mt. Washington observations assuming the air 
was rising 6 m sec-}. It was calculated that at this height the number of droplets 
was 148 cm-*. At higher altitudes, this concentration was assumed to remain 
constant, the moisture released by the expansion being used to increase the 
size of the droplets. From various considerations which will be published 
elsewhere, it is believed that this gives a more reliable result from cumulus 
clouds than would be obtained by direct application of equation (2) for the 
whole range of altitudes. 

A comparision of the values of x at the cloud base and on the ground 
level gives for the relative humidity on the ground 67 per cent. 

In many cumulus clouds, especially those whose altitude is large compared 
to their horizontal dimensions, large amounts of relatively dry air may be 
drawn in laterally and mixed with the air in the cloud. Thus w may increase 
less rapidly than is given by a calculation based on the saturated adiabatic 
curve. However, the cloud that we are now considering has a vertical height 
of about one mile and was about ten miles in diameter. It seems, therefore, 
that no appreciable amount of air could have been drawn laterally into the 
center of the cloud, but in this cloud, near the center, the air had all risen 
through the cloud base. In this case, the wet-adiabatic curve must apply and 
the liquid-water content can be confidently taken to be that calculated. 

We see that the total water content w = 0.37 cm corresponds by Table 
X, for an effective droplet radius r = 15, to an initial falling drop radius 
of S) = 674. This means that no droplets less than this diameter can take part 
in a chain reaction. By Table VIII we see that the critical velocity V, must 
have been at least 414 cm sec and, with an average value of w = 1.68 g m-, 
the time for the growth of the droplets from 674 to 30004 would amount 
to 1400 seconds. This is much longer than the time at which visible rain was 
observed to fall from the cloud. 

The data of Tables VIII, IX, and X indicate, however, that there is a wide 
range of conditions under which chain reactions can occur in such a cloud. 
Thus it is possible that S, can have any value greater than 674. The data 
of Table XIII have been calculated on this basis. The values of V, are taken 
from Table VIII and wy from Table X. By plotting w and w against altitude and 
comparing with values of w,,, it is possible to calculate Az, these distances 
being measured from the top of the cloud down to the height corresponding 
to 29. It is, of course, possible when Az is small enough that chain reactions 
may simultanequsly occur at several levels within the cloud, but the one which 
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Taste XIII 


The Thickness of the Layer, the Vertical Velocities, and 
the Time Required for Chain Reaction in the L-H Cloud 








(r= 154) 

S. Ve om az | w | * 
microns | em sect ; oem m =| gm* | sec 
70 | 418 | 0.36 ‘| 1620 | 1.72 1340 
100 523 0.30 1130 2.64 770 
150 587 0.24 790 2.93 605 
200 630 0.20 610 3.09 520 
300 705 0.16 490 3.22 430 
400 750 0.11 335 3.37 365 
600 815 0.07 214 3.45 300 
1000 880 0.00 61 3.54 210 

















takes place most rapidly is that which occurs at the highest altitude, and it is 
this condition that has been considered in the derivation of Table XIII. The 
fifth column contains the average value of w within the layer involved in the 
chain reaction. The last column contains the time calculated from (33) using 
values of B obtained from Table VII. 

The interpretation of these data should be made with due regard to the 
observations of Lenard who considered the sizes of the fragments produced 
when water drops break up in rising currents of air. He found that raindrops 
of 5.4 mm diameter broke up in a rising air current of 8 m sec“ in many dif- 
ferent ways: 4 per cent broke into two or three nearly equal parts, 25 per cent 
into very fine dust-like droplets, 64 per cent gave one large drop and a number 
of small srops. The fragments ranged in size rather uniformly from 1.5 to 
3.5 mm in diameter, but there were relatively large numbers of much smaller 
droplets very much less than one millimeter in diameter. 

We see from Table XIII that the rapid development of rain which was obser- 
ved below the cloud within 9 minutes—540 seconds—would indicate, according 
to the table, that the drops effective in starting the chain reaction have radii 
greater than 2004, and the vertical velocities within the cloud must have 
exceeded 630 cm sec-!. However, these velocities need occur only within 
a layer a few hundred meters thick in the upper portion of the cloud. The fact 
that the terminal velocity of falling drops reaches a limiting value of about 
900 cm sec“, even when the droplets are still only about 1400y in radius, makes 
it possible for the chain reaction to start and produce large drops even with 
relatively low values of liquid-water content. This fact undoubtedly accounts for 
the occurrence of large water droplets in relatively small turbulent clouds under 
tropical conditions, or in the cloud observed by the writer in May 1944. 

From the foregoing analysis, it becomes clear that the conditions necessary 
to set up chain reactions in such clouds as those studied by L-H are very 
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critical. If the vertical velocities, the liquid-water content w, or the cloud 
droplet sizes r, are not sufficiently large, no chain reaction will occur even 
though there may be a multiplication of any water introduced into a cloud 
sufficient in some cases to produce transient virga. 

The final L-H report" contains also records of experiments made during 
November 1947. Out of a total of about 45 seeded clouds, 11 gave rain which 
reached the ground between 8 and 12 minutes after seeding. A few others 
gave merely virga. There were three cases where relatively heavy precipitation 
was obtained covering large areas. In general, the best results were obtained 
from the largest and most actively growing clouds. 

The results, therefore, tend to support our conclusion that the chain reaction 
involved in rain production can develop only when there are high vertical 
velocities and the clouds have a high liquid-water content. 

Calculations have also been made for the type of cloud referred to in the 
statement by Holzman and Crowson in regard to tropical clouds in Bikini. 
Such clouds should contain a liquid-water content corresponding to w = 0.2 
to 0.3 cm which would require vertical velocities of 6 cm sec“ or more to 
give a chain reaction.’ 

In large, summer cumulus cluds, such as those seeded during July and 
August by Project CIRRUS, w may have risen to values of 3.0 cm or even 
more. With a value of w = 6 g cm™, it is no wonder that in these clouds chain 
reactions can occur which bring down such heavy rain. 

On the other hand, during the winter, the cloud droplets are smaller, the 
liquid-water content lower, and the vertical velocities in cumulus clouds are 
lower. In general, therefore, under such conditions, it would not be possible 
to set up or maintain a chain reaction of the type we have been considering. 

In stratus clouds the vertical velocities are very low. In the case of conver- 
gent air masses, these stratus clouds would be lifted gradually and heavy rain 
and snow result. But in general, these vertical velocities are not over 50 cm sec"! 
over any large areas. In such clouds, the air does not enter the base of the 
cloud, but the cloud as a whole rises with perhaps new layers forming under 
the parts that have risen. The distribution and water concentration within 
the cloud thus depends mainly on the air masses from which the cloud has 
been derived and cannot, in general, be calculated from the saturated-adiabatic 
curve. 


11. Types of Rain and Snow in Relation to Spontaneous and to 
Artificial Seeding 
Stratus clouds. —In clouds of this type, drizzle or moderate rain may 
fall, presumably due to the gradual coalescence of small droplets to larger 
drops which subsequently grow in accord with the data contained in Tables VI 


4 Luna B. Leopold and M. H. Halstead, ‘‘First trials of the Schaefer-Langmuir dry ice 
seeding technique in Hawaii,” Bull. Amer. meteor Soc. 29 (to be published). 
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and VII. These drops ordinarily do not grow to sizes sufficiently large to enable 
them to break up. For this reason and because of the low vertical velocity, 
there will be no chain reaction, In most types of heavy rain from stratus clouds, 
the process is accelerated by the presence of snow crystals in an upper layer 
which melt into drops of moderate size and increase greatly in diameter during 
their fall through the lower part of the cloud. In order that rain of this kind 
can be maintained, there must be a continuous supply of ice nuclei. In most 
cases, with heavy rain, it is probable that the nuclei are produced by a kind 
of chain reaction in the upper layers by the fragmentation of snow crystals. 

The theory of droplet growth that has been presented in this paper has been 
based on a knowledge of the collection efficiency E derived on the assumption 
that the falling drop is of large size compared to the cloud droplets. 

It is necessary to develop the theory in quite a different way where we have 
to consider the growth of small droplets within clouds consisting of fairly 
uniform droplets of 10 to 20u radius. The collection efficiency in this case is 
difficult to calculate. We have, however, been making experiments with glass 
spheres of various sizes falling through very viscous liquids so that the spheres 
fall at a velocity of 0.5 cm sec! corresponding to Reynolds numbers very much 
less than unity. The observations have shown that between equal spheres 
there are appreciable attractive forces when the distance between them is 
small compared to their diameter. Thus when the particles come into contact, 
they remain in contact. When the spheres differ slightly in size, we have 
apparently obtained contacts that indicate roughly a collection efficiency 
E of about 0.2. However, much more careful experiments need to made to 
determine the variation of E with the sizes of the spheres. 

A preliminary theoretical study has indicated that the stability of such 
clouds depends largely upon a dimensionless quantity 


P = AEut/o,. (39) 


A= 3dU/dS, (40) 
and t is the time since the cloud of rather uniform droplets was formed by 
condensation. Over a wide range of values of S, A is approximately constant 
and equal to 6000 sec-1. When P, as defined above, is small compared to unity 
no rain should fall, but when P becomes comparable with or greater than unity, 
we may expect a new type of chain reaction, with conditions of instability that 
lead to a continual production of larger droplets which will subsequently grow 
in accord with the theory that we have already developed as given in Tables VI 
and VII. At present, we have practically no knowledge of E. Presumably it varies 
with the droplet size. In view of the observed relative stability of most stratus 
clouds, it is seen that the effective value of E must be relatively small—very 
much less than unity. We hope by the experiments in progress to get some 
idea of the values of E and in this way, see whether we can develop a better 
theory of the growth of rain from stratus clouds. 


where 
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Cumulus clouds.—The theory that we have outlined for the development 
of a chain reaction in cumulus clouds has been based upon assumptions in 
regard to the structure of these clouds before any rain has occurred. As soon 
as a chain reaction does set in, profound modifications in the cloud will occur. 
In the first place, the raindrops by their weight will tend to set up local 
downdrafts causing convergence in the upper layers and divergence below. 
The convergence above tends to draw the rain into these downdrafts and thus 
accelerate the development of a cell structure within the cloud. In general, 
there will be corresponding increases in the updrafts in the other parts of the 
cloud. The downdrafts undoubtedly are largely responsible for the very 
short time that elapses before the rain reaches the ground after a large cumulus 
cloud is seeded at a height of 25,000 ft or more. Even in the smaller cumulus 
clouds of the L-H experiments, downdrafts must have contributed very greatly 
to neutralize the updrafts which were general before seeding and finally to 
produce local downdrafts that helped to carry the rain rapidly to the ground. 

Artificial seeding of clouds.—Dry-ice seeding of supercooled clouds produces 
effects that travel rapidly throughout the supercooled part of the cloud. Heat 
is generated by the freezing of the water droplets and the freezing out of ad- 
ditional water vapor so that the temperature is raised roughly 1C. This produces 
turbulence which causes rapid spreading of the ice nuclei throughout the 
supercooled cloud. 

The chain reaction in the production of rain can, under the right conditions, 
evidently be started by introducing even a single water drop into a cloud. 
The action should be most rapid when many large drops are introduced near 
the top of the cloud. For this purpose, it may be desirable to release the water 
from an airplane by use of a nozzle which directs the water backward with 
a velocity about equal to the forward motion of the plane, so that the drops 
are not broken up by coming into contact with the rapidly moving air. Another 
more convenient method may be to do the seeding by dropping pellets of 
ordinary ice which in melting in contact with the air will give water drops 
of fairly large size, distributed through a large height within the cloud. It may 
be that in this way hail, in a thunderstorm, greatly accelerates the development 
of the chain reaction in newly rising air masses in the lower part of the cloud. 


12. Self-propagating Storms 


It has already been mentioned that when large cumulus clouds with super- 
cooled portions are seeded with dry ice, effects of one of two kinds are observed. 
The cloud may either rain itself out and soon dissipate or it may rapidly increase 
in height and intensity and continue more or less indefinitely as a heavy rain 
storm. Which of these two occurs presumably depends upon the available 
moisture and stability of the surrounding atmosphere rather than on the 
conditions within the cloud. We must remember that when dry ice causes 
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water droplets in a large cloud to freeze, it causes a liberation of heat amounting 
to about 1C. It is thus possible, in some cases, that this added heat may set 
up an air circulation around the cloud which draws in new supplies of moisture 
faster than the rain is precipitated. Such effects when they occur may produce 
relatively widespread weather modifications. 

In clouds that have no portions below freezing, the setting up of a chain 
reaction by artificial seeding may remove so much water from the cloud that 
it lowers the weight of the cloud enough to increase the updrafts, and thus 
to draw in large masses of new air. Consider, for example, a cloud containing 
3 g m‘ of liquid water. If this is removed by precipitation, the density is lowered 
by 0.3 per cent and this is equivalent to the lowering of density produced by 
a rise in temperature of 1C. It would thus appear, under favorable conditions, 
that water seeding in a cloud above freezing temperatures may cause a self- 
propagating rain storm to develop. There is good reason to think that the 
L-H experiment of September 23 was a case of just this kind, but none of the 
other 45 experiments gave a storm that propagated for any large length of time. 

A change of density in a cloud mass corresponding to 1C gives to the air 
an acceleration of g/300 or about 3 cm sec~*. For a short time, the air starts 
to move with this acceleration so that a velocity of 300 cm sec } may be attained 
within 100 seconds. However, the neighboring air masses are also involved 
in this motion and energy soon begins to be dissipated through turbulence. 
The velocities set up by changes of density resulting from seeding can be 
roughly estimated by taking an effective acceleration equal to one half that 
corresponding to the change in density. When a cloud or air mass is thus 
accelerated, the maximum velocity reached will be the smaller of the two 
quantities 

V = 3g(Ao/o)t (41) 


or 
V = g(Ao/eZ, (42) 


where Z is the vertical or horizontal dimension of the convection cell, which- 
ever is smaller. 

Thus with a seeded cloud height of 1000 m, a temperature rise of 1C gives 
a velocity which increases about 15 cm sec“ every second, but this velocity 
will not increase beyond a limiting value of about 550 cm sec~}. It will take 
about 300 seconds to attain this maximum velocity. After that, the energy 
will be dissipated by turbulence. These effects are much larger than are expected 
by many meteorologists, but they seem to be in full accord with the results 
given by seeding experiments. 

Spontaneous seeding of clouds. — The phenomena that occur in the artificial 
seeding with dry ice or with water are essentially no different from those that 
occur spontaneously in nature. However, there will frequently be cases where 
the cloud is not yet ready or ripe for spontaneous development of snow or 


Google 


144 Production of Rain by a Chain Reaction in Cumulus Clouds 


rain, although it may be possible to produce these effects by seeding. Evidently, 
a great deal of detailed research will be needed to understand thoroughly 
the conditions under which the best results may be obtained by artificial 
seeding. 


13. Widespread Weather Effects that Start from Small Beginnings 


When we realize that it is possible to produce self-propagating rain or snow 
storms by artificial nucleation and that similar effects can be produced spon- 
taneously by chain reactions that begin at particular but unpredictable times 
and places, it becomes apparent that important changes in the whole weather 
map can be brought about by events which are not at present being considered 
by meteorologists. We must recognize that it will probably forever be impossible 
to forecast with any great accuracy weather phenomena that may have beginnings 
in such spontaneously generated chain reactions. 
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THE GROWTH OF PARTICLES IN SMOKES AND CLOUDS 
AND THE PRODUCTION OF SNOW FROM 
SUPER-COOLED CLOUDS* 
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I THouGHT, tonight, I would tell you about a number of different things con 
cerning a series of researches that started during the early part of the war, 
in fact, about a year before we entered the war, and that carried through up 
to the present time. I want to leave with you certain threads of thought which 
* I hope you will keep in mind as I tell you about these different things. There 
is a certain amount of continuity, although it may not seem so at first sight. 

These threads are of many kinds. In the first place, the researches grew 
out of one another and yet there was no obvious connection. It was always 
an accidental connection. 

Several years ago, Dr. Whitney introduced into the laboratory in Sche- 
nectady the word ‘‘Serendipity,” and it is very appropriate for certain kinds 
of scientific research. The word was invented or coined by Sir Horace Wal- 
pole about two hundred years ago, in letters that he wrote to Sir Horace Mann. 
It started in a very trivial way. He was attending a dinner in which some dis- 
cussion came up as to what the history was of a certain painting and nobody 
seemed to know. Finally he was able to discover it owing to fortuitous circum- 
stances. He said that this was an example of what he liked to call serendipity. 
It was a word that he coined from a silly fairy tale that he had read as a child 
about the three princes of Serendib. Serendib was the old name for the island 
of Ceylon. These princes of Serendib had the happy faculty of making dis- 
coveries, apparently by accident, but always very fortunate discoveries, dis- 
coveries which they did not seek. 

Now I would like to give my own definition of serendipity and see if 
you can find its application in the activities about which I shall tell you: It 
is the art of profiting from unexpected occurrences. It has a great deal to do 
with the planning of research. 

The American public likes to think of supermen. There are supermen 
of all kinds: in Wall Street, in labor unions, in our Government. There are 
economic planners who can plan all things, and given time enough they would 
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make everything very good or very bad. They are supposed to know how 
to plan. Now the examples I want to give you are all examples of unplanned 
research where things happened in a way that nobody could have planned 
and arranged and as a result we got results which were most satisfactory. 

They occurred as though we were just drifting with the wind. These things 
came about by accident, and yet you will see that a series of rather fortunate 
accidents started us on a research problem just about the time we were finishing 
another, in a way which gave a continuity which has turned out to be very useful. 

Another thread that goes through it all is this very idea of planning; as 
to whether planning is always successful in accomplishing the results; as to 
whether or not there are definite relations of cause and effect. If there are 
definite relations of cause and effect and you can see the effect produced by 
a given cause, then of course we should go ahead and plan. 

But suppose in some cases there is no relation of cause and effect. Then 
planning does not get us very far. All we can do is, like serendipity, put our- 
selves into a favorable position to profit by unexpected occurrences. 

Our first piece of research started before Pearl Harbor when the Chemical 
Warfare Service asked me and Mr. V.J. Schaefer, who was working with 
me as assistant, to undertake a theoretical study of the fundamental nature 
of filtration in gas masks. Now gas masks use charcoal to absorb poison gases, 
but even in the First World War, the possibility arose that the enemy might 
use smokes of toxic qualities, something not very volatile. These would remain 
suspended in the air in the form of dust particles which are not gases and 
therefore cannot be absorbed by charcoal and so have to be removed by a filter 
somewhat like filter paper. 

The question asked us was ‘‘what are the principles that are involved in 
building a filter that will do as good a job as possible?” We were likely to 
be caught by surprise if the enemy decided to use toxic smokes for which 
we had no adequate filters. 

The first problem was to make some smokes that would contain particles 
of a size that are the most difficult to filter. We wanted them to be stable, we 
wanted to measure their concentrations, and we wanted to make measurements 
of their particle sizes. That led us to an investigation of these factors. 

It then took a lot of preparation to make particles of uniform size, determine how 
to measure them, and to learn how much of the material went through the filter. 

That work lasted for about one year. We obtained fairly successful theoret- 
ical results and a better understanding of how to build a good filter. But 
notice what we did incidentally: we acquired a great deal of detailed know- 
ledge as to how to make a smoke which would be non-volatile, which would 
consist of very, very small particles, far smaller than those of any ordinary 
smokes, and we learned much about their optical properties. We studied such 
things as the passage of gases through small spaces and around fibers and 
studied the trajectories of little particles carried by those gases. 
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This was done through an NDRC (National Defense Research Committee) 
contract. As we were getting toward the end of that work, a form letter was 
sent out (in August 1941) probably to everybody working in that field saying 
that the Germans were using on a somewhat large scale smokes for screening 
industrial plants. They were light colored smokes. They had only been seen 
from the air. Nobody knew what they were, but they were fairly effective. 
The question raised was, ‘‘could anyone think of a way to make a white screen- 
ing smoke that could be used over large areas to cut down the hazard from 
aerial bombardment?’ 

Mr. Schaefer and I talked it over and we wondered whether we could not 
use the methods we had adopted for making smokes for testing filters. We 
had found that the easiest way to make smokes and control the particle size 
was to take some oil and put it into a volatile condition. We heated oleic acid 
and similar substances up to about 200 degrees centigrade and passed a stream 
of air over it so as to get its vapor mixed with air and then we quenched it 
suddenly by blowing in a large amount of cold air. The particles grew in size, 
and by sudden quenching we found it possible to stop the growth of the par- 
ticles at a certain point and thus make particles of very small size. We were 
much surprised to find that under proper conditions we could get particles 
of extraordinarily uniform size. 

Now the question confronting us was, how to do a similar operation on 
a large scale. We would have to use a material of low volatility, a petroleum 
product, perhaps, a high-boiling-point-lubricating oil or something of that 
kind, raising it to high temperatures. 

From our optical studies, we knew that the small particles were the ones 
that did the best screening job. They scatter more completely and more ef- 
fectively than the larger ones. It was like the scattering of light from the air 
molecules which produce the blue color of the sky. According to Rayleigh’s 
law, such particles scatter with the sixth power of the radius R. For larger 
particles, the scattering varies as R*. It is then proportional to the intercepted 
area. Now if you divide R* and R? by R,? which is proportional to the volume 
of a droplet, you get a measure of the effectiveness of a given amount of material 
in scattering the light. Thus for very small droplets the efficiency increases 
with R® but for larger particles it varies with 1/R or inversely as the particle 
radius. In other words there must be a definite particle diameter which gives 
the most effective screening. This optimum diameter was found to be practi- 
cally equal to the wavelength of the light which it is desired to scatter, about 0.6 
micron for visible light. 

These were much smaller particles than had been made by other 
generators but were just the particles we had been using in our work on 
the filtration of smokes. The hardest particle to filter is about 0.5 micron 
in diameter, and the ones best for screening purposes were about 0.6 micron 
in diameter. 
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The principle we adopted was that, if we wanted to get small particles, 
we would have to quench the vapor very fast. It is rather difficult to do this 
on a large scale. Therefore, if we wanted to form smoke on a bigger scale, 
we had to use higher velocities. We therefore decided to look into the pos- 
sibility of using the highest possible velocity, the velocity of sound. We would 
have oil vapor come out into the atmosphere at about the velocity of sound. 
We would generate the vapor in a boiler at about ten pounds per square inch 
and let it come out through a nozzle at a velocity of nearly 500 feet per second. 
The air which is near the jet of vaporized oil mixes with the vapor very rapidly 
and produces a cone-shaped jet. 

We made calculations which were fairly elementary but gave important 
results. The theory was merely this: Very small particles having a diameter 
of one micron or less have high internal pressures because of surface tension. 
A simple experiment to illustrate this effect may be made with two soap-bubble 
pipes. By blowing a little bubble on one pipe and a big one on the other and 
connecting them with a rubber tube, one sees that the little one always dis- 
appears and adds to the size of the big one. The pressure in the little bubble 
is always more than in the big one. 

It is the same with a droplet. The surface tension always exerts a higher 
pressure per unit area in the smaller drop. That means there is a tendency 
for the liquid to evaporate from the little one to give vapor which condenses 
on the big one. That tendency can be calculated. It was done by Sir William 
Thomson years ago and the equation is known as the Thomson equation. 
With droplets of the size we were concerned with, the difference in vapor 
pressure amounted to a few hundredths of one per cent. We heard later that 
the English had been interested in this problem and had considered this mech- 
anism for the growth of particles in smokes. They too were trying to make 
screening smokes, and had thought of the theory that the small particles might 
disappear, giving vapor which condenses on the larger ones. They applied 
Thomson’s equation, found that the difference was only one hundredth of 
one per cent and said, ‘‘It is negligible; let us forget it and find another way 
of doing it.” 

Fortunately, we went another step and we said, ‘‘Even if there is only 
one-hundredth of one per cent difference, the temperature is high since the 
oil is heated to its boiling point so the actual increment in pressure may not 
be negligible. As it cools in a few thousandths of a second, there is a period 
when even one-hundredth of one per cent difference in pressure may still 
be sufficient to permit evaporation of the smaller droplets.” 

How long under such conditions will it take the small particle to evaporate 
disappear, and condense over on the big ones? When we made the calculations, 
we found it would take only a few thousandths of a second, which is just about 
the time it would take to mix the vapor with the air. 

So quantitatively the theory gave results in accord with our first observations. 
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We could thus calculate, with oil vapor at, say, 10 pounds per square inch 
escaping from a nozzle of any given size, how big the particles would be in 
the resultant smoke. We found that unless the nozzle was pretty small the 
particles would be too big and we finally concluded that using a 3/16 inch 
diameter, with pressure of 10 pounds per square inch, was the way to get 0.6 
micron diameter particles. Today the Army still uses nozzles of that diameter 
although we calculated the dimensions before our experiments had progressed 
very far. 

The theory was improved, but it was fundamentally the same theory we 
had used in connection with the smokes we had tried to make for gas mask 
filters. The work went ahead very rapidly. We first started with one nozzle 
with 10 pounds pressure. That would use about 10 gallons of oil per hour 
in operation. We made up a little boiler and boiled lubricating oil at about 452 
degrees centigrade, and let it come out through the nozzle at sonic velocity, 
and we found we got the right size particles of remarkable uniformity. They 
were very effective as a screening smoke. 

One of the first field generators we constructed is shown at B in Figure 1. 
That was a little thing, crudely made. It boiled 10 gallons of oil per hour. 

Now the Army sent us some of their smoke generators to test in comparison 
with our field generator. They used partial combustion of petroleum oil, 
making a sooty, black, greasy smoke. When the Army adopted our smoke 
generator, they first cancelled a very large order for these smoke generators. 

This is another one of these ‘‘threads” of which I speak: In all this work, 
on the problems I tell you about tonight, Mr. Schaefer and I have been as- 
sociated. Vincent Schaefer is a good deal younger than I am. He came to the 
laboratory, working in the machine shop, and was a very skillful mechanic. 
He made a lot of fine apparatus for us. Later, he wanted to do research work. 
He worked on surface chemistry problems with us, did excellently at it, has 
published work on it, and has been working with me on these war jobs as 
they came along. He likes mountain climbing and I like mountain climbing; 
we like outdoor life in general. 

You will see that such things are very important, and that they are closely 
related to our subsequent interest in weather control. Many things we are 
now doing have originated from that common background. Nobody could 
have planned that for us. If we had not been naturally inclined that way, no 
one could have prevailed on us to go up on Mount Washington in the winter- 
time to carry on the research that occurred to us as a natural development. 

Vincent Schaefer knew about the Schoharie Valley. We wanted a big wind 
tunnel. I mean a ‘‘big” one; one mile wide and ten miles long, that’s all. We 
said, ‘‘Let’s go to the Schoharie Valley.” There is a valley ten miles long, about 
a mile wide, with a flat bottom, a cliff on one side, high hills two thousand 
feet high on the other side, and this cliff, seven hundred feet high, overhangs 
the valley right where the valley bends so you can look in both directions, 
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We decided to make smoke in that valley and see how long it lasted and how 
far it traveled. 

Figure 1 shows at B a line of smoke which goes all the way across the photo- 
graph. That is our generator, boiling ten gallons an hour. At A is the Army 
smoke pot that burns the same amount of oil, ten gallons per hour. That is 
what the Army was depending on for producing a screening smoke. 

When we measured the relative performance of these units on other photo- 
graphs, we found the area covered was four hundred to one in favor of our 
generator over the best one the Army had available. Recently at a meeting 
in Edgewood I found that they used to have a unit of 100 yards square for 





Fic. 1. A comparison of two smoke generators, Schoharie Valley, April 22, 1942. 4. Army M-1 
smoke pot. B. General Electric Research Laboratory smoke generator. Both units are using 
same amounts of smoke-making liquid. 


the old smoke pot in measuring the screening areas. After they got the new 
generator, they started to figure in terms of square miles. A mile is about 
20 times 100 yards, so the new unit of area was 400 times the old one—close 
to the value we obtained in our first tests. : 

The improvement resulted from the use of the proper particle size, and 
from using a less volatile oil. The Army smoke pot depended largely on the 
soot produced since the oil was so volatile that most of it evaporated. 
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The photograph of the Schoharie Valley in Fig. 2 shows the view to the 
southwest looking down from the top of Vrooman’s Nose from an elevation 
700 feet above the valley floor. The first tests were made at the base of the 
hill, and further tests with a larger generator which used 100 gallons per hour 
was up at the right hand side, near the top of the picture. 

Figure 3 shows the same valley with one of our test clouds of screening 
smoke. There is not much wind blowing, but it shows the kind of job which 
can be done with a single generator. 





Fic. 2. Schoharie Valley from Vrooman’s Nose. 


When we made our final tests with Army and Navy officials present, it 
was a rather interesting day. So much depended on the weather to show the 
various properties of our screening smokes. We had about 30 to 40 Army 
and Navy officials, whom we had to get up at 2:30 in the morning. According 
to our prearranged schedule, we had breakfast at 3:30 and started off in jeeps 
long before daybreak. This was on June 13, 1942. We had to get them to the 
top of this mountain with only a tote road for the jeeps and then on foot paths. 
We all arrived half an hour before sunrise. 

There were no casualties. The sun rose, there was not a cloud in the sky, 
there was very little wind, and the valley was completely filled with smoke 
in a short time. After we had run for about one hour and the whole valley 
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Fic. 3. Photograph taken from the same place as Fig. 2 but after the smoke generator had been 
put in operation and the smoke was approaching the point of observation. 


to a distance of six or eight miles was filled with smoke, the wind started up 
as we hoped it would, and it blew the smoke out, to show what happens when 
you do not have quiet conditions and the smoke is carried into the sky. We 





Fic. 4. Large smoke generator used June 13, 1942, Schoharie Valley. 


were glad that this happened since it was important to show how an allowance 
must be made for the effects of winds when screening operations are carried out. 

Figure 4 shows the large smoke generator used on June 13. The develop- 
ment of this generator is an interesting story. As soon as we demonstrated 
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to our own satisfaction the operation of our little ten-gallon generator re- 
presentatives of the NDRC and a few Army officers decided to embark on 
an extended program. The General Electric Company had no equipment 
for building the kind of apparatus needed for boiling of oils of the types we 
wanted. We went to the Standard Oil Company of New Jersey, and they built 
a large workable unit which was finished and ready for operation within a month 
after they visited us at Schenectady. We told them we wanted to boil 100 
gallons of oil per hour, at 450°C; and wanted it sent out through ten nozzles 
at 10 pounds per square inch pressure. This photograph was made a few hours 
after the first tests before the Army and Navy officers. This was 8:00 or 9:00 
o’clock in the morning, after they had seen the valley filled with smoke from 
the mountain. 





Fic. 5. Palermo, Sicily, during the war, just after a set of smoke generators had been set in 
operation. (Signal Corps photo.) 


The generator was assembled by the Standard Oil personnel from things 
they could manage to obtain in three weeks from their scrap piles and other 
places. Other companies then started building them until they built many 
thousands of them. They were then used overseas and in the Pacific on a rather 
large scale. I have some pictures supplied by the Army, showing some of these 
field applications. 

The city of Palermo, in Sicily, is shown in Fig. 5. You will see a line 
starting in the middle of the picture, going over to the left around some city 
blocks over there, where the smoke generators have just started up. Along 
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that line, which includes most of the shipping, they had just started with the 
smoke generators. Just a few minutes later, it looked like Fig. 6. You can 
see the entire central part of the city was blotted out by smoke. Later, they 
realized that better screening smokes from such generators could be produced 
by taking them further away and letting the smoke come in at a higher level. 
The smoke then did not enter low enough to interfere to any extent with opera- 
tions on the ground, but planes above could not see anything on the ground. 

Figure 7 shows one of the Army generators in actual service. Again, you 
see ten nozzles in operation. The generator there is more compact than the 
first one, and the later one is still smaller. 





Fic. 6. Same view as Fig. 5 a few minutes later when the smoke was beginning to screen the 
city. (Signal Corps photo.) 


Since the generator uses 100 gallons of oil per hour, running continually, 
it posed a big supply job. I think altogether several millions of gallons were 
used. The Canadians used an enormous amount of it in Holland. Smoke gener- 
ators of this type were used on a 65-mile front for three consecutive days 
before and during the crossing of the Rhine. 

In the Pacific, the Navy first was not prepared to use the generators. They 
did not think they needed them, but after the kamikazi attacks were so suc- 
cessful they did decide to use them and as soon as they got them in operation, 
there was not a single ship damaged by kamikazi attack. 

Figure 8 shows a close-up of the smoke coming out at high pressure from 
the ten nozzles. It is interesting to note that we can calculate that, in each 
second, a generator like this one produces 10", or 100 quadrillions of smoke 
particles. It does that so quickly and spreads them out into the air so quickly 
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that there is no coagulation. The particles never get a chance to come in 
contact with one another in the process once they reach the optimum size. 

That is an important thing. If you had that many smoke particles all from 
one nozzle, or if you had them in a confined space, the particles would grow 
to much larger size by coalescing with one another and the effectiveness would 
be ever so much less than it is. 





Fic. 7. The ‘‘M-1 Mechanical Smoke Generator’ at the actual front after 
four hours of shelling by German artillery. (Chemical Warfare Service photo.) 





Fic. 8. Close-up of the ten nozzles of the M-1 ‘‘mechanical’’ smoke generator. 
(Chemical Corps School photo.) 


I wanted to mention that because it is going to be possible to generate 
the same number of particles of silver iodide for their effect on clouds, when 
we get around to it. It is going to be possible to introduce from one generator 
about 10'7 particles per second. 

Figure 9 shows another example of a smoke screen in use under combat 
conditions. It is a pontoon bridge crossing the Rhine, but it is obviously com- 
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pletely hidden from the air while the men continue to work on it. There is 
no appreciable smell, and no toxic effect from the smoke. 

As soon as the Army assumed responsibility for obtaining generators, we 
dropped out of the field entirely. In fact, we did not know anything about 
what was happening with it, until long after the war was over. 

Again, quite independently of this, without anything originating with 
the NDRC and without any consideration of the fact that we had worked 
on a smoke generator, we were asked by the Secretary of War to look into 
the problems of precipitation static. This was in 1943. 





F:c. 9. Trucks crossing the Rhine River over a pontoon bridge under cover of 
a smoke screen. (Signal Corps photo.) 


It was believed that the invasion by Japan would have to come very largely 
from air attacks through the Aleutian Islands, across Alaska and from the 
North. That led to a tremendous development of air transport and airplanes 
through the Aleutians. 

The difficulty in flying aircraft in the Aleutians is very, very serious. One 
of the great difficulties was icing of aircraft, but even more baffling was the 
complete loss of radio contact when these planes flew through snow storms. 
In Alaska the planes become charged, sometimes, with 250,000 volts or more 
and this electric field produces corona discharges from all parts of the plane. 
This caused such electrical disturbances that radio sets could not be used 
to receive messages. Particularly, pilots had difficulty in finding their bases 
and getting down through this foggy bad weather. 

Well, we had no particular ideas on the subject, except that it had to do 
with weather. It looked like a good opportunity to go up on Mount Washington 
in the winter-time. There could be no better place, we thought, to try some- 
thing like that. Mount Washington in winter has a wonderful climate. The 
average temperature is 4 or 5 degrees below zero Fahrenheit. The wind ve- 
locity is about 60 miles per hour average, day and night, and most of the time 
with this high wind velocity clouds are sweeping over the summit. 

We thought that, with this drifting snow, all we would have to do would 
be to take different kinds of surfaces such as aluminum, put different coatings 
on these surfaces, expose them to the drifting snow, and in the well-equipped 


Original from 


ad (OC gle UNIVERSITY OF MICHIGAN 





The Growth of Particles in Smokes and Clouds 157 


laboratory of the Mount Washington Observatory, with power equipment 
and so on, measurements could be obtained of the electrical charges which 
develop from the impact of snow on the exposed surfaces. 

We sent a lot of equipment up there before the road closed in the middle 
of October. We got it up there just in time. Then Mr. Schaefer went up there 
several times to conduct experiments during storms and found the results 
to be very disappointing. We found, much to our surprise, that anything ex- 
posed on the summit of Mount Washington during the winter when clouds 
were there, as they are most of the time, immediately becomes covered with 
ice. This was due to the presence of supercooled water droplets. We had heard 
about rime, we had seen it, but we did not know it occurred all the time at 
a place like Mount Washington. There are very few winter days without it. 
This puzzled us a lot. 

Now airplane pilots report that they have little, if any, icing on their wings 
and propellers when it is snowing. You know that when the air is above freez- 
ing, ice melts, and that below freezing water is supposed to freeze into ice. 
This means that ice is more stable. Once the water comes in contact with 
ice at temperatures below freezing, the water will turn into ice. That means 
ice has a lower vapor pressure than water. It has a lower tendency to evaporate. 
If you have a cloud which has water droplets in it that have not yet frozen 
although the temperature is below freezing, they will have a higher vapor 
pressure than ice. That is not uncommon, and I will return to this matter later. 

I had carried out a lot of work on the evaporation of particles under the 
evaporation theory, determining how long it takes particles, small ones, to 
evaporate and condense on the large ones. ° 

When you come to the difference between ice and water, there is, very 
often, 20 per cent difference in vapor pressure. It is 20 per cent instead of 
a few hundredths of one per cent as in the case of our screening smokes that 
I mentioned earlier. It is hundreds or thousands of times greater than in the 
other case. Therefore, the rate of disappearance of the water droplets should 
be very large indeed in the presence of snow. 

There is a limit, however. If you take a certain mass of air and lift it up 
into a cloud fast enough—whenever air rises into the atmosphere, the pressure 
becomes less. This lowering of pressure causes a lowering of temperature 
by the expansion of the air. The amount of cooling is about three degrees 
centigrade for every thousand feet you go up into the air, if the air is clear. 
If there is fog in the air, you get an added amount of moisture condensing 
out, so that some heat is generated by the condensation of that moisture. This 
decrease in temperature with altitude is less than three degrees within a cloud. 
As the cloud rises, water vapor is condensing all the time, and it tends to dif- 
fuse onto the snow flakes. It is a question, therefore, of whether the vapor 
pressure will get high enough to increase it as much as the 10 or 20 per cent 
necessary to give water droplets. 
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If the upward velocity of the air becomes high enough, water droplets 
may form. We made some calculations and compared them with the observed 
conditions on Mount Washington. 

If you have a 60 mile an hour horizontal wind and there is a slope of 30 
degrees, that means a 30 mile an hour vertical component of velocity, which 
is certainly a high velocity. With 30 mile an hour vertical velocities, you may 
generate water so fast by cooling the air that it does not have time to condense 
on the snow crystals and will actually form supercooled water droplets. That 
cloud, when it contacts a surface, deposits water droplets which immediately 
freeze on the ice already there. That is how ice builds up on aircraft wings. 

We became so interested in this, that we hoped we would not have to con- 
tinue a long study of precipitation static. It so happened that the Secretary 
of War’s office was just as much interested in problems of aircraft icing as 
precipitation ice static. So we started on a study of the icing of aircraft. We 
had much assistance from the personnel of the Mount Washington Observatory. 
They were already working on riming and icing. They had cylinders and 
wires of different sizes which they would expose on the observatory tower. 
As the clouds passed these objects, measurements were made of the rate at 
which ice would accumulate on them. The cylinders would be exposed for 
fifteen minutes, rotating slowly so that ice would not form all on one side. 
They would then measure the diameters and the weights of accumulated 
ice and then put them back and run them for ten or fifteen minutes more, 
measuring the wind velocity at the station, and thus determine how much 
accumulated in a particular time interval. 

They tried to interpret their data and calculate from it the amount of super- 
cooled water in the air and the sizes of the particles. They obtained fairly 
good results for the amount of supercooled water in the air. However, with 
regard to their particle sizes, they had put too much dependence on certain 
photographic measurements which they made of slides exposed to the passing 
clouds. What really happened was that the droplets coalesced into larger droplets 
before they were photographed. They did not realize that the droplets photo- 
graphed were not the primary ones at all, but the coalescence of small droplets 
into larger ones. 

I found that the Germans and later on the English had worked on the 
theory of the deposition of ice from water droplets on rotating cylinders. The 
problem was one of trajectories. 

Imagine a cylinder and the air going past it. Now the air does not go through 
the cylinder, it goes around it. It blows around it the way wind blows over 
an airplane wing. There is not much skin friction. The velocity is highest 
closest to the surface. When the velocity is high and the objects are large, 
the particles move with the wind around the cylinder. Larger particles of 
fog may not be able to follow that curvature. The particles act as projectiles. 
If the particles are big enough, there might be a 100 per cent efficiency of 
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collection. That is, the cylinder would collect all the moisture in a volume 
of air equal to the projected area of the cylinder, multiplied by the velocity 
at which it is moving. That would be 100 per cent efficiency. 

Now if, on the other hand, the particles are small or the wind velocities 
are low or the cylinder is large, many of the particles will follow the curvature 
of the cylinder and the collection efficiency will be low. 

In order to determine the efficiency, it is necessary to make certain calcula- 
tions just like those that the Ordnance people make in calculating the tra- 
jectory of a 16-inch shell in the presence of wind that may tend to blow it . 
to one side. These are rather laborious calculations. 

The original ones made were not applicable to such high velocities as those 
prevailing on Mount Washington. We had to extend our calculations. We 
used for that purpose a differential analyzer which had been developed a few 
years before for making such computations much more easily. We had this 
machine working for about three weeks, working through the trajectories 
of particles passing over cylinders, and objects of different shapes, so that 
we could calculate the percentage of the water which would be deposited on 
a cylinder under specific conditions. We then hoped to be able to take this 
information to Mount Washington and so calculate the diameters of the par- 
ticles and the number of the particles. We found it worked beautifully. We 
could take cylinders of different sizes and get values that agreed remarkably 
well with the theory. 

We began to feel that we had here a very satisfactory method of under- 
standing something about the structure of clouds and what makes particles 
grow. 

At the base of a cloud on Mount Washington the air rises up into the 
cloud. It is forced to do so by the shape of the mountain. It is clear down 
in the valley, but as the air rises, it gets colder and colder and finally reaches 
the dew point and particles form. You may get thousands of particles per 
cubic centimeter, little droplets forming the cloud. 

What makes them the size they are? “Well,” I thought, “why isn’t it the 
same thing as in a smoke generator?” I will go back to the same evaporation- 
condensation theory that I used to calculate the rate of growth of smoke 
particles. 

I found that the particles should decrease in number and increase in size, 
depending on the wind velocity and the liquid water content. We got values 
for the droplet diameter that agreed very well with those actually observed; 
in fact, the two sets of values showed a correlation coefficient of 0.94 which 
is, for meteorological problems, extremely high. 

We then felt we had a fundamental theory for some of the factors that 
caused particles to grow in clouds to the size they are. However, the conditions 
on Mount Washington are complicated. The wind blowing over the irregular 
surface of the mountain gives turbulence and complicated wind structures- 
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It would be far better to study cloud particle growth in airplane flights except 
that then, to measure the vertical air movements, new instruments would 
have to be devised. The velocities are higher and there are many other dif- 
ficulties. : 

Schaefer and I gave a lot of thought to instruments that we could devise 
and put on airplanes to get the needed data. On a certain flight through a cloud, 
we would want to measure how much water there is, how big are the particles, 
and how they compare in size. What is the vertical velocity? How long has 
it been since that air entered the base of the cloud? How fast is it rising into 
the cloud? 

Those were the things we wanted to measure. That meant an accelero- 
meter or something to measure the bumpiness of the air. To get such data 
meant a lot of work. 

The war had about ended at that time so we had no more Army contracts, 
or at least the war-time contracts were over, and I couldn’t see why the General 
Electric Company should go into meteorological wotk. It seemed however 
that we should understand something about clouds from a national defense 
standpoint. 

We took the question up with the Army Air Forces and the Signal Corps. 
We were led to think that perhaps somebody might furnish aircraft for exper- 
imental purposes of this sort. We did not get along very fast. We carried the 
research along on our own to a large extent, testing instruments on Mount 
Washington, but we never got tests in aircraft. 

We were tremendously impressed by the relative scarcity of clouds on 
Mount Washington and elsewhere during the winter that contained ice crystals 
or snow. Ordinarily you cannot tell from the appearance of the clouds whether 
the temperature is above or below freezing. They look no different. 

If a cloud contains snow, it does look different. We learned there were 
marked differences in the appearances of clouds. The disc of the sun as seen 
through a snow cloud is fuzzy. If the cloud contains water droplets, it is never 
fuzzy. We have made smokes of many droplet sizes, but the sun always showed 
a perfectly sharp edge as viewed through such smoke. 

You can sometimes look at the moon and find the apparent disc is so big 
that it is hard to determine its size. Such effects are caused by cirrus clouds. 
There are lots of other things which characterize snow clouds. 

The thing that struck us most is that, if there are any snow crystals in the 
cloud, they will be growing and falling. In the winter-time, if you see any 
stratus clouds from which no snow is falling, even though the temperatures 
in the clouds are below freezing, there just simply are no crystals there in 
any reasonable number. Such clouds consist of water droplets. They can 
be supercooled to very low temperatures. 
~ We thought that this was a problem that should be investigated. Why 
is it that sometimes snow forms so easily, with apparently no lack of ice nuclei 
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on which crystals can grow, and at other times there seem to be none? There 
must be something in the atmosphere that causes water droplets to change 
- to ice only at certain times and under various conditions. 

Schaefer and I decided we must make some careful experiments in the 
laboratory to try to duplicate those conditions. I then went to California for 
three or four months. When I came back, Schaefer, I found, had made some 
beautiful experiments. He had taken a home freezing unit, which is used for 
food storage, about four cubic feet capacity and lined it with black velvet, 
directed a beam of light down into it, in order to see what happened in the 
chamber. He then breathed into it and the moisture condensed and formed 
fog particles which were just like ordinary cloud partieles, although the tem- 
perature was about —23° C. No ice crystals formed. He tried many different 
substances dusted into that box to get ice crystals to form, and practically 
never got any. He got just enough to convince him that, if he did get 
them, he could easily see them. However, the number was totally 
insignificant. 

Finally, one day the temperature of the chamber was not low enough. 
He wanted it somewhat lower so he took a big piece of dry ice and put it in 
the chamber to lower the temperature. In an instant, the air was just full of 
ice crystals, millions of them. 

He then took the dry ice out, and the ice crystals persisted for a while. 
Then he found that even the tiniest piece of dry ice would fill the cloud with 
crystals. Then he took a needle which he dipped into liquid air and he let 
that pass once across the box. The result again was the production of hundreds 
of millions of ice crystals by just one brief contact with the needle. The effect 
rapidly spread throughout the entire box. It is a wonderful experiment. You 
should look at it. It is very easy to do. It has been done by some high schools 
One young girl student in Rhode Island made a chamber out of wash boilers 
cooled with brine. The effects to be seen are wonderful to look at and it is 
a simple matter to duplicate all the natural conditions of an actual cloud in 
the sky. ; 

Well, that discovery changed the whole situation. What was discovered 
first was that the dry ice had no direct effect on the supercooled cloud but 
rather its temperature was the important thing The needle, instead of being 
cooled in liquid air, could be cooled with dry ice. Instead of cooling it with 
dry ice, anything can be used having a temperature less than —40° C. 

Finally further study showed that there is a quite critical temperate of 
about —39° C, the temperature of freezing of mercury, where a spontaneous 
reaction occurs to produce natural nuclei. This can be proved quite conclus- 
ively by covering the box with a sheet of glass and continuing to supply moist- 
ure into a cold chamber having a temperature of —40° C. The ice crystals 
continue to separate out, fall on the bottom of the chamber, and new crystals 
form from moisture produced by evaporation of ice. 
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If, on the other hand, you take the box and cool it to —20° C and let air 
in from the laboratory, sometimes you find a few crystals, but if a cover is 
applied, they grow and snow out and there will be no more, unless you stir 
in some new air. . 

A little later, Dr. Vonnegut in our laboratory examined published data 
on the crystal forms of a whole series of other substances and he found that 
silver iodide has almost exactly the same crystalline form as ice and that it. 
can serve as a nucleus for the growth of ice crystals. 

You can make this experiment: Take a silver coin out of your pocket and 
while you hold it in your hand make a high frequency spark from a Tesla 
coil jump to it. At the moment the spark passes, you blow once down into 
the box which is open on top and full of cold air. Then a moment later you 
open a bottle of iodine and blow some of its vapor into the box. You soon 
find that the air becomes full of ice crystals, perhaps less than a millimeter 
apart, which means that something like 100 million snow crystals have been 
formed in 100 liters of air, from the silver iodide particles that were caused 
by the vaporization of the silver coin as you held it in your hand. 

Electron microscopic pictures of these particles indicate that from one 
gram of silver iodide about 10!’ nuclei can be produced. This suggests that 
a few pounds of silver iodide would be enough to nucleate all the air of the 
United States at one time, so it would contain one particle per cubic inch, 
which is far more than the number of ice nuclei which occur normally under 
natural conditions. ; 

That smoke generator I told you about earlier can generate 10!” smoke 
particles per second. If you make silver iodide smoke that way, it would cost 
five dollars an hour for the materials. The problem of getting a proper distribu- 
tion of particles is more difficult. If the particles retained the activity that 
they have in laboratory tests a wide distribution of them in the atmosphere 
might perhaps have a profound effect upon the climate. 

Table I shows the relationship of temperature and vapor pressures. The 
first column gives the temperature. The 2nd and 3rd columns give e, and e,, 
the equilibrium vapor pressures for water and ice or snow, expressed in milli- 
bars. The next column gives the difference between the vapor pressure of 
water and of ice. This reaches a maximum of 0.28 mb at —12° C. The next 
to the last column gives this difference in vapor pressure expressed as a fraction 
of the vapor pressure of water. Thus at —40° C, the vapor pressure of water 
is 33 per cent higher than that of ice. 

The last column shows how large an ice crystal would have to be if it is to 
grow. Very small ice particles would have higher vapor pressures than larger 
ice crystals and, if they have diameters less than the critical diameters shown 
in this table, they would have vapor pressures greater than that of water and 
therefore would not be able to grow even in a cloud of supercooled water 
droplets. It appears, however, that in supercooled clouds at temperatures 
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Tape I 


Vapor Pressures of Water and Ice and the Critical 
Diameters of Ice Nuclei 




















Temp. | ew es ln —es €w—es | Crit. diam. 
°C mb mb | mb eR. cm 
0 6.11 6.11 0 | 0 ) 
-1 5.27 5.17 0.10 | 0.019 | 7.8 x 10-* 
—-5 + 419 3.99 0.20 0.048 3.10 
—10 | 2.86 2.60 0.26 0.091 1.68 
-15 1.89 1.64 | 0.25 0.133 1.18 
—20 | + 1.25 1.03 0.22 0.174 0.93 
—30 ; 0.51 0.38 0.13 0.256 0.67 
-40 } 0.19 0.13 0.064 0.332 0.56 





below —5° C all ice particles (nuclei) greater than 3x 10-* cm in diameter 
should grow. . 

Table II shows the distances that dry ice pellets should fall in free air before 
they completely evaporate. Thus a particle 0.4 centimeter in diameter would 
fall 1000 meters before it disappeared. These calculations gave us some idea 
of the size pellets we would need, in order to have them go down through 
a cloud. 











Tasre IT 
The Fall of CO, Pellets Through the Air 
at —20°C 
Pellet . ‘ Time to | Distance to 
diameter, Pawnee end of fall, | end of fall, 
cm SES | sec meters 
1 1 
1 : 2120 ' 350 4300 
0.4 1420 | 127 1130 
0.2 950 59 330 
0.10 | 564 26 ‘ 82 
0.04 233 i 8 10 
0.02 | 105 3 1.6 
0.01 | 41 1 0.3 





Using principles which I developed during our studies of the growth of 
smoke particles and the deposition of rime I have been able to calculate the 
amount of water which is condensed from the vapor by contact with the falling 
pellets of dry ice. The results are given in the 2nd column of Table III, while 
the 4th column gives the volume of air cooled per second to a temperature 
below —40° C at which ice crystals form spontaneously. The concentration 
of nuclei formed initially is so great that even during the short time of contact 
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Taste III 
Number and Sizes of Ice Nuclei Produced in Clouds at —20°C 
(1) (2) | (3) | @® | © (6) 
Total wt. of | Diameter of | Tot. no. of 
soe H,O condensed | Concentration Volume of nuclei nuclei produced 
iameter, x . 3 : air cooled, 5 4 
ene in remainder | of nuclei/cm’ cm*/sec generated | in remainder 
of fall, milligrams, cm? | of fall 
| N 
1 960 | 3x10" 70 2.9x 10-* 1.7 x 10" 
0.4 61 5 18 22 2.6 x 10% 
0.2 ’ ee) 6 19 6 x10 
0.1 1.0 8 2.2 1.6 1 x10" 
0.04 0.06 8 0.5 | 1.4 1.2 x 10" 
0.02 0.007 7 0.2 1.4 5 x10" 
0.01 0.001 | 56 o1 =| 06 2 x10 














with the pellet the particles grow by coagulation giving the concentration 
shown in the 3rd column. From these data it was then possible to calculate 
the diameters of the nuclei (5th column) and the total number produced (6th 
column). The experiments seem to indicate the calculations are fairly accurate. 
The most minute particles of dry ice dropped into Schaefer’s cold box produce 
hundreds of millions of ice crystals. 

November 13, 1946, Schaefer dropped about six pounds of granulated 
dry ice into a supercooled strato cumulus cloud at the rate of about a pound 
and a half per mile. He then flew back to watch the results and they were 
very striking. The whole supercooled cloud was converted to small ice crystals. 





Fic. 10. A part of the L-shaped pattern seeded in a stratus cloud at 4:39 p.m. 
The airplane was at an altitude of 11,200 feet at 5:04 p.m. on April 7, 1947. 
(Signal Corps photo.) 


Since then, starting in March, we have had a contract with the Signal Corps. 
This work, Project Cirrus, is being done by the Signal Corps and the Navy 
with the close cooperation of the Air Forces. The operations are all carried 
on by an Operations Group which consists wholly of men from the armed 
forces. Figure 10 shows a flight test made April 7, 1947, in which stratus clouds 
were seeded with dry ice. The tops of the clouds were at about 6700 feet 
altitude. The cloud layer was about 4000 feet thick. This picture was made 
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about 4500 feet above the top of the clouds. The long dark band seen in the 
picture is only part of the seeded region which is about 12 miles long, with 
a width of about 3 miles. This area consists of snow crystals while the rest 
is made up of supercooled droplets. 

The shaded area looks dark on a white background. The ice crystals and 
water droplets scatter the rays of light in different ways. From certain directions 
an ice crystal cloud looks darker in color than the supercooled clouds, but in 
other positions with respect to the sun it is lighter than the surrounding cloud. 

Figure 11 shows the same region at an earlier time as seen from a different 
direction. The seeded line was in the form of an ‘‘L,” about 6 miles along 
each leg. Here, it looks like a white river. 





Fic, 11. The same L taken at 4:54 p.m. from an altitude of 9100 feet. 
(Signal Corps photo.) 


— 





bot : 
. hme Peg TTS, 
Fic. 12. A photograph of the L at 5:16 p.m. from an altitude of 12,000 feet 
facing in the direction of the sun. 


Figure 12 is an interesting photograph. You see, directly below the sun, 
a specular reflection in the seeded area. That is a characteristic of ice crystals 
in the form of hexagonal plates. They tend to fall horizontally and, if you 
maneuver the plane so the sun is in the right position, a high intensity reflection 
is seen owing to the fact that you are looking down on these little flat crystals, 
which are floating horizontally. This ‘‘sun column’’ below the sun is conclusive 
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proof of the existence of ice crystals. It is never produced by a supercooled 
cloud. 

We have never found a case with temperatures below freezing where an 
ordinary cloud cannot be converted to ice crystals by the introduction of dry ice. 

Figure 13 shows the distances in miles. That affected region covers an area 
about the size of Lake George in New York. It is several times as big in 
area as Manhattan Island. We purposely sowed a small area so it would not 
be too large to photograph. 





Fic. 13. One end of the L taken at 5:24 p.m. and at an altitude of 14,800 feet. 
This shows the actual dimensions in miles calculated from the angles measured 
from the photographs. 


This winter we hope to be making experiments with five Army and Navy 
planes. When I say ‘‘we,” I mean the Operations Groups controlling those 
planes. 

We have not done extensive work on these stratus type clouds. It is very 
evident in the results so far that with stratus clouds and one airplane, something 
like 500 square miles of supercooled clouds can be converted to ice crystals 
per hour of flight. Up to the present we have not attempted any such large 
scale experiments for it would be difficult to keep track of the changes oc- 
curring in a 500-square-mile area. This winter, probably off the coasts, maybe 
in Alaska, we hope experiments will be made on a very large scale, to see whether 
or not it is possible to remove completely icing conditions for aircraft over 
big areas by converting all supercooled water clouds in the area to ice crystals, 
wherein there would be no trouble with icing. 

In some of these flights last winter, on the ground, you could see, within 
ten to fifteen minutes after seeding, a great open space develop. I saw at one 
time, in Schenectady, fully 100 square miles of clear sky on a day when there 
were no openings whatever in the cloud before seeding, and none after that, 
except this one area about 20 miles long and 5 miles wide from which you 
could see snow falling from the edges with the whole thing drifting over toward 
the mountains. The results were interesting, although very hard to photo- 
graph because they were up so high. 
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We have also been seeding cumulus clouds. We have been working up 
techniques, training personnel and getting things really organized for effective 
work this winter. It is surprising to note that during July and August, in spite 
of the fact that generally there was very little rainfall, there were a surprising 
number of days where, from an altitude of 5000 feet or more, several very 
large cumulus clouds could be seen from which no rain was falling. These 
clouds looked like thunderheads, but they had not built up to that stage. They 
often go to 25,000 and 30,000 feet. They were not all like that, but frequently 
they are up that high. When you seed such clouds, the general observation 
is that things happen very fast. 

The top of the cloud may be below freezing for only about 4000 feet. The 
freezing level may be 18,000 feet and the top may be some 26,000 feet. 

If dry ice is dropped anywhere in the top of such a cloud, the results are 
often unusual, to say the least. In one case, I happened to be driving an auto- 
mobile under a cloud which was being seeded. I never saw such heavy rain 
in all my life. It came down in torrents for about fifteen minutes. The wind 
was so strong that it looked as though it was going to blow over several trees, 
and a few trees were blown over. Fortunately, it did no harm. We drove up 
to the side of the road, my wife and I, because we did not know what was 
going to happen. Then there was a little hail, small pieces about a half inch 
in diameter, after the rain. Usually, the hail comes first, but here it had been 
raining for five or ten minutes and then came some hail. 

It then let up a little, so I drove on, less than half a mile. The rain stopped. 
I got out and looked, and the road was dry. It had not rained there at all. 

We expect such thunderstorms to go to the east in our region. That storm 
did not go to the east, it just ended, completely. At that time, five minutes 
after it stopped raining, there was no rain to be seen anywhere. The whole 
thing disappeared. Now that is a quite unusual type of thunderstorm. 

Other people have done the same thing in other parts of the country and 
although we have no idea how many are correct, the uniformity of results 
seems to be quite striking. The reports indicated that great effects are pro- 
duced within ten or fifteen minutes. Rain usually reaches the ground heavily 
in fifteen to twenty minutes and usually the rainfall is over in a half hour. 
In a few cases, they claimed it rained for a long time—several hours—getting 
an inch or more of rain. An inch of rain seems to be very common over a fairly 
limited area. That is about what might be expected from the water content 
of such clouds. 

In other words, it seems to precipitate most of the moisture within a very 
short time. It was a puzzling thing to me to know how things could go so fast; 
how the rain can get down so fast. 

The effect of the dry ice is to cool a little of the air below —40° C and so 
produce great numbers of ice crystals which then proceed to grow until they 
have used up all the available water in the cloud. The larger the number of 
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ice crystals introduced into a given volume of cloud the smaller will be the 
size of the snow crystals that are formed. Near the edges of the seeded area, 
there are rather few ice crystals so they grow to large size and fall rapidly. 
In spite of the fact that you introduce enormous numbers of ice crystals 
into a cloud, they will ultimately run out, unless something generates 
more. 

In nature, there is no question that snow storms do continue for a long 
time, although there are few ice nuclei originally present in the air. There 
must be some process by which new nuclei or ice crystals are generated and 
that causes the development of a chain reaction. The chain reaction is one 
where you start out with one snow flake and, by some mechanism, it becomes 
two. Then those two become four, and those four, eight, and so on, and the 
thing propagates rapidly, in éxactly the same way as does a haystack when 
you light it with a match. It starts burning. It does not make any difference 
where it is ignited, in three places or one place, it spreads through the whole 
haystack. The heat produced by burning one particle of hay has to be enough 
to heat the next particle. 

So it is with snow flakes. Now I do not know, but I suspect that the chain 
reaction that goes on in nature’s storms is a fragmentation of snow crystals. 
We made a study of these phenomena and we think that electrical effects 
take place later that stimulate the process. We can stimulate the growth of 
ice crystals after they are once formed by electrical means, but we cannot 
initiate them. We can pass large electrical charges through our box, but never 
produce any ice crystals in a supercooled cloud. If we put dry ice into a super- 
cooled cloud in the cold box and apply a strong electric field the ice crystals 
grow into long needles or fibers which in a sufficiently strong field break apart 
into pairs of highly charged fragments. So we think that the electrical effects 
do play a role, but only in the later stages. 

Now there is a chain reaction which we may be able to produce in winter 
snowstorms, by dry ice, if we seed storms that are naturally growing, where 
there is an ample supply of moisture. We have tried to avoid such things in 
populated districts. We do not want to have a snow storm over New York 
City which might cause New York City to spend $5,000,000 to gather up 
the snow. It is extremely important to find out if such things are possible, 
and to learn exactly how to get the best results, out over uninhabited regions. 
Until we have learned the techniques and have then carefully considered 
through the government agencies what the American public as a whole wants, 
we must proceed carefully. 

Out in Hawaii, recently, there was an extremely interesting flight, by Luna 
B. Leopold and Maurice H. Halstead, where dry ice was dropped on some 
clouds at a temperature of +10° C, and they got rain. The cloud started to 
grow from 8000 feet up to 15,000 feet and then rose above the freezing level 
when it was again seeded with more dry ice. It grew to 26,000 feet and kept 
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on raining and spread and traveled out across the sea and went from one island 
to the other and rained all night. 

The results of the experiment made me think a lot, because I have been 
interested in the growth of rain ever since 1944 when I started to develop 
a mathematical theory of the growth of particles in clouds. 

Now this summer, in the seeding of the cumulus clouds, only the top was 
above the freezing level and the snow that formed in that top came down 
and melted and made water droplets which then gathered in all the water 
in the cloud and dissipated the cloud, all within fifteen or twenty minutes. 
It was something that happened throughout the cloud, not only at the top 
of the cloud. This seemed to me to constitute a chain reaction. 

I began to think more about the problem. I had the mathematics all worked 
out, but I had not thought of it as a chain reaction. I applied it to the reported . 
cases in Honolulu. It seems to me that the effect is really a very simple thing 
and I wondered why no one had thought of it before. If, in a cloud, there is 
one large drop of water, just one, and it falls, it will grow as it goes down; 
that is, if it is larger than a certain size. To find out what that size must be, 
it is necessary to use mathematical methods such as we have used in calculating 
the formation of rime on cylinders. I have been making these calculations 
during the last three months, so I know just how big a drop must be before 
it will grow when it falls. If it grows, it grows exponentially. It grows faster 
the bigger it gets, and then it falls faster. As its cross section increases in area 
it gathers intercepted droplets more rapidly and it thus sweeps through a roughly 
conical shaped volume, increasing in size toward the base of the cloud. It 
grows faster and faster until it gets so big, finally, that it breaks up, producing 
smaller droplets. 

Now if there are no rising air currents all those drops fall until they reach 
the bottom of the cloud. That is no chain reaction. 

Suppose, however, there is an updraft so that the little droplets that break 
off when these drops get as big as they can get are carried aloft. By the time 
they come back to the level at which they started, they may have grown again to 
the point where they have to break up. Then one drop produces two or ten 
and each of those produces two or ten. As long as the factor is more than one, 
it is a chain reaction and the whole cloud simply goes over into heavy rain. 

Now I believe that this has already been done, in the experiments in Hawaii. 
It was done by us every time we seeded a cumulus cloud. I have worked it 
out mathematically in a theory which will be published soon.! It is simple. 
It tells you that the conditions that have to be met in order to bring about 
that chain reaction in rain formation are a vertical velocity of five miles per 
hour and a liquid water content such that there is at least a tenth of an inch 


1 This chain reaction theory was presented at a meeting of the American Meteorological 
Society in New York, January 28, 1948 and will be published in full in the Journal of the society. 
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of rain available. The cloud particles have to be rather large, about twenty 
microns in diameter; very small ones will not do. When you meet those specified 
conditions then only a single large drop of water will set off a whole cumulus 
cloud and bring down most of the moisture in it. 

Seeding with water will be just as good as dry ice and far more frequently 
applicable all through the tropics where low temperatures do not occur. 

The literature is full of examples of people who have observed that sort 
of thing and never understood it. Airmen all through the war have seen heavy 
tropical showers but have not understood how such heavy rain could occur 
without snowflakes near the top of the clouds to start the growth of the rain- 
drops. 

Of course, we hope to try this type of cloud seeding on a large scale in the 
tropical islands to see whether water seeding does not take its place along 
with dry ice. 

We have done two other things in which you will be interested. One is the 
seeding of New England clouds to try to produce rain enough to discourage 
forest fires. The result is inconclusive, because scattered showers began to 
form that day, starting in about one or two hours before we seeded. 

Now the other thing of interest is our activity with regard to hurricanes. 
You will remember there was a hurricane on September 23 that struck Miami. 
The newspapers were full of accounts that certain individuals were planning 
to seed it. They called it ‘‘hurricane busting.” I do not know where that phrase 
came from, because nobody intended to bust the hurricane, as far as I know. 
A flight was planned to get information. However, we were not ready for 
that. It takes much work and planning. Lieutenant Commander Daniel Rex 
has done a good job in organizing the Army, Navy, and Air Forces groups 
participating in Project Cirrus. The commander of this project is a Naval 
officer, though most of the planes are Air Force planes. There is really close 
harmony and it is a wonderful team. However, they were not ready for a large 
operation such as studying the possible effects of dry ice seeding upon a 
hurricane. They did not have the equipment on the planes and the men 
had not been properly trained. 

The next hurricane came, or we first heard of it, on October 10. The planes 
were ready to leave on October 11. They flew down to Mobile and then to 
Tampa to make the study. The next day, Sunday, the hurricane had moved 
with extraordinary speed. It crossed Cuba and went suddenly into Florida 
and was soon out at sea, beyond Miami. They could have gone out on Sunday 
afternoon and tried something but decided not to do that since the observation 
conditions would not be ideal. 

The hurricane was actually seeded experimentally on October 13. These 
experiments were made under the control of the Operations Group of Project 
Cirrus. I was not present at any of them. Mr. Schaefer and one General Electric 
man were each on one of two planes as observers. 
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The following is a report that was prepared by Commander Daniel F. Rex, 
Chairman of the Operations Group: 

On 13 October, 1947, a small scale seeding of a tropical hurricane located 
350 miles east northeast of Jacksonville, Florida, was effected by the Operations 
Group of Project CIRRUS. The group, consisting of three aircraft, was based 
at Tampa (MacDill Field) Florida. Takeoff was effected at 0820 EST Monday 
morning. The group proceeded in company to the storm area arriving at the 
outer wall of the eye at 1054 EST. 

The storm consisted of an eye approximately 30 miles in diameter surround- 
ed by a thick wall of clouds extending from about 800 feet up into the cirrus 
overcast at 20,000 feet and being some 30-50 miles thick radially. Several 
decks (4 or 5) of stratified shelf clouds extended out from the outer wall, the 
uppermost deck having tops at 19,000 feet. These shelf clouds appeared as 
large areas (100-200 square miles) of solid, thin (1000-2000 feet thick) under- 
cast separated by large breaks through which the surface was often visible. 
An exceedingly active squall line, appearing as an almost continuous line 
of cumulonimbus with cirrus tops to an estimated 60,000 feet, was observed 
as a spiral extending out from the center to the east and south. A well develop- 
ed cirrus dome (funnel) extended out from the center-base at 20,000 feet 
near outer wall lifting to 35,000 feet at edge. 

Approach to the storm center was effected from the southwest, this course 
bringing the group into the storm’s right rear quadrant. After a brief recon- 
naissance flight around the outer wall, the decision was made to seed a track 
over the uppermost cloud shelf and at a distance from the center sufficient 
to permit the control aircraft to fly contact 5000 feet above the seeding air- 
craft. A formation intrail was used with the seeding aircraft (B-17 No. 5560) 
leading at cloud top level. The photo-reconnaissance aircraft (B-17 No. 7746) 
followed the seed ship, 3000 feet above and 1-2 miles astern with the control 
aircraft (B-29 No. 816) trailing 5000 feet above and 15-20 miles astern. Seeding 
commenced at 29.8 degrees North, 74.9 degrees West at 1138 EST at an al- 
titude of 19,200 feet, the outside air temperature being approximately —5 
degrees centigrade. Continuous seeding was effected along a straight course 
to 30.2 degrees North, 73.9 degrees West, thence to 30.8 degrees North, 73.1 
degrees West at which point (1208 EST) seeding was stopped. During this 
thirty-minute period 80 pounds of solid carbon dioxide was dispensed along 
the 100-mile track. In addition, two mass drops of 50 pounds each were made 
into a large cumulus top at 30.7 degrees North, 73.4 degrees West. Upon com- 
pletion of this phase all planes flew a reverse course back along the seeded 
track taking visual and photographic observations. No attempt was made 
to penetrate through the wall of the storm into the eye or to seed in or hear 
the above mentioned squall line due to the failure of the group’s homing aids 
(radio compass and visual flares). It was thought that such an attempt, although 
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desirable, would likely result in a separation of the aircraft with subsequent 
abortion of the primary mission. 

Visual observation of the seeded area showed a pronounced modification 
of the cloud deck seeded. No organized trough was observed; rather the over- 
cast previously observed appeared as an area of widely scattered snow clouds. 
The disturbed area covered perhaps 300 square miles. No convective activity 
was seen to follow the seeding process at any time during the mission. 

The group returned to MacDill Field, landing at 1600 on 13 October 1947. 
No post test observation flights were made. 

Now the present hurricane started near an island west of Jamaica. It went 
north, followed across Florida past Miami, then on out to sea, and was 350 
miles off to sea at the time of seeding. The circle shows the approximate area 
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Fic. 14. The paths of the hurricanes of October 10-16, 1947 and 
of October 13-23, 1906. 

of the clouds of the hurricane. The seeding run is the little line running almost 
straight, just below the center of the circle as shown in Figure 14. The squall 
line is that big arrow off to the right. The path of the hurricane from that 
point on was uncertain for about a day or so. The weather forecasters thought 
it had, at first, two centers, but later on decided it did not have two centers. 
The storm recurved and went west. 

The extraordinary thing noticed about the storm by those on the plane 
was the extreme mildness of it. It was no storm at all in much of the area but 
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seemed more. like relatively fair weather. There were no cumulus clouds, 
there was no rain, the wind velocities were about 30 miles per hour, at the 
height of the flight, and the effect of seeding was what you would expect to 
get in similar conditions in Schenectady. 

They felt however that if they could have been on the other side of the 
squall line, which I already mentioned, some really important things might 
have happened. What did happen, nobody knows. The squall line is not a for- 
mal feature of a hurricane. When it started, when it ended, what happened 
to it, nobody knows. The Weather Bureau has no record whatever. The squall 
line shows up on the photographs they took from the planes but apart from 
this there are no meteorological data that show the existence of the squall 
line, what it meant or what caused it. 

The main thing that we learn from this flight is that we need to know enor- 
mously more than we do at present about hurricanes. 

Consider, for example, the hurricane of September 23. It was far out at 
sea east of Florida and it started to move to the north or northeast and, accord- 
ing to the weather forecasts, it was expected to continue moving northeast 
parallel to the coast. Instead of that it suddenly turned around, went west 
and struck Miami. 

In 1906 between October 13 and October 23 there was a hurricane which 
followed a path, shown as a dotted line in Figure 14, very much like that of 
the hurricane of October 1947. It too turned almost back on its track and 
moved back to the coast. Perhaps it also had a squall line and this contributed 
to its erratic behavior. 

We do know if we investigate these things long enough, we may be able 
to get an understanding of hurricanes. 

It seems to me that next year’s program should be to study hurricanes 
away from land, maybe out considerably beyond Bermuda, out in the middle 
of the Atlantic, make an extensive study of them, flying from the right to 
the left, forward and backward, and learning what happens, and see if we 
cannot, by seeding them, in some way modify them or shift their positions. 
I think the chances are excellent that, with increased knowledge, something 
can be done. The stakes are large and, with increased knowledge, I think 
we should be able to abolish the evil effects of these hurricanes. 
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Science 
Vol. CXII, No. 2898, 35, July (1950). 


Cumutus clouds are formed when moist air is heated by the sun’s rays shining 
on underlying land. As the warmed air rises it cools, until finally at a certain 
altitude the moisture condenses at the cloud base, forming small cloud droplets. 
By this condensation of moisture, a great deal of heat is generated, which 
may overcome locally the natural stability of the atmosphere. The formation 
of the cloud, therefore, increases still more the tendency of the air to rise, 
so that once started, the cloud continues to rise and even accelerate until stopped. 
by an overlying layer of very stable air. 

When the cloud reaches the freezing level, the water drops in the cloud 
ordinarily do not freeze. The cloud is then said to be supercooled. The particles 
in the supercooled cloud turn to ice only if there are minute particles of ice 
or certain other foreign particles called sublimation nuclei. Sometimes these 
particles are already present but they may be introduced artificially by the 
seeding techniques described by V.J. Schaefer (2) and B. Vonnegut (3). 

If no nuclei are present, or if there are too few, the cloud may rise to very | 
great heights, where the temperatures are far below freezing, without many 
snow crystals forming. Such clouds ordinarily give no rain. The cloud may 
rise with increasing velocity to a height of 25,000 feet or 35,000 feet, and its 
inertia may carry it up to and even through a layer of stable air (temperature 
inversion) so that it becomes colder than the surrounding air. It then slumps 
back to a lower level, and some of the moisture that has previously condensed 
evaporates again. Under such conditions, no rain is produced. 

If, however, the cloud rises so high that. the temperature gets down to —39°C, 
as it usually does at about 33,000 feet altitude, ice crystals of very minute 
size are formed in great numbers and almost instantaneously. The number 
of such particles may amount to 10! per cubic inch. These come into contact 
with the supercooled water droplets and immediately cause them to freeze. This 
liberates a large amount of heat simultaneously over the whole top of the cloud, 
which rises still further. The top of the cloud thus forms a huge vortex ring 
which may be called a “ring crown”. This is an irreversible process. If for 

1 Based on a paper presented January 25, 1950 before the American Meteorological Society 
in New York City. 
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any reason the cloud descends again, it will never go as low as if the ice crystals 
had not been formed. The heat generated usually makes the top of the cloud 
float away from the lower part, as a circular cirrus cloud of ice crystals. In its 
early stages it has the shape of a mushroom, or it may look more like a pancake. 

The ice crystals then have the same size as the original water drops. They 
do not fall out of the cloud any more easily than do the water droplets of an 
ordinary supercooled cloud at high altitude. The pancake grows and gets 
thinner, usually increasing in diameter at the rate of about 25 miles an hour. 
At these very high altitudes, the wind is sometimes in a different direction 
from that near the lower part of the cloud, and so the pancake gradually drifts 
off to one side. 

The ordinary anvil top of a thunderstorm in the North Temperate Zone 
of the United States is usually very unsymmetrical. We do not often see these 
circular pancake anvils that are characteristic of the tropics. I refer to them 
as “cirrus-pumping” pancake or mushroom clouds. One large cloud of this * 
type may sometimes pump out cirrus clouds that spread over 10,000 square 
miles. Outside of the tropics, they may often occur during the summer in 
semi-arid regions such as New Mexico or Arizona. Dr. Schaefer has observed 
them in Idaho during the summer. I have never seen a cloud of this type in 
the eastern part of the United States. 

The characteristic thing about these convective clouds is that they form 
when the number of nuclei present in the atmosphere is so small that too 
few ice crystals develop in the cloud to use up any large fraction of the water 
in the supercooled droplets. Therefore, these few ice crystals that do form 
grow to relatively large size and fall out without setting up a chain reaction. 

The large area of cirrus clouds usually formed by the cirrus-pumping 
mushroom provides shade for the underlying land and prevents it from heating 
so that no other cumulus clouds grow in the immediate neighborhood. Therefore, 
the conditions that lead to cirrus-pumping mushroom clouds make the pro- 
duction of rain from such clouds a very inefficient process. This is one 
of the main reasons that there is so little rain in Honduras and Costa Rica 
and other parts of Central America during the dry season. There is usually 
no lack of clouds over the higher mountains of these countries, but the clouds 
that do form often rise to 35,000 feet and even 40,000 feet and yet give 
no rain. 

Then how does rain form from cumulus clouds? Nuclei must be present 
in order to get rain. The sublimation nuclei that occur in the atmosphere 
vary in concentration from about 1 particle per cubic meter of air to about 
10’ particles per cubic meter. They vary tremendously at different times and 
places. Furthermore, the naturally occurring nuclei differ in regard to the 
temperature at which they become effective. Most naturally occurring subli- 
mation nuclei are not effective unless the temperature is below about —20°C 
(O°F). That is, clouds that contain such nuclei will form ice crystals only 
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when they reach high altitudes, such as 25,000 feet or 30,000 feet. In other 
cases, the nuclei may become effective at lower altitudes. 

If the concentrations are low — about 100 or 1000 per cubic meter — only 
one snow crystal forms in the supercooled cloud for each nucleus present. 
These grow rapidly in size and soon begin to fall so that in a cloud without 
high vertical velocities, the snowflakes fall out of the cloud as fast as the nuclei 
enter it, and the result is that nothing happens — just a trace of rain falls. 

To get heavy rain, a chain reaction must occur, by which one snow crystal 
produces two, and two produce four, and four eight, etc., giving a runaway 
effect. This is like the spread of a contagious disease or like a fire spreading 
through a haystack. The chain reaction that leads to a thunderstorm or any 
very heavy storm usually starts by a fragmentation of the snowflakes. The 
snow crystals begin to collect into aggregates and then knock against one 
another and break into fragments which are carried back up into the cloud 
so that each in turn grows into a large snowflake. 

The conditions that are necessary for the beginning of such a chain reaction 
are very critical, There has to be a certain minimum number of nuclei of 
a given type, and the process is greatly helped by turbulence within the cloud. 
The critical conditions occur at some one point in the cloud at a certain altitude 
and time rather than throughout the cloud as a whole. Thus, the cloud that 
develops is unsymmetrical and is entirely different in shape from the mushroom 
cloud of the tropics, where the whole top of the cloud suddenly goes over into 
ice crystals when it reaches the level corresponding to —39°C. 

Where the chain reaction starts, there is a local evolution of heat. If this 
occurs first at a rather low altitude, then the warmer air produced by the freez- 
ing of the moisture rises and stirs up the whole cloud. If heat is generated near 
the ceiling of a closed room, the hot air stays there, but if it is introduced near 
the floor, it stirs up all the air in the room. 

We can conclude that heavy natural rain from large supercooled cumulus 
clouds occurs only when both of two separate conditions are fulfilled. First, 
the weather conditions must be favorable; that is, the synoptic situation must 
be favorable. There must, for example, be sufficient moisture and wind to 
carry it to the place where the cloud is growing. Second, there must be a con- 
centration of sublimation nuclei to generate sufficient heat within the cloud to_ 
overcome the stability of the atmosphere and cause the clouds to grow rapidly 
and produce turbulence. This turbulence is needed to set up the chain 
reaction essential for the occurrence of heavy, self-propagating rain showers. 


Artificial Seeding 
In the early experiments in seeding cumulus clouds with dry ice, relatively 


large amounts of the dry ice were dropped at the top of the clouds. It was 
crushed to such sizes that there were many fragments about } inch or } inch 
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in diameter, which would fall through the entire cloud and reach the freezing 
level before evaporating. When this is done, enormous numbers of minute 
ice crystals or sublimation nuclei consisting of ice are produced at all levels 
within the cloud. Overseeding frequently occurs; so many nuclei being produced 
that the snowflakes that form may even outnumber the original water drops, 
and they tend not to fall out of the cloud. The heat generated makes the top 
of the cloud float off, separating itself from the lower part. Thus the cloud is 
often dissipated without producing rain. 

The use of a single pellet of dry ice, about a j-inch or 1-inch cube, may 
have distinct advantages for seeding. Although the falling pellet produces 
a high concentration of nuclei along its path, the cloud as a whole will have 
parts that are underseeded. Under these conditions, large snowflakes will form 
at all altitudes above the freezing level, and this is more apt to produce self- 
propagating storms and may lead to heavy rain. The best results are obtained 
by putting the pellet into the cloud at the right place and at a time when 
the cloud is ripe or has grown to a condition capable of sustaining a continuing 
chain reaction, : 

Often, heavy rain may best be obtained from a large cumulus cloud by 
using a single pellet of dry ice shot into the side of a cloud from a Very pistol. 
For this purpose, the plane does not need to enter the cloud but can fly near 
its outer surface and the pellet can be shot to a horizontal distance of 700 feet 
or more into the cloud. If this is done at a height of 1000 or 2000 feet above 
the freezing level, the heat generated by the freezing of the supercooled water 
droplets is generated only in the lower part of the cloud, greatly increasing 
the turbulence and favoring the start of a chain reaction. 

The best way to dissipate large cumulus clouds or to stop their growth 
is to introduce high concentrations of ice nuclei near the top of the growing 
cloud. This localized overseeding of the top can be accomplished conveniently 
by the use of a device called a “‘Trickler”, which lets liquid carbon dioxide 
escape, only a few grams per second, through a hole 0.003 inch in diameter. 

Enormous numbers of ice nuclei are produced along the line of seeding, 
but the minute snow crystals that form do not fall into the lower part of the 
cloud. The upper part of the cloud thus lifts off from the lower part, and the 
ice crystals do not get into the part of the cloud where they could cause turbu- 
lence and set up a chain reaction. It is also possible to use very finely pulverized 
dry ice that falls only a few hundred feet before evaporating. Or a single large 
piece of dry ice can be towed in a net behind the plane. 

Artificial seeding has many advantages. By properly choosing the point 
of seeding, effects can be produced that do not occur naturally. Under natural 
conditions, the probability of rain varies, depending upon the number and 
type of natural sublimation nuclei. In the tropics the number of nuclei is low 
during the dry season. Spontaneous seeding of the clouds then occurs only at 
very high altitudes and ice forms spontaneously only at the —39°C isotherm. 
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Further north, it is more common to have nuclei that are effective at higher 
temperatures, and these may be present in larger numbers so that clouds 
frequently tend to seed themselves at low altitudes. 

The cirrus-pumping mushroom clouds of semi-arid regions ordinarily 
give no rain or are very slow in starting to produce rain. When nuclei, such 
as those from dry ice or silver iodide, are introduced into these clouds at 
elevations only a little above the freezing level, the cloud is completely modified 
within 10 or 15 minutes. Ice crystals are formed at low altitudes and grow 
rapidly to such size and number that they start the chain reaction long before 
the cloud reaches the —39°C level, and thus the cloud becomes an efficient 
rain producer. 

The pancake top can be prevented from forming if the cloud is seeded 
when it reaches altitudes where the temperatures are only —10°C or —20°C. 
One or two pellets of dry ice introduced just above the freezing level are enough 
to transform a cloud into an efficient rain producer. Many of the ice crystals 
that are formed by seeding at low altitudes remain in the cloud and are carried 
up into any anvil top that may develop. Later they fall out and snow is thus 
entrained into the lower parts of neighboring cumulus clouds, preventing 
widespread overcast, so that nearly all the moisture in the cloud comes to 
the ground in the form of rain. With the circulation set up by a chain reaction, 
such clouds may continue to give rain for many hours. 

Silver iodide smoke introduced below the cloud base, either on the ground 
or by a plane flying below the cloud, is an exceptionally easy and advantageous 
way to increase the rainfall in those areas where cirrus-pumping clouds would 
normally prevent rainfall. Seeding of this kind may modify the synoptic situation 
over wide areas. 

The control of a system of cumulus clouds requires knowledge, skill, and 
experience. Failure to consider the importance of the type of seeding, the 
place, and the time, and also the failure to select the best available clouds, 
explain why the Cloud Physics Project of the U.S. Weather Bureau was not 
able to obtain “rainfall of economic importance”. 


Seeding Experiments in New Mexico 


For many years, I have been developing philosophical ideas in regard to 
cause and effect relationships in science (1). The causality that used to be 
characteristic of classical physics applies strictly only to convergent phenomena, 
which depend upon a large number of separate events whose effects converge 
to give a well-defined average. There are, however, in atomic physics, as well 
as in human affairs and meteorological phenomena, what we may call divergent 
phenomena, where large important events grow from small beginnings that 
produce diverging results. Shower formations such as those in arid regions 
like New Mexico are good examples of divergent phenomena. 
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On this basis, the synoptic situation and the concentration of sublimation 
nuclei are important only insofar as they determine the probability that a shower 
will occur. Neither factor alone is the direct cause of the shower that occurs 
at a definite place or time. 

To get a heavy shower or thunderstorm requires, as we have seen, the 
presence of natural or artificial nuclei, in sufficient numbers to convert a portion 
of the supercooled cloud into ice crystals, thereby generating heat sufficient 
to overcome the stability of the atmosphere and set up a chain reaction in 
the production of new snow crystals. 

According to the Boltzmann equation, the number of molecules per second 
that evaporate from a given heated surface of any known substance is given 
by 

n/ny = &- ET) (1) 
where n, is a constant, Q is the heat of evaporation per molecule or the energy 
per molecule that must be overcome in the escape of the molecule from the 
surface forces, and KT measures the average kinetic energy of the molecules. 

By analogy, we may assume that the probability of the start of a shower 
in a given area and time interval varies in a similar way with the ratio of 
two energies: that needed to overcome the atmospheric stability and that 
available by the conversion of supercooled water droplets into ice crystals. In 
a semi-arid country like New Mexico we may take the average rainfall, R, in 
a 24-hour period over a given area, as a measure of the probability of shower 
formation. We are thus led to the equation: 


R/R, = eo! (2) 


where R, is the maximum average rain over the area that could be produced 
by the optimum concentration of nuclei, C is the actual concentration of 
nuclei, and C, is the concentration that would be needed to make R/R, = 
1/e = 0.37. The quantity C, is determined by the synoptic situation, which 
is presumably determinable from data givcn on weather maps with additional 
data involving local conditions such as orographic effects. Thus, the probable 
rain depends on the ratio between two factors C,/C, where the first factor 
is a measure of the synoptic situation and the second factor is the concen- 
tration of sublimation nuclei, natural and artificial. 
Equation (2) can also be written 


C/C, = 1/In(R,/R). (3) 

Thus from observed rainfall data, we can calculate C/C,. 
If sublimation nuclei are generated at a point on the ground or in the 
air, then in presence of vertical convection that distributes the nuclei, the 
concentration of the artificial nuclei will vary inversely as the distance D from 


the source at distances beyond that required for uniform vertical mixing. 
Thus the quantity C/C, found from the observation will vary linearly with 
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the reciprocal of the distance D, so that in general if C, is reasonably constant 
C/C, = C,+E/D (4) 


where C, is a measure of the natural nuclei already present in the atmosphere 
and E is a constant under given conditions. 

We have used this probability theory to analyze the data obtained in seeding 
experiments conducted by Project Cirrus, for the U.S. Army Signal Corps 
and the U.S. Navy near Albuquerque, New Mexico. In the first test chosen 
for analysis, conducted on October 14, 1948, it was found that about 0.35 
inch of rain was produced over an area of at least 4000 square miles. This 
corresponds to 100,000,000 tons of rain. Later calculations showed that the 
total rain area corresponded to a rainfall of about 800,000,000 tons, or roughly 
200 billion gallons of water. 

Four seedings were carried out that day. The first one, in the morning, 
was done by Dr. Vonnegut’s method with about two ounces of silver iodide 
dispersed by dropping impregnated burning charcoal pellets from an airplane 
at 12,000 feet. The other three seedings involved amounts of dry ice from 
15 to 25 pounds. Very striking results were produced by the dry ice; there 
were two thunderstorms, which were photographed for about an hour and 
a half. 

More widespread effects were produced by the operation of a silver iodide 
generator on the ground in the later tests, held during July 1949. The first 
seeding with silver iodide in this experiment was on July 15, 1949, but the 
generator was not run for more than a couple of hours on any day thereafter 
until the 19th, when it was operated for a short time only, late in the afternoon. 
On July 20, it was not operated at all, but on the 21st it was operated for 
13 hours, starting about 5:30 a.m., and a total of 300 grams of silver iodide 
was used. Tests made by Dr. Vonnegut have shown that each gram of silver 
iodide dispersed under these conditions produces 10! sublimation nuclei that 
are slowly effective at —5°C but very rapidly effective at —10°C. 

We chose for analysis the data obtained on two days, October 14, 1948, 
and July 21, 1949. These days were chosen because large amounts of silver 
iodide were used, but no seeding was done on the immediately preceding 
days. Furthermore, the wind direction on both days was rather similar. On 
both days, the Weather Bureau predicted no substantial amounts of rain. 
Both mornings were nearly cloudless, and on both days southwest winds 
prevailed from the cloud bases at 12,000 feet up to 20,000 feet. At lower and 
higher altitudes and later in the day, there were also winds from the east, 
west, and northwest. On both days, visual effects indicating thunderstorms 
and heavy rain over wide areas were observed a few hours after the start of 
the seeding operations. 

In the July operation, our techniques had been much improved over those 
of the preceding October. On October 14, radar observations covered 
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only a period of about an hour in the afternoon, for at that time it was not 
suspected that the rain that lasted well on to the morning of the 15th had 
any relation to the seeding. 

On July 21, 1949, however, we had complete radar coverage from early 
in the morning until late at night. Photographs of the clouds were taken 
not only from planes but from the ground, and they included lapsed time 
motion pictures with frames every few seconds. 

Shortly before 8:30 a.m. on July 21, 1949, a single large cumulus cloud 
began to form about 25 miles south of the field station near Albuquerqte 
in a sky that was otherwise cloudless. This cloud was located near the Manzano 
Mountains, and the silver iodide smoke had been blowing from the north 
about 10 miles an hour, so that it should have reached the position of the 
cloud. Between 8:30 and 9:57, the cloud grew in height slowly at the uniform 
rate of 160 feet per minute. At 9:57, when the top of the cloud was at 26,000 
feet (temperature —23°C) the upward velocity of the top of the cloud increas- 
ed quite suddenly, so that the cloud rose 1200 feet per minute until at 
10:12 it had reached 44,000 feet (temperature —65°C). At 10:06, when the 
top of the cloud was 36,000 feet (temperature —49°C) the first radar echo 
return was obtained from the cloud at an altitude of 20,500 feet (temperature 
—9°C). The distance given by radar was 25 miles at an azimuth of 165°, 
which was exactly where the cloud was found to be from visual observations. 
The area of precipitation in the cloud was about 1 square mile at that time 
and deep within the mass of the cloud. Within 4 minutes, the precipitation 
area had increased to 7 square miles and within 6 minutes after the first 
echo appeared, the precipitation had extended upward to 34,000 feet, where 
the temperature was —43°C. 

The chain reaction in this cloud started at low altitude, at a time and place 
that agreed well with the trajectory of the silver iodide smoke. The first flash 
of lightning was seen at 10:10, 4 minutes after the first radar echo was detected. 
In all, perhaps a dozen flashes of lightning formed from this cloud, and very 
heavy rain was seen to fall to the ground. The top of the cloud moved 
westward, but the lower part of the cloud from which the rain was falling 
moved gradually to the northeast. 

At 10:47 a second cloud, about 8 miles still further to the northeast, . 
developed a radar echo, and from that time on during the day the number 
of rainstorms increased, producing very heavy showers in the neighborhood. 
During the late afternoon, 1.2 inches of rain fell at the station where the 
generator was located. There was exceptionally heavy rain at Santa Fe. 

River flow data. On the morning of July 22, I had occasion to fly from 
Albuquerque to Los Alamos and on the way passed over Domingo on the 
Galisteo Creek near the place where it enters the Rio Grande River. This 
creek looked like a large river carrying perhaps a third as much water as 
the Rio Grande. I asked the pilot about this stream and he said that it was 
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merely a dry wash and that never before had he seen any appreciable amount 
of water in it. Recently, I have obtained from the U.S. Geological Survey, 
through the kindness of Mr. S. E. Reynolds of the New Mexico School of 
Mines at Socorro, data on the flow in the Galisteo Creek for every day since 
June 1946 and similar data for the Pecos River at Santa Rosa. Within the 
30-hour period after the river flow began on July 21 the flow in the Galisteo 
Creek amounted to 3,000,000 tons, or 0.65 billion gallons. The area of the 
watershed of the Galisteo River is about 500 square miles. The flow in the 
Pecos River amounted to 12,000,000 tons, or 3 billion gallons, and the area 
of the basin is 2,700 square miles. 

It is of interest to note that the average flow rate of 3,900 cubic feet per 
second for the day of July 21, 1949, in the Pecos River was considerably 
higher than any day since June 1946. In the case of the Galisteo River there 
was only one day in that three-year period that gave slightly more rain than 
on July 21 

Rain gauge data. The Weather Bureau publishes climatological data for 
New Mexico monthly, about two months after the end of the month in which 
the data were recorded. About 300 stations well distributed over New Mexico 
give the total rainfall for each day and, of these, about 70 stations give hourly 
reports of rain. For the tests that Project Cirrus made in July 1949, the Weather 
Bureau also installed 24 additional recording rain gauges within the range 
of about 40 miles of Albuquerque. Several months have been spent in making 
a careful analysis of these rainfall data and even extending them into the 
states of Arizona, Colorado, Kansas, Oklahoma, and Texas. 

The Weather Bureau observer with Project Cirrus in New Mexico stated 
that he considered it possible or even probable that seeding operations carried 
on there could have increased the naturally occurring rain by 5 per cent, but 
certainly not more than 10 per cent. If this were true, it would be possible 
to conclude that seeding operations had economic value only if experiments 
are carried on many hundreds of days, and a statistical analysis were made 
of the rainfall data for all of these operations. The data actually show, however, 
that the rainfall on both October 14, 1948, and July 21, 1949, was exceptionally 
high and could not possibly have been accounted for as the result of naturally 
occurring rain. 

The map of the state of New Mexico, which represents about 120,000 
square miles, was divided into eight octants or 45° sectors radiating out from 
Albuquerque. Then concentric circles having radii of 30, 75, 125, and 175 
miles were drawn on the map. This divided the whole state into 27 regions 
whose average distances and directions from Albuquerque were known. By 
entering on the map for each of these regions the average rainfall for October 
14, 1948, and July 21, 1949, a comparison could be made of the distribution 
of the rain on those two days. An objective way of evaluating the similarity 
between such two distributions is to employ the statistical device known as 
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the correlation coefficient, which was found in this case to be + 0.78. The 
chance that such a high value would occur among these figures if one set of 
them were shuffled giving a random distribution is only 1 in 10’ or 1 in 10 
million. Such close agreement in the distribution on two days could thus 
hardly be the result of chance. We believe that the close similarity in distri- 
bution is dependent not only on the rather uniform synoptic situations over 
the states that prevailed on these days but also on the fact that on both days 
the probability of rainfall depended on the nuclei that spread radially out 
from Albuquerque, the concentration decreasing as the distance from Albu- 
querque increased. 

The next step was to analyze the characteristics of this distribution that 
are so similar on these two days. On each day nearly all of the rain occurred 
within four of the eight octants. Each sector was divided into 4 to 6 parts, 
arranged radially so that each would contain equal numbers of observing 
stations (about 8 per region). The average rainfall rose rapidly to a maximum 
in intensity about 30 miles from the point of seeding and in each of the 4 
sectors it decreased regularly as the distance from the source of the silver 
iodide smoke increased. In fact, this decrease followed quite accurately equations 
(2) and (3), indicating that the rainfall depended on the concentration of 
nuclei, and this, in turn, varied inversely in proportion to the distance from 
the source. This analysis made it possible to separate the effects of the artificial 
silver iodide nuclei from that of the background of sublimation nuclei already 
present in the atmosphere. The results showed that C,=0, so that there was 
no appreciable background on either of these two days. We must conclude 
that nearly all of the rainfall that occurred on October 14, 1948, and July 
21, 1949, was the result of seeding. 

The agreement between the intensity of the average rainfall in separate 
regions and the theoretical equations was so good in each of the four sectors 
on October 14 and July 21 that the probability factors for each sector ranged 
from 10? to 10°, showing that the observed agreement was not accidental. 
Taking all the octants together, the probability factor rose to about 10° 
to 1. 

Time of starting of the rain and its variation with the distance from the 
generator. For each of the eight octants that showed appreciable rainfall, the 
rain started progressively later as the distance from the source of the silver 
iodide increased. The advancing edge of the rain area thus moved from Albu- 
querque on July 21 at a velocity of about 15 miles an hour and on October 
25 at a speed of about 25 miles an hour. These velocities agree well with the 
wind velocities observed at various altitudes. 

The method of the correlation coefficient can be applied to the relation 
of the time of the start of the rain to the distance from Albuquerque. This 
indicates that there is another probability factor, which is of the order of 
108 to 1. 
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Taking these results all together, it seems to me that they prove conclu- 
sively that silver iodide seeding produced practically all of the rain in the 
state of New Mexico on these two days. The results for the other days of 
the experiments, although somewhat more complicated, due to the overlapping 
of the effect of seeding on successive days, are almost as striking, and the 
probability factors are very high. 

Dr. Vonnegut has measured the number of effective sublimation nuclei 
produced by the type of silver iodide smoke generator used in our New Mexico 
experiments for each gram of silver iodide used. On July 21, 1949, the 300 
grams of silver iodide generated yielded 3x 10** nuclei. The analysis of the 
rainfall data shows that a concentration of 1 milligram of silver iodide per 
cubic mile of air is enough, under the synoptic conditions that prevailed in 
New Mexico, to give a 1-in-3 chance that heavy rain will occur during any 
one day at any place. Assuming the atmosphere to be 5 miles thick, one thus 
finds that to get a 30 per cent chance of rain per day within a given area 
in New Mexico, the cost of the silver iodide is only $1.00 for 4000 square 
miles. 

If similar conditions prevailed over the whole United States, the cost per 
day to double the rainfall would be only of the order of a couple of hundred 
dollars. This verified an estimate that I made in November 1947 in an address 
before the National Academy of Sciences that “a few pounds of silver iodide 
would be enough to nucleate all the air of the United States at one time, so 
that it would contain one particle per cubic inch, which is far more than the 
number of ice nuclei which occur normally under natural conditions.” Such 
a distribution of silver iodide nuclei “in the atmosphere might perhaps have 
a profound effect upon the climate.” 

It is interesting to note that 30 milligrams (1/1000 ounce) of silver iodide 
(cost 0.2 cents), when distributed in 30 cubic miles of air, liberate as much 
heat when it enters into the bases of large supercooled cumulus clouds 6 miles 
in diameter as the explosion of an atomic bomb. This is the heat freed when 
the supercooled cloud changes to ice crystals. 

I have been developing a new theory of the rate of growth of snow crystals 
in supercooled clouds containing known numbers of sublimation nuclei. It 
turns out that the initial growth occurs in accord with a diffusion theory 
proposed many years ago. But when the snow crystals grow to a size of a few 
tenths of a millimeter, and especially when the air is turbulent, the crystals 
grow 10 to 50 times faster than the rate given by the older theory. This 
is in accord with observations of the extraordinary speed with which some 
cumulus clouds turn into active thunderstorms, such as the cloud of July 
21, 1949, and another cloud on October 14, 1948. And the concentration of 
1 milligram per cubic mile, which was found to be so effective in producing 
showers, is just the concentration that is needed to convert all supercooled. 
water droplets into ice crystals within about 4 minutes. 
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From the probability theory of the growth of showers from artificial nuclea- 
tion, one obtains the result that the total amount of rain produced by operating 
a ground generator increases in proportion to the square of the amount of silver 
iodide used. Thus, with 3 times as much iodide one would get 9 times the 
rainfall. The intensities of the showers would be no greater, but they would 
extend over a greater area. 

An analysis of the July 1949 rainfall in New Mexico, Arizona, Colorado, 
Oklahoma, Kansas, and Texas gives evidence that a band of heavy rain pro- 
gressed in an easterly direction during the period of July 20 to July 23 from 
southern Colorado across the southern half of Kansas, where it gave 3 to 5 
inches of rainfall in many places. It may have been dependent on the silver 
iodide nuclei generated near Albuquerque between July 18 and 21 and in 
central Arizona between July 19 and 21. Furthermore, the heavy rains that 
spread throughout New Mexico from July 9 to 13, before the start of Project 
Cirrus seeding experiments, appear to have depended on silver iodide seeding 
in Arizona on July 5 and 6. 

It is very important that regular tests be carried out on certain selected 
days of each week throughout the year, using amounts of seeding agents just 
sufficient to obtain conclusive statistical data as to their effectiveness in 
producing widespread rain. It is to be expected that the results will vary 
greatly in different parts of the country because of the changes in synoptic 
situations. 

I believe the time is now ripe for beginning an intensive study of tropical 
hurricanes. It is highly probable that by using silver iodide generators at sea 
level in the regions where large clouds first begin to grow into incipient 
hurricanes, the hurricanes can be modified and even prevented from reaching 
land. 
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A SEVEN-DAY PERIODICITY IN WEATHER IN UNITED 
STATES DURING APRIL, 1950 


Bulletin of the American Meteorological Society 
Vol. XXXI, No. 10, 386, December (1950). 


StarTinG in December, 1949 a silver iodide ground-based generator has been 
operated in New Mexico by Project Cirrus on a schedule ‘so planned as to 
introduce a 7-day periodicity. If it is found by analysis of weather data, using 
this periodicity in much the same way as a radioactive tracer element is used, 
that significant effects can be detected at considerable distances, then a major 
step has been made in the understanding of weather phenomena. Since the 
start of these seedings, the rainfall over a large part of the United States has, 
in fact, showed a 7-day periodicity. The evidence for this was presented in 
the form of 17 lantern slides at the October 12 meeting of the National Acad- 
emy of Sciences. Haurwitz, Emmons, Wadsworth, and Willett in their letter 
to President Yates in the November Bulletin (p. 346) expressed their ‘‘con- 
sidered opinion” that such evidence is invalid ‘‘if interpreted by any accept- 
able scientific standards.” 

A 7-day periodicity in rainfall must involve similar periodicities, with 
appropriate phases, in all the weather elements. Analysis has shown that pres- 
sures, humidities, cloudiness, and temperatures over much of the United 
States have shown such periodicity. The following table gives one example 
of 7-day periodicity which meteorologists should try to explain and test by 
examining data from previous years for equally significant weekly periodicities. 
The averages of the seven items in each of the four rows is given in Column R, 
and C represents the averages of the four items in each of the columns. 

The regression equation expressing the 7-day periodic component of the 
temperature was found to be 


Tox: = 0.94-+8.00 cos (6— ¢), (1) 


where @ is the variable phase angle in terms of 360° for 7 days starting from 
the origin at 6 = 0 on Sunday. The maximum temperature is at ¢ = 356° 
or 6.91 days. The lowest line of the table gives T,,, given by Eq. (1). 

The accuracy with which T.,, fits the 28 observed temperatures is given 
by the correlation coefficient CC(28) = 0.782. A comparison between T7,,, 
and the column averages C gives CC(7) = 0.9832. 
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An analysis of these data by the Fisher F-test gives: 





Variate | gs 





fo |v |r| iv 
Total (T) 1463 | 27 54.2 | — = 
Rows (R) 240 3 80. 5.4 17 
7-day period (7) 896 2 | 448. | 30.1 | 2x108 
Residue (E) 327 | 22 14.89 | (1.0)|  — 








The entires in the column SS represent the ‘‘sums of squares” for the 
total 28 days, for the four rows, for the seven columns, and for the residual 
errors or hidden sources of variance. The degrees of freedom for each of these 
variates are in the column marked ¢. The variance V is obtained by dividing 
SS by ¢. The component SS(R) = 240 for the rows contains the secular 
trend in temperature and part of any monthly and bi-weekly periodicities 
that may be present. The 7-day periodicity that we are looking for is given 
by SS(7) = 896 obtained by multiplying SS(T) by the square of CC(28). 


Daily Temperatures (10 p.m. E.S.T.) in Degrees Centigrade at 850-mb Level 
over Chicago During 28-day Period (VI) April 2 to April 29, 1950 











Sun. | Mon. | Tues. | Wed. | Thurs. | Fri. | Sat. | R 

+ 6.3 +32! -112 | —72| -28 $5.2 +18 | -0.7 

+ 0.6 +92} +42) -142} -92 | -75 | +42] -30 

+ 8.0 +72} +18 | —48] -40 | +02 | +128 | +30 

$14.2 +10.2 | + 48 | ~15 | -65 | 418 | +78 | +44 
C=+73 +74| —22) —69| -56 | -o1 | +67 | +0.94 
Tea + 8.9 +54 | —14| —65| -60 | -02 | + 64 





The ratio of the periodic variance V(7) = 448 to V(E) = 14.89 is F = 30.1 
which is a value far outside of the range given in tables of F. However, for 
this case, ¢, = 2, the complicated equations for calculating the probability 
A takes the form of the simple but exact equation 

1/A = (1+F/n)" (2) 
where n is = ¢,/,. Thus the odds against a 7-day periodicity as great as that 
indicated in the table being the result of chance from a population character- 
ized by the variance V(E) are 2,000,000 to 1, ie., 1/A = (1+30.1/11)". The F 
value corresponding to the rows, F(R) = 5.4 gives 1/A=17 for ¢,=3 
and ¢, = 22. 

The value of SS(C) corresponding to the seven columns amounts to 926 
with @ = 6, while for the two degrees of freedom of the 7-day variance, we 
have SS(7) = 896 which leaves only 30 for the remaining four degrees of 
freedom or a residual variance of 7.5. Thus, within the columns the F-ratio 
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for the 7-day periodicity is 60 which corresponds to 1/A = 961. This proves 
that the 7-day period is very significant but its harmonics of 1/, and 1/, week 
are negligible. 

During this same 28 day period in April, 1950, Lt. W. E. Hubert has found 
that the periodic correlation coefficients for temepratures at the 850-mb level 
in excess of CC(28) = 0.5 occurred at Omaha, 0.75; Columbia, Mo., 0.73; 
Oklahoma City, 0.68; Buffalo, 0.67; St. Cloud, Minn., 0.65; Nashville, Tenn., 
0.57; Washington, D.C., 0.52; and Charleston, S.C., 0.50, representative 
of an area of 1,300,000 square miles. The average F for these nine stations 
was 16.5 and the average 1/A was 10‘. Similar calculations for these stations 
during a 28 day period from April 3 to April 30, 1949 gave averages F = 1.2 
and 1/A = 2.7 as compared to 1/A = 2 for pure chance. 

The steps for evaluating results of periodic seedings should be: 

1. Do the selected weather elements show a significant 7-day periodicity 
measured by F and 1/A? 

2. Determine the corresponding values of F and 1/A for similar periods 
and stations for previous years. 

3. By comparing the results of 1 and 2, are the F-ratios in 1950 so large 
compared to prior years that it is no longer permissible to brush aside dis- 
cussion by mere assertions that it cannot be proved that the weather would 
not have occurred anyway from natural causes? 

4. After the statistical proof of the significance of the 7-day periodicities, 
then and only then is it profitable to discuss the mechanism underlying the 
periodicities. Perhaps by that time the hypothesis that silver iodide has some- 
thing to do with it may be seriously entertained even by reputable meteo- 
rologists. 
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CLOUD SEEDING BY MEANS OF DRY ICE, SILVER 
IODIDE, AND SODIUM CHLORIDE”® 


Transactions of the New York Academy of Sciences 
Vol. XIV, No. 1, 40, November (1951). 


THE circulation of the atmosphere is primarily due to the non-uniform 
solar heating of the earth and the radiation from the upper part of the at- 
mosphere. When clouds form, heat is liberated by the condensation of the 
moisture. Most clouds soon evaporate so that the heat from condensation 
is balanced by the cooling by evaporation. 

Any rain that falls to the ground leaves a net excess of heat in the atmos- 
phere at cloud level. This heat may be of great magnitude. For example, }” 
of rain liberates in the atmosphere as much heat as that received from sunlight 
in temperate latitudes during a single day. Thus if it is possible, by seeding 
clouds, to produce rain over large areas where it would not occur of its own 
accord, the heat generated should have a marked effect on the circulation 
of the atmosphere over areas even greater than that over which the rain fell. 

It has long been an important meteorological problem to determine the 
mechanism by which the small droplets originally produced in clouds gather 
into the large drops needed for rain formation. About 1932, Bergeron proposed 
a theory which could account for more rapid growth of cloud droplets. When 
clouds rise so high that the temperature falls below freezing, the water droplets, 
instead of freezing, normally become supercooled, unless sublimation or freez- 
ing nuclei are present which initiate the phase change from water to ice. If 
such particles are absent, or present in only small numbers, a cloud may remain 
supercooled, even down to —39°C. 

When nuclei are present, the difference of vapor pressure between ice 
and supercooled water causes the ice crystals to grow and the droplets to 
evaporate. With relatively few nuclei, the snow crystals grow to relatively large 
size in a few minutes, and by coalescing, and, at lower altitudes, by gathering 
cloud droplets and finally melting, they may lead to heavy rain, where, without 
nuclei, there would have been none. Findeisen’s observations supporting Ber- 
geron’s theories indicated that if freezing nuclei or sublimation nuclei could 


* This paper was presented as one of two papers in the Symposium on Cloud Seeding 
held by the Section on October 23, 1951. 
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be introduced into clouds, it might be possible to control rainfall. He did not 
indicate, however, how such nuclei could be obtained. 

In July, 1946, Vincent J. Schaefer found that even minute portions of 
a supercooled cloud give enormous concentrations (10% per cm’) of nuclei 
if they are only momentarily cooled to —39°C. 

Dr. Schaefer, by breathing into a cold box containing air at a temperature 
of —20°C, produced a cloud of supercooled droplets. When a minute particle 
of dry ice, weighing only a few micrograms, is allowed to fall in this cloud, 
it leaves a track of growing ice crystals which, within a few seconds, become 
glistening snow crystals. 

Calculations made in 1946 suggested that the critical temperature of spon- 
taneous nucleation in air, supersaturated with respect to ice, is the result of 
surface tension that causes the initial nuclei to have internal pressures above 
2000 atmospheres so that the first ice that forms is a single unit cell (8 mole- 
cules) of the high pressure form of ice (Ice II). When this particle grows to 
a size of two unit cells, the internal pressure falls sufficiently so that it changes 
into ordinary ice (Ice I). Because the original nuclei must always be of a definite 
size, there is a loss of a degree of freedom in the normal relation that governs 
the formation of liquid particles from a vapor phase, according to which the 
temperature of spontaneous formation should depend enormously on the 
vapor pressure. ; 

In November, 1946, Schaefer, by dropping about three pounds of crushed 
dry ice per mile of flight into a lenticular supercooled cloud at an altitude 
of 14,000 feet, made the cloud change completely into ice crystals. 

Also in 1946, Dr. B. Vonnegut discovered that fine particles of silver iodide 
produced by sublimation of silver iodide give nuclei on which supersaturated 
moisture can condense to form ice crystals at temperatures from —5°C to — 10°C. 

When a pop gun is made to explode in a supercooled cloud, he found that 
enormous numbers of ice crystals are formed, provided the initial pressure 
in the gun exceeds that needed to give an adiabatic cooling to —39°C. 

Schaefer has recently modified the experiment by using, instead of a pop 
gun, a small glass bulb containing air saturated with ice, this bulb being con- 
nected through a capillary tube to a source of air at a known pressure. If the 
bulb is broken by a blow, the sudden expansion of the air within a few micro- 
seconds causes the air to be cooled to the critical temperature. A count of 
the ice crystals produced in the cold box showed that there were 10 nuclei 
per cm? in the little bulb when this was at —20°C. Thus 10° effective nuclei 
were produced per gram of water vapor in the expanding air. 


Experiments With the Seeding of Clouds by Dry Ice 


A series of lantern slides illustrated the modifications in supercooled stratus 
clouds produced by dropping dry ice from a plane along a line at the rate 
of about one pound per mile of flight. Within a few seconds, a visible track 
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is produced in the top of the cloud, which grows in width so that it frequently 
becomes three miles wide in 45 minutes. Within this lane, all the supercooled 
water is changed to ice crystals which proceed to fall. A cloud 1000 meters 
thick, even containing one gram per cubic meter of air, would give a pre- 
cipitation of only about one millimeter, even if none of the moisture evapo- 
rated in falling from the cloud to the ground. These experiments prove con- 
clusively, however, that enormous numbers of snowflakes can be produced 
by very small amounts of dry ice. 

During the following summer, in 1947, and in subsequent years, a large 
number of experiments were made by dropping dry ice on large growing 
cumulus clouds. In practically all cases, profound modifications in the clouds 
were observed. Sometimes the clouds dissipate, but frequently in growing 
clouds heavy rain begins to fall within 15 to 20 minutes after seeding. Some 
of these rains have persisted for hours and have given several inches of rainfall. 
A large number of observations by radar have indicated that rain began at 
the place of seeding within a few minutes. It is, however, only rarely that 
one finds clouds suitable for the production of heavy rain by this method 
in a specific area where rain is desired. 

Experiments in Honduras indicated that single pellets of dry ice shot by 
a gun from an airplane are sufficient to produce heavy precipitation from 
some growing cumulus clouds. Much depends on where the dry ice is intro- 
duced into the cloud. The best position is a point just above the freezing level 
so that the heat generated by the formation of the ice crystals sets up increased 
convective activity in the cloud. On the other hand, if ice crystals are produced 
near the top of the cloud, this part tends to float away, causing the dissipation 
of the cloud. 


Widespread Effects of Silver Iodide Seedings 


On October 14, 1948, burning charcoal impregnated with silver iodide 
was dropped from a Project Cirrus plane near Albuquerque, and an hour 
later three lots of approximately 25 pounds of dry ice were dropped on sepa- 
rate large growing cumulus clouds. These clouds developed into two large 
thunderstorms, and, during the next 18 hours, other storms developed from 
them, giving 590,000 acre feet of rain with a rainfall of more than 0.1’ (aver- 
age 0.25’’) over an area of 40,000 square miles, distributed about the point 
of seeding in accord with the known wind directions and velocities. 

On July 21, 1949, a silver iodide ground generator was operated in New 
Mexico for a total of 13 hours, putting out 300 grams of silver iodide. Within 
18 hours, 1,300,000 acre feet of rain fell with a rainfall of more than 0.1” (aver- 
age 0.32”) over an area of 68,000 square miles, distributed in space and time 
in accord with known wind velocities. An analysis of these two experiments 
was given in Project Cirrus Occasional Report No. 21, April 15, 1950, and 
a partial analysis in Science 111, 35 (1950). 
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Since there were similar weather conditions on these two days, the second 
experiment may be considered a repetition of the first. Ferguson Hall, Science 
113, 189 (1951), and four members of the Landsberg Committee, G. Emmons, 
B. Haurwitz, G. P. Wadsworth, and H.C. Willett, Science 113, 191 (1951), 
have discussed these Project Cirrus Reports and have concluded that that is 
no trustworthy evidence that the heavy rains of these days resulted from silver 
iodide seeding. 

Much of the evidence that silver iodide did induce precipitation on these 
two days has been evaluated but not published. Instead of publishing the 
details which might provide adequate documentation, it seemed better to 
repeat these experiments. Early in December, 1949, a schedule of regular 
weekly periodic seedings using about 1000 grams of silver iodide per week 
was started in New Mexico, and this has continued with a few modifications 
until two or three months ago. 

Almost immediately, that is, during December, 1949 and January, 1950, 
it was noted that the rainfall in the Ohio River Basin began to show a definite 
weekly periodicity. A convenient way of measuring the degree of periodicity 
was to calculate the correlation coefficient CC between the rainfall on the 
successive days during a 28-day period, with the sine or the cosine of the time 
expressed as fractions of a week, the phase being taken to be 0 on Sundays. 

Just before the start of the periodic seedings, the correlation coefficient 
CC(7) based on the seven average values for the successive days of the week 
of the 28-day period amounted to only 0.23, but in the next 28-day period, 
the value of CC(7) rose to 0.91. 

Table I gives the average rainfall in inches per station day during 140 days 
at 20 stations designated as Group A in the Ohio Valley Basin, representative 
of an area of about 600,000 square miles. The successive rows correspond 
to five successive 28-day periods. It will be noted that the average rainfall 
on Monday was 0.272’, whereas on Saturday it was only 0.064”, a ratio of 
4.3:1. The next to the last column gives CC(28), the periodic correlation 


Tasie I 


Rainfall (Inches per Station day) for Group A Stations for a 140-day Period 
from December 8, 1949 to April 29, 1950 


Period | Ave. | Sun. | Mon. | Tue. | Wed. | Thur. Fri. | Sat. |cc(28), 





os Days 








II 0.231 | 0.296 | 0.337 | 0.326 | 0.318 | 0.146 | 0.119 | 0076 0.40 1.22 
Ill 0.210 | 0.192 | 0.257 | 0.319 | 0.190 | 0.307 | 0.181 | 0.022 0.48 2,40 
IV 0.134 | 0.089 | 0.189 | 0.290 | 0.203 | 0.116 | 0.017 | 0.038 0.56 2.43 

Vv 0.119 | 0.206 | 0.294 | 0.032 | 0.057 | 0.049 | 0.064 | 0.126 0.26 0.11 
VI 0.104 | 0.143 | 0.280 | 0.142 | 0.034 | 0.007 | 0.037 | 0.057 0.53 1.00 














Ave. | 0.160 | 0.185 0.272 | 0.224 0.158 0.125 | 0.084 0.064 
CC(35)og= 0.689! SF = 1700:1 $= 1.60 days | 
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coefficients for each 28-day period, and the last column gives the phases in 
the successive periods. Taking the 35 separate values for the 4-week averages 
given in the table, one gets CC(35) = 0.689 with a phase of 1.60 days. This 
result is statistically highly significant. 

These periodicities in rainfall were evident at almost any set of stations 
in the northeastern part of the United States. Table II gives the rainfall on 
successive Tuesdays and Saturdays during a 12-week period during the winter 
of 1949-1950 at Buffalo, Wilkes-Barre, and Philadelphia. This periodicity 
is almost the same as that found in the Ohio River Basin but with a one-day 
phase lag. The striking contrast between the total rains on Tuesdays and 
Saturdays runs parallel to the total number of days on which rains of 0.1” or | 
more occurred on Tuesdays and on Saturdays. 


Tape II 


Comparison of Rains on Tuesday and on Saturday for 12-week Period—December 13, 
1949 to March 4, 1950 
Periods II, III, IV. These data are Typical of Conditions over about 1,000,000 sq. miles 












































Buffalo Wilkes Barre Philadelphia 
Tuesday a 
Tues, | Sat. Tues. Sat. Tues. Sat. 
| 
Dec. 13 Ol | - 0.75 - 0.38 _ 
20 0.48 0.09 — = = = 
27 0.06 0.01 0.02 - 0.29 —_ 
Jan. 3 0.60 0.08 0.14 — 0.09 0.04 
10 0.67 _ 0.47 —_ 0.11 0.05 
17 [— 0.01 —_ 0.01 0.06 0.02 
24 0.42 - 0.14 0.04 0.01 0.08 
31 0.35 — 0.32 _ 0.65 — 
Feb. 7 as a _ _ _ -_ 
14 1.22 0.13 0.20 - 0.64 — 
21 0.21 | _ 0.06 — _ - 
28 0.26 _ = — 0.04 _ 
Total 438 | 0.32 | 2.10 0.05 2.27 0.19 
Ratio j 13.6 42.0 | 12.0 
Number of rains 0.10 9:1 6:0 ! 5:0 
or more | 
Sig. factor 1200 90 | 70 








Maps have been prepared giving for 24 successive 28-day periods the dis- 
tribution of correlation coefficients, CC(28), among 17 sub-divisions of the 
United States, these data being based on daily weather reports of 24-hour 
rainfall at 160 stations. During the first five 28-day periods, there were always 
several adjacent sub-divisions that showed high weekly periodicities in rainfall. 
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After May, 1950, however, the periodicities became somewhat sporadic, al- 
though highly significant periodicities over large areas still occurred during 
more than half of the periods after July, 1950. Presumably the large amount 
of commercial silver iodide seeding in the western states (not done with a weekly 
periodicity) masks the effects of the periodic seedings in New Mexico. By 
a map, the areas were shown in which known seeding operations have been 
carried on in 1951. In 15 states west of the 95°W meridian (excluding Texas) 
about 550,000 square miles or 37 per cent of the total area of these states were 
under seeding contracts during 1951. 

Maps for the months from December, 1949, through July, 1950, taken 
from the Monthly Weather Review illustrated the distribution of abnormally 
large rainfalls over the United States. The heavy rains nearly always occurred 
in a band extending from the southwestern to the northeastern states. 

An analysis of the periodicity in the rainfall induced by periodic seeding 
was presented in a paper read October 12, 1950 before the National Academy 
of Sciences. The areas having a high weekly periodicity were generally the 
same as those showing the highest abnormalities in rainfall. Such heavy rains 
can only occur if the winds and the barometric pressures cause an adequate 
supply of moisture to flow from the Gulf of Mexico. The periodicities in 
the pressure differences between Corpus Christi and Jacksonville were studied. 
During the first 140 days after seeding began, there was a highly significant 
weekly periodicity indicating a periodic air flow from the Gulf. 

The upper air temperatures, even up to the stratosphere, showed a high 
weekly periodicity over more than half of the United States. Nine stations 
representative of an area of 1,300,000 square miles gave 850 mb temperatures 
having CC(28) greater than 0.5. These data were published, in detail for Chicago 
and in summary for eight other stations, in the December issue of ‘“The Bul- 
letin of the American Meteorological Society,” and a statistical analysis was 
given which proved that these periodicities were highly significant. Mr. William 
Lewis and Mr. E. Wahl, Bull. Amer. Met. Soc. 32, 192-3 (1951), and Mr. Harry 
Wexler, Chem. Eng. News: 29, 3933 (1951), maintained, however, that these 
data on the periodicities in temperature were not truly significant and similar 
weekly periodicities have frequently occurred in the past. 

The degree of periodicity in upper air temperatures observed in 1950 during 
April, July, and November show a statistical significance of a much higher 
order of magnitude than those referred to by Lewis, Wahl, and Wexler. To 
illustrate this, an analysis has been made of the temperatures at the 700 mb 
level at nine stations in the United States at the intersections of the 80, 90, 
and 100°W meridians with the 35, 40, and 45°N parallels. 

The values of CC(28) at these 9 points of intersection ranged from 0.50 
to 0.85. The area represented is 1.5 million square miles. 

Recently, we have extended this grid of regularly spaced stations to include 
the intersections of the 45°N parallel with the 70°W and 110°W meridian, 
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these points giving CC values of 0.66 and 0.65 respectively. The 30°N, 80°W 
intersection just off Jacksonville, Florida also gave a correlation of 0.65. We 
thus have an area of two million square miles or % of the area of the United 
States in which CC(28) exceeds 0.50 with a mean value of CC(28) = 0.67. 

We have also examined these periodicities at corresponding points for 
preceding and for following periods. The 28-day period in May showed low 
correlations. On the other hand, the two preceding periods gave highly signifi- 
cant values. Apparently, the high periodicity in the upper air temperatures 
started about January 25, 1950 and continued on until about May 1, 1950, 
covering an average area of about half of the United States. 


Tasie III 
Periodic Component of Variance, April 1950 and 1949 











| 100w | 90W 80W | Ave. 
{_— Bi mes 
45N | 63.6 | 71.6 47.1 | 60.7 
31 | 18 41 3.0 
40N 70.4 | 82.2 49.2 | 67.3 
0.6 | 0.8 60 | 25 
35N 29.7 | 18.3 27.7 | 25.3 
| 74 14 06 | 3.4 
i ! 
Ave. 55.6 | 57.4 41.3 51.1 
| 3.7 i 13 | 36 2. 
Taste 1V 


Residual Component of Variance, April 1950 and 1949 








| 1007 sw | sow Ave. 
_ 

4sn | 59.5 37.4 | 48.1 49.2 
. 66.2 | 87.9 | 55.0 | 69.7 

40N 37.6 | 33.0 67.9 46.1 
70.2 | 51.7 60.5 60.8 

35N 26.1 | 56.6 53.5 45.4 
| 48.2 | 21.1 30.5 | 33.3 

Ave. 42.0 ' 423 | 565 46.9 
61.5 | 53.5 | 48.6 54.5 








For the nine points of intersection during a 28-day period in April, 1950, 
the total variance of the temperature was determined by taking the total sums 
of the squares of the deviations of these temperatures from their mean and 
dividing by 27, the number of degrees of freedom. The data obtained in this 
way are called the ‘‘total variance”. By multiplying these values for each of 
the nine stations by the corresponding square of the correlation coefficient, 
CC(28), one obtains the ‘‘periodic component of the variance.” 
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Exactly similar calculations were made for a 28-day period in April, 1949 
when there was no periodic seeding. The results are given in Table III. At each 
point, the upper figure is the ‘‘periodic component of variance” for the April, 
1950 period, and the lower figure is the corresponding value for April, 1949. 
The average values for all these nine points show that the ‘‘periodic variance” 
in 1950 was 18 times as great as in 1949. 

Table IV gives the corresponding values of the ‘‘residual component of 
variance” obtained by subtracting the ‘‘periodic variance” from the ‘‘total 
variance”. These data then indicate how all the other kinds of periodicities, 
beside the seven-day periodicity, compared with one another in the two years. 
It will be seen that there is only about a 10 per cent difference between the 
average variance of this type for 1950 and 1949. 

It seems, therefore, that the temperature fluctuations in 1950 essentially 
differed from those in 1949 only in the superimposition of an extremely high 
seven-day periodicity. 

Quite similar results have been obtained by detailed studies of the upper 
air temperatures in July, 1950 and November, 1950. 


Seeding with Sodium Chloride 

Observations in Puerto Rico in 1949 and in the Hawaiian Islands in 1951 
have shown that the rainfall depends on relatively large particles of sea salt 
in the air, in accord with the publications of A. H. Woodcock and Mary Gifford. 
Calculations of the rate of growth of salt particles indicate that it should fre- 
quently be possible to induce heavy rainfall by introducing salt into the trade 
wind at the rate of about one ton per hour in the form of fine dust particles 
of about 25 microns in diameter. The heat generated by the condensation 
may liberate so much heat as to produce profound changes in the air flow 
and the synoptic conditions in neighboring areas. 


Google 


PART 2 


SMOKE FILTERS—CLOUD DROPLETS 
(UNPUBLISHED) 


Google 


SUPER-COOLED WATER DROPLETS IN RISING CUR- 
RENTS OF COLD SATURATED AIR 


Report No. RL-223, October (1943)-August (1944). 


Part I 


In our studies of the charging of surfaces exposed to snow carried by high 
winds on Mt. Washington we have encountered the difficulty that the surface 
almost always becomes covered by rime. Thus we cannot observe specific 
effects resulting from the impacts of snow particles against different types 
of surfaces since the surface studied is always that of the rime. 

Reports of airplane pilots indicate that riming conditions do not ordinarily 
occur during snowstorms at temperatures below —10°C. The worst precipita- 
tion static is usually observed with dry snow at low temperatures. 

The rime has been observed to form on Mt. Washington even at a tempera- 
ture of —43°C. In fact it nearly always forms during all snowstorms and all 
cases where fog coveres the mountain top no matter how low the temperature 
may be. The studies of riming on Mt. Washington which will be described 
in this report have invariably shown that the formation of rime during high 
wind is due to the presence of super-cooled water droplets, even at tempera- 
tures far below 0°F. 

On December 10, 1943 I received from the Aircraft Radio Laboratory 
a report entitled “Forecasting Principles, Precipitation Static” by E. J. Minser, 
of TWA. In this report it is particularly emphasized that the intensity of pre- 
cipitation static is directly related to the dryness of the air and of the precipita- 
tion particles. It is said static is seldom observed in wet clouds or wet snow 
regardless of particle size, whereas dry snow and clouds composed of ice crystal 
produce excessive static. On page 2 it is stated that direct condensation of water 
vapor to form liquid water droplets can occur in rising air at alltemperatures above 
freezing and to temperatures as low as —10°C. On Mt. Washington there is 
a direct condensation of water vapor to liquid water in all clouds even at —40°C. 

There is thus strong reason to believe that the conditions on Mt. Washington 
differ in marked degree from those observed in airplane flights through clouds 
and snow. It is one of the objects of this report to analyze the causes of this 
difference. In Minser’s report, on page 4, it is said that in cloud masses com- 
posed of ice crystals and water droplets ‘‘it is evident that the abundant liquid 
water particles will encourage the dissipation of any charge on the airplane 
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and unless strong cross fields are present static will be weak or non-existent.” 
It is stated that in a cloud of mixed snow particles and water droplets, water 
droplets slowly evaporate giving moisture which condenses on the snow par- 
ticles. ‘‘During this drying out process the conductivity of the cloud decreases.” 
There does not seem to be any justification for the implication that the conduc- 
tivity of a cloud is increased by the presence of water droplets. Since the water 
droplets do not touch one another it is hard to see how their presence would 
cause any conduction through the cloud. Furthermore, when the temperatures 
are well below freezing the water droplets in the cloud, if they strike the plane, 
will freeze and form ice or rime, and therefore there seems to be no necessary 
reason why the charging rate would be decreased by the presence of super- 
cooled droplets. On Mt. Washington, certainly, large charging currents are 
observed during riming conditions either with or without accompanying snow. 

Assuming that it is a fact, as the Minser report states, that precipitation 
static is very much less in clouds containing water droplets the interpretation 
should be, I think, that the presence of rime, which must be continually form- 
ing at the leading edge of the wing, changes the surface conditions so that 
less charging occurs; or that in a cloud in which water droplets exist the snow 
flakes of a different type than those which occur in typical clouds of dry snow. 
Mr. Schaefer’s observations show in general that dry snow falling in cold 
weather consists of flakes of a quite different character from those that occur 
in snow storms in which water droplets are presumably present. In the clouds 
which contain water droplets at temperatures below —5°C the air must be 
highly super-saturated with respect to the snow so that relatively rapid de- 
position of ice would occur on any snow particles present. This rapid depo- 
sition probably gives a very different type of surface from that of snow crystals 
that grow very slowly at low temperatures during cirrus conditions. ~ 


Riming Data on Mt. Washington 


Mr. Victor F. Clark, in charge of the Mt. Washington Observatory, for 
the past couple of years has been carrying on a program of Rime Research. 
He has kindly sent me complete original records of the riming data collected 
during the typical period from March 3 to 14, 1943. These represent measu- 
rements taken every three hours during all periods during which rime was 
forming, a total of 44 sets of observations. He has also sent me a less complete 
summary of the riming data from January 29, 1943 to May 22, 1943. The 
data of the 44 sets of observations are given in Table I. 

The deposition of rime was observed on three collectors which we will 
call A, B and C. 

A is a cylindrical rod about 12 cm long and 0.183 cm diameter mounted 
on and directly above a 3-cup anemometer. Because of the rotation of this 
collector the surface for the rime remains cylindrical. At the end of a 30 mi- 
nute period of collection (with very high riming races this period was cut 
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to 15 minutes) the diameter of the rime deposit was measured and the weight 
of the rime on a 10 cm length of the rod was determined. This made it pos- 
sible to determine the density of the rime. 

B is a stationary cylinder with vertical axis having a length about 12 cm 
and a diameter of 0.477 cm. The rime deposits on this collector only on the 
side facing the wind. At each observation period the maximum thickness 
of the deposit was measured and also the total weight of the deposit on a 10 cm 
length of the collector. In many cases a sketch was made of the cross-section 
showing the distribution of rime. 

C was a stationary cylinder with vertical axis having a length of 12 cm and 
a diameter of 10.6 cm. The thickness and the weight of the deposit was measured 
as in the case of B and a sketch was made of its distribution over the surface. 
Very often no deposit was observed on C although large amounts were observed 
on A and B. In other cases on C there was a strip of rime on the windward 
side which had a width very much less than the diameter of the cylinder. 

According to a theory which was proposed by Albrecht? no deposition of 
spherical droplets carried by wind can occur on a cylindrical surface unless 
rv/R exceeds a critical value which depends on the viscosity of the air and 
the density of the particles. Here r is the radius of the droplets, v the velocity 
of the wind perpendicular to the axis of the cylinder and R is the radius of 
the cylinder. When this critical value is reached deposition first begins along 
a narrow line on the windward side of the cylinder. When the velocities or 
particle sizes are increased the width of the deposit increases and also the 
rate of increase of thickness. When the velocity is increased about 100-fold 
(or the particle radius about 10-fold) over that corresponding to the critical 
condition the deposition becomes practically complete, that is, nearly all par- 
ticles which are moving towards the projected area of the cylinder strike it 
and are collected. Any increase in velocity or radius above this does not 
change the efficiency of deposition. 

Albrecht worked out his theory by numerical calculations of the paths 
of spherical particles in moving air as the air passes by a cylinder. His calcu- 
lations were relatively inaccurate and incomplete. In a recent British report 
by Muriel Glauert (4807 DWT7 RAE Nov. 10, 1943) similar calculations 
were made with much greater accuracy (apparently without knowledge of 
Albrecht’s early work). Tables V and VI and Fig. 1 give data from Glauert’s 
report by which the rates of deposition under any given conditions can be 
calculated. The details of this calculation will be given later. 

The Glauert data are in substantial agreement with the Albrecht data but 
show much greater self consistency and accuracy. There can be no reasonable 
doubt but that this theory should permit an accurate determination of con- 
ditions under which rime deposits form. If the particles in the fog are of va- 
rious sizes the theory can be applied separately to the particles of each size. 


1 Albrecht, Physikaliche Zeitschrift, 32, 48 (1931). 
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Taste I 
Mt. Washington Riming Data 
March 1943 
1 2 3 4 5 6 7 8 9 10 11 12 13 
- — i ae Time Riming data 
a in , ea- |) to) 
aa Temp. vel. Mune ther bility coll- A B 
hour M/hr “| WW! ¢, lection) 4, | W,| bs | We bo | Wo 
| min | cm g cm g cm g 
3-7A 2) 25 Ss 77° | 200 | 15 |0.102 | 0.40 | 0.21 0.41 0 0 
7P | —15| 37 WwW 03 30 | 0.051 | 0.21 | 0.089 | 0.13 0 0 
10P | —20| 44 |WNW| 46 | 150 30 [0.244 | 1.04 | 0.598 | 0.87] 0 0 
4-1A |} —22| 60 |WNW 46 | 100 30 | 0.260 | 1.28 | 0.600} 0.91 t) 0 
7A | —26| 72 Ww 46 | 150 30 | 0.203 | 0.70 | 0.404 | 0.36] 0 0.23 
10A | —27] 70 Ww 43 | 250 30 | 0.081 | 0.25 |0.107| 0.12] 0 0.08 
1P | —22]| 61 WwW 45 | 250 30 | 0.089 | 0.33 |0.157| 0.07] 0 0 
4P; —18| 49 Ww 49 |3300 30 | 0.178 | 0.27 | 0.48 0.19 0 0.17 
5-1A| — 4] 58 SW | 77 | 150 30 | 0.130 ; 0.35 | 0.226 | 0.16] 0 0.37 
7A 1 60 | WSW| 46 200 30 | 0.290 | 1.23 | 0.81 0.88 0 0 
10A 3| 62 | WSW| 46 | 130 30 | 0.264 | 0.97 |0.58 | 0.57] 0 0 
4P 4| 48 Ww 46 150 30 | 0.310 | 1.47 | 0.73 0.97 0 0 
6-1P 4| 42 SE 72 |1650 30 | 0.061 | 0.16 0 0 0 0 
4P | —6]| S51 SE 72 =| 150 30 | 0.020 | 0.06 0 0 C1) 0 
10P 10 | 80 SE 77° =| 120.5) 15 0.48 1.86 | 0.44 | 1.00 
7-1A 24 | 53 Ss 67 | 100 15 | 0.1612) 1.19?) 1.06 | 13.61 | 0.60 | 54.7 
4A 18 | 61 Ww 46 150 15 0.377 | 5.63 | 1.15 5.55 | 0.69 | 4.7 
7A 11 | 90 Ww 46 | 100 15 0.88 | 3.26] 0.31 | 0.87 
10A | — 2] 85 Ww 46 | 170 30 0.88 | 3.06) 0 0 
1P | — 3 62 Ww 46 125 30 | 0.154 | 0.33 | 0.30 0.10 0 0 
4P;—5) 90 Ww 49 | 600 15 0.068 0 0 
7P| —7! 66 Ww 46 | 200 30 | 0.335 | 1.98 | 0.85 1.44 0 0 
10P | —10| 78 Ww 46 | 250 30 | 0.285 | 1.86 | 0.62 1.31 0 0 
8-1A | —14] 62 WwW 46 | 250 30 | 0.49 1.96 | 0.69 1.53 0 0 
7JA| —19| 48 Ww 46 | 100 30 | 0.315 | 2.23 | 0.655 | 1.80} 0.35 | 1.39 
10A |; —16} 45 Ww 43 350 30 | 0.240 | 1.36 | 0.47 0.62 | 0.41 | 1.85 
1P | —13 47 Ww 49 | 600 30 | 0.086 | 0.13 | 0.12 0.08 0 0 
7P | —20!| 58 WwW 48 | 200 30 | 0.189} 0.25 | 0.38 | 0.16] 0O 0.34 
10P | —23 | 45 Ww 46 300 30 | 0.181 | 0.22 | 0.37 0.22 0 0.35 
9-1A | —23 | 42 WwW 49 /2000 30 | 0.170 | 0.18 |0.32 | 0.19] O 0.36 
10-1A| — 6] 42 SW} 49 | 200 30 0 0 0 0 0 0 
7A 4| 40 sw | 77 | 250 15 | lost | lost [0.22 | 0.39] 0 0- 
10A 7| 42 |SSW| 77 | 200 30 | 0.23 | 1.11 | 0.62 1.61 0 
1P 14 | 53 SW 46 150 30 | 0.33 4.21 | 1.07 4.28 | 0.79 | 3.42 
4P 19 | 48 SW 49 | 200 30 | 0.228 | 2.36 | 0.84 3.53 | 0.49 | 2.52 
7P 22| 58 Sw | 46 | 200 30 |0.68 |15.6 | 2.05 | 10.69} 1.31 | 16.4 
10P 22 | 54 Sw 46 | 200 30 | 0.645 |14.1 | 2.52 | 16.0 1.31 | 19.2 
11-1A 25 | 70 sw | 46 | 200 15 1.59 |12.0 | 0.83 
4A! 25) 76 SW 46 | 150 | 15 (0.137! 1.03 11.75 | 10.2 0.65 | 14.2 
7A} 27| 61 | SW | 46 | 200+ 15 (0.43 | 6.18 | 1.34 | 14.65] 0.64 | 34.3 
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Tasie I (Continued) 














1 2 3 4 5 6 7 8 9 | 10 | 11 12 13 
Day Wind | wy. Wea- | Visi- oh . A —s = Cc 
and Temp, “| vel. we ther ard coll- 
hour m/hr “| WW! ¢ Jection| by, W, | bs | We be | We 
min | cm g cm g cm g 








10A 28 53 SW} 77 | 100 15 | 0.32 | 4.00 | 0.75} 5.26 | 0.43 | 12.0 
1P 29 51 |WSW | 77 | 100 15 | 0.59 |10.75 | 0.77) 9.00 | 0.66 | 18.6 
4P 30 39 48 75 15 | 0.42 | 5.86 | 0.85) 4.58 | 0.404) 5.2 
7P 28 40 45 | 100 30 | 0.15 | 1.22 | 0.44) 1.09 0.80 
10P 29 42 |WS) 77° ~+| 100 30 | 0.31 | 3.77 | 1.01) 2.71 0.43 
12-1A 31 50 67 | 100 15 | 0.34 | 5.56 | 0.75) 5.85 | 0.43 | 10.1 
7A 30 |» 59 | SS 77 | 100+) 15 | 0.39 | 6.03 | 0.90) 7.63 | 0.44 | 16.4 
10A 31 35 77°=~*| 120 15 | 0.34 | 4.54 | 0.76) 5.93 | 0.53 | 10.9 
1P 31 26 46 | 100+} 30 | 0.64 [14.75 | 2.15/14.75 | 1.04 | 29.0 














Sees eusesEe 


4P 22 29 49 | 100 30 | 0.073 | 0.38 | 0.24) 0.72 0.44 
13-10P 8 29 49 | 200 | trace 
14- 7A 7 55 49 | 140 30 | 0.21 | 0.72 | 0.48) 0.55 | 0 0.15 





























Meaning of symbol WW 
03 Overcast (over 9/10) 
43 Fog, sky discernible (has become thinner during last hour) 
45 Fog, sky discernible (no appreciable change during last hour) 
46 Fog, sky not discernible (no appreciable change during last hour) 
48 Fog, sky not discernible (has become thicker during last hour) 
67 Rain and fog 
72 Continuous (light snow in flakes) 
77 Snow and fog 


A comparison of the experimental data on rime deposition with the theory 
should make it possible to calculate the effective radii of the droplets which 
form the rime. 

From the wind velocity and the average diameter of the cylinder of rime 
on the A collector the total liquid water content of the air was calculated by 
the Mt. Washington observers, assuming one hundred per cent efficiency 
of deposition on the small collector A, which is usually justified by the Al- 
brecht-Glauert theory. These results in Table I are expressed in grams of 
water per cubic meter of air. 

The Mt. Washington riming data also include observations of visibility 
in feet, in Col. 6, Table I. This visibility must be dependent on the water 
content and particle size. The theory will be given later. 

Estimates of radius of water droplets in a cloud were made by a method 
developed by H. G. Houghton and W. H. Radford?. A small glass plate 5x5 

1 “On the measurement of drop size in liquid water content in fogs and clouds” Papers in 


Physical Oceanographic Institute and Meteorology, published by Mass. Inst. of Tech. and Woods 
Hole Oceanographic Institute, Volume 4, November 1938. 
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millimeters square was exposed for a period varying from 1/, to 2 seconds 
by a trigger operated shutter to the full force of the wind on the tower of 
the Observatory at Mt. Washington. The surface of the slide had been made 
hydrophobic by covering with a thin film of vaseline which was then heated 
to 300°C in an oven. The prepared slide, after exposure to the rime was exa- 
mined microscopically. In nearly all cases the moisture was present on the 
slide in the form of droplets that ranged from about 5 to 75 microns radius, 
the average radius being roughly 40 microns. The observation of the slides 
was made in a little room at the tower which was at the outdoor temperature. 
Usually by the time the observation was made the droplets of water deposited 
on the slide had turned to ice. 

In a few cases attempts were made to measure at night time the diameters 
of the corona seen around the direct light from a mercury are lamp placed 
at some distance from the observatory. These data were, however, very un- 
satisfactory. The coronas were usually not well defined and there was a great 
deal of doubt as to the order of the corona ring that was observed. The drop- 
let radii obtained by the few avaible data of the corona are much smaller than 
those given by microscopic examination of droplets on the slides. 

Table I gives a summary of the riming data obtained on Mt. Washington 
during the period from March 3 to March 14, 1943. This was selected by 
Mr. Clark as a typical series of data representing a wide range of temperature 
and wind conditions. Measurements for the rate of formation of rime were 
made at three hour intervals and other related data were obtained at eight 
times during each day, (three hour intervals beginning at 1:00 a.m.) where 
no data are given it means no rime was forming. 

- The wind velocity in Col. 3 is that given by a 3-cup rotating anemometer 
on which collector A was mounted. When the wind velocity was over about 
80 mi/hr this anemometer could not be used and an electrically heated 2-cup 
anemometer was then used for the data on wind velocity. In these cases no 
observations were made on the rate of formation of rime on Collector A. Col. 4 
gives the wind direction. Col. 5, under the symbol WW, describes the weather 
conditions in terms of code numbers. The meaning of these numbers is given 
at the bottom of Table I. The visibility, Col. 6, was an estimate made by eye 
of the range at which objects could be seen through a fog or at night lights on 
the FM station, which was about 100 feet away. These data are only approx- 
imate. 

Col. 7 gives the time interval during which the rime was allowed to form 
on collectors A, B and C. This was normally 30 minutes but in case of heavy 
rime a 15 minute period was used. Cols. 8, 10 and 12 give the thickness in 
cm of the rime that collected during the 30 or 15 minute period on the three 
collectors A, B and C. Since the collector A was rotating the rime formed 
a cylinder whose diameter could be measured. Thus the value of 6, given 
is one half the difference between the diameter of the cylinder of rime and 
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the original diameter of the collector (0.183 cm). In the case of the collectors 
B and C which were stationary, rime formed only on the windward side along 
a strip of a width which depended on particle size and wind velocity. The 
value of b, and 5, in Cols. 10 and 12 represent the maximum thickness in 
cm on the windward side. W, is the total weight of the rime on a 10 cm length 
of collector A. W, and W, are the weights of a 10 cm length of the rime 
on collectors B and C. 

Table II, III and IV give the results of various calculations based on the 
the data of Table I. The density of the rime given in Col. 2, Table II, is the 
weight of the rime on collector A(W,) divided by the volume of the rime 
on the same collector in a 10 cm length. This relationship is given by 


= W, . 
©= 0xb,(018345,) " 


The liquid water content of the air given in Col. 3 is calculated by assum- 
ing that the small rotating collector A receives all the particles that flow 
within the time interval given in Col. 7 of Table I in a cross section equal 
to the average projected area of collector A (of a 10 cm length), this projected 
area being 10 (0.183-++5,) cm*. A simpler way to obtain the liquid water con- 
tent in grams per cubic meter is to calculate it directly from the rate of for- 
mation of rime in cm per hour by the following equation: 


g/m? = 6.21 (cm/hr) (g/em*)/(M/hr). (2) 


Here (cm/hr) is the rate of growth of rime in cm per hour as given in Col. 4 
and (g/cm') is the density of the rime, Col. 2, and (M/hr) is the wind velocity 
in mi/hr. The factor 6.21 is 10* divided by the number of cm in a mile. Eq. 
(2) is based on the assumption that the collector A with the rime deposit on 
it is a cylinder of sufficiently small diameter so that it intercepts all water 
droplets that are headed toward it. That is, it has 100 per cent collecting effi- 
ciency. We will discuss in a later section to what extent this is justified. 

The rate of rime collection in cm/hr given in Col. 4 is normally calculated 
by dividing 2b, by the number of hours during which the deposit formed, 
as given in Col. 7, Table I. The reason for the factor 2 is that the rime de- 
posits on the whole surface of the cylinder instead of just its projected area. 
Since the ratio of these areas is 2 the thickness 5, is 1. 2 as great as if the sur- 
face were a small plane surface perpendicular to the wind. 

In those cases where the wind velocity was above 80 mi/hr so that the 3- 
cup anemometer could not be used, the rate of growth of rime, (Col. 4, Table 
II) was determined from 5,. In this case, since the collector did not rotate 
the factor z is not needed. In most cases 2b, is greater than bs, which usually 
means that the collecting efficiency decreases with collectors of larger size. 
In all cases b, is much less than by. In a few instances, notably on March 7, 
1:00 a.m.; on the 10th at 4:00 p.m.; and on the 11th at 4:00 a.m. b, was 
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Taste If 
Relative Deposition | From From 
Day Hime Water ed thickness factor thickness eeponion 
and em nt 
hour fen® of air nih ‘ | Ws | We 
g gm BT’ A BO Cle os | Ke | Ke | Ke | Ke 
! 
3-7A | 0.36 {0.115 | 1.28 | 1.00 | 0.66 0 | 0.75 0 1.20 |0.12—| 1.5+ | 0.12 — 
7P | 0.25 | 0.0134; 0.32 | 1.00] 053 | 0} 0.68] 0 0.81 |0.12—| 2.25 |0.12~ 
10P 0.32 | 0.70 1.54 | 1.00 | 0.78 0 | 0.74 0 2.15 |0.12—) 1.5+ |0.12— 
41A | 0.35 |0.060 | 1.64 , 1.00 | 0.73 0 | 0.67 0 1.65 | 0.12—| 2.2 0.12— 
7A | 0.28 |0.031 | 1.28 | 1.00 | 0.63 | 0 | 0.42 |0.012|1.05 |0.12-/1.0 [0.17 
10A | 0.33 |0.015 | 0.51 | 1.00 | 0.42 0 | 0.30 | 0.009 |0.58 |0.12—| 0.74 | 0.16 
1P | 0.42 |0.024 | 0.56 | 1.00} 0.56} 0] 012) O /|0.84 |0.12—/0.39 |0.12— 
4P | 0.13 |0.019 | 1.12 | 1.00 | 0.86] 0 | 0.55 |0.022/4.00 |0.12-|1.4 {0.2 
5-1A | 0.27 | 0.024 | 0.82 | 1.00 | 0.55 0 | 0.31 | 0.032 |0.81 | 0.12—| 0.76 | 0.23 
7A | 0.28 |0.053 | 1.83 | 1.00; 0.89] 0} 0.72| 0 5.1 |0.12—| 1.5+ | 0.12— 
10A_ | 0.25 |0.042 | 1.66} 1.00 | 0.70; 0| 0.58| 0 1.42 |0.12—) 1.55 |0.12— 
4P 0.30 |0.076 | 1.95 | 1.00 | 0.75 0 | 0.70 0 1.80 |0.12—/1.5+ |012-— 
6-1P | 0.34 |0.019 | 0.38 | 1.00 0 0 0 0 0.12-; 0.12—|.15— '0.12— 
4P | 0.46 | 0.007 | 0.126: 1.00 0 0 0 0 0.12-,0.12—|.15— |0.12— 
10P 0.52e | 0.078 | 1.92 1.00 | 0.92) 1.56 | 0.038 | 10.+ |0.11 | 1.54 | 0.24 
7-1A | 0.68 |0.340 | 4.24 | 0.48 | 1.00 | 0.57) 3.95 | 0.72 |10.4+ [0.88 | 1.54 | 2.65 
4A | 0.84 |0.407 | 4.76 | 1.00 | 0.97 | 0.58) 1.16 | 0.044 12.4 |0.90 | t.5+ | 0.25 
7A | 0.75e | 0.182 | 3.50 1.00 | 0.35} 1.04 | 0.012 0.49 | 1.5+ |0.17 
10A | 0.65e| 0.084 | 1.76 1.00 0} 1.12 0 0.12—| 1.5+ 10.12— 
1P | 0.20 |0.020 | 0.97 | 1.00 | 0.62; 0] 0.22| 0 | 1.00 |0.12—|0.60 |0.12— 
4P 0.4e {0.008 | 0.28 1.00 | 0} 0.68 0 | 0.12—| 1.5+ |0.12— 
7P 0.35 |0.070 | 2.11 | 1.00 | 0.81 0} 0.82 0 2.7 0.12—| 1.5+ 10.12— 
10P 0.44 | 0.064 | 1.80 | 1.00 | 0.69 0 | 0.70 O {1.35 |0.12—| 1.54 |0.12— 
8-1A | 0.41 |0.128 | 3.10 | 1.00 | 045) 0/ 0.51) O (0.63 |0.12—-|1.3 | 0.12— 
7A | 0.45 |0.115 | 1.98 | 1.00 | 0.66 | 0.35; 0.85 | 0.029 /1.20 {0.49 | 1.5+ | 0.22 
10A | 0.42 |0.088 | 1.51 | 1.00 | 0.62 | 0.54) 0.41 | 0.040 |1.00 {0.80 | 1.0 0.24 
1P 0.18 |0.013 | 0.54 | 1.00) 0.44 0| 0.35 0 0.61 (0.12—|0.85 |0.12— 
7P 0.11 |0.014 | 1.19 | 1.00 | 0.64 0} 0.51 0 1.10 |012-)1.3 (0.12— 
10P 0.10 |0.016 | 1.14: 1.00 | 0.65 0; 0.81 0 1.15 | 0.12—) 6.5+ |0.12— 
9-1A | 0.09 |0.014 | 1.07! 1.00 | 0.60 \ 0 ' 0.82 | 0.070 10.96 0.12—| 1.5+ 10.30 
10-1A | 0.40e 0 | u 0 0.12 — 
7A | 04e |0.055 | 0.88 | | 1.00: 0: 093] 0 (12. 1012-)1.54 !o.12- 
10A | 0.37 |0.080 | 1.46 | 1.00 | 0.85 Oj 1.25 0 3.6 0.12—} 1.54 |0.12— 
1P 0.79 | 0.198 2.14 | 0.97 | 1.00 | 0.74 1.07 | 0.038 | 12.4 | 1.7 1.5+ |0.24 
4P 0.80 | 0.173 1.67 | 0.86 | 1.00 0.59, 1.11 | 0.035 ) 12.4 |0.95 | 1.54 |0.23 
7P 0.86 |0.390 » 4.24 | 1.00 | 0.96 | 0.62! 1.23 | 0.085 |12.+ |1.0 1.5+ (0.33 
10p_— 0.84 10.440 | 4.56 | 0.89 | 1.10 | 0.57! 1.75 | 0.094 |12.+ |0.85 | 1.5+ |0.34 
11-1A_ | 0.85e | 0.480 | 6.35 | 1.00 | 0.52; 1.86 0 12.4 {0.74 | 1.54 |0.12— 
4A 0.75 | 0.43 7.00 | 0.24 | 1.00 | 0.37] 1.63 | 0.102 |12.4+ |0.51 | 1.5+ /0.38 
TA 0.75 |0.41 5.40 | 1.00 | 0.99 | 0.47! 3.04 | 0.320 12.+ |0.66 | 1.5+ | 0.78 
10A | 0.82 | 0.39 4.03 | 1.00 | 0.74 | 0.43, 1.33 | 0.136 | 1.7. |0.60 | 1.5+ | 0.42 
IP; 0.74 |0.68 | 7.48 H 1.00 | 0.41 | 0.35. 1.36 | 0.126 | 0.57 [0.48 | 1.5+ | 0.40 
4P | 0.72 (0.62 | 5.35 1.00 ' 0.64 0.31) 1.00 '0.051| 1.1 | 0.43 "L5S+ | 0.27 
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Tasie II (Continued) 








: PR From 
Relative Deposit Fi a 
Day | Rime Water! Rim -| thickness factor | thickness | deposition 
and den- tent | ins factors 
hour len? of air fh Wz | We 
glem* | jms |em/hr| 4 Bic Kg | Ke | Ks | Ke 


beSz | beSc 
1 
7P 0.80 |0.112 | 0.93 | 1.00 | 0.94 0 | 0.62 | 0.020 | 10. .12—| 1.8 | 0.20 
10P 0.77 | 0.23 2.02 | 0.97 | 1.00 0 | 0.73 | 0.005 | 12.4) .12—]1.5+ |0.15 
12-1A | 0.92 | 0.50 4.32 | 1.00 | 0.70 | 0.40) 1.24 | 0.096 | 1.4 0.56 | 1.5+ | 0.35 
TA 0.84 | 0.44 4.92 | 1.00 | 0.73 | 0.36] 1.55 | 0.150] 1.6 0.50 | 1.5+ | 0.45 
10A | 0.81 | 0.62 4.28 | 1.00 | 0.71 | 0.50 1.44 | 0.119] 1.5 0.71 | 1.5+ |0.40 
1P 0.88 | 0.90 4.30 | 0.94 | 1.00 0.48) 1.64 | 0.144 | 12.+] 0.67 | 1.5+ | 0.44 

4P 0.59 | 0.61 0.48 | 0.96 | 1.00 0} 1.07 | 0.029 | 12.+/0.12—| 1.5+ |0.22 
13-10P 
14- 7A} 0.28 | 0.042 | 1.32 | 1.00 | 0.73 0} 0.62 | 0.008 | 1.6 0.12— 1.8 0.16 












































e means estimated (not observed) 
0.12+ and 0.12— mean respectively >.12 and < .12. 


distinctly larger than 2b,. These three cases occured during exceptionally 
heavy riming conditions. Since there are various possible explanations of 
too low a riming rate on a small collector, such as the blowing off of liquid 
water droplets, I have considered it advisable in these cases where b, is larger 
than xb, to choose the larger of the two values for the calculation of the rim- 
ing rate in Col. 4, Table II. The selection that was made in any case is shown 
by Cols. 5,6, and 7 where the relative thicknesses obtained by collectors A, 
B and C are given. In this case the thickness on A is determined from 2b, 
while those for B and C are from by and b,. The thickness which was used 
in calculating the riming rate of Col. 4 is taken as unity in Cols. 5 or 6. For 
example, on March 7th, at 1:00 a.m. (during freezing rain) in Col. 5 under 
A value 0.48 is given while in Col. 6 under B 1.00 is given. This means that 
only 48 per cent as much rime was collected on A as would be expected from 
the value obtained on B. In this case the riming rate in Col. 4 was calculated 
from by. 

Cols. 8 and 9 contain pure numbers which we shall call the deposition 
factors for collectors B and C respectively. This factor is the weight of rime 
actually collected expressed as a fraction of that which would be collected 
if the collection efficiency were 100 per cent. With 100 per cent efficiency 
the weight of rime that would collect per unit area of surface would be bg 
where 5 is the thickness that would form on a small plane stationary surface 
during the period of collection. Here we take b to be either xb, or bs which- 
ever is greater, as indicated in Cols. 5 and 6. The total weight of rime collec- 
ted, with 100 per cent efficiency should be bgS where S, the total projected 
area of the collector, is 4.77 cm? for B or 106 cm? for C. According to the Al- 
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Taste III 
1 2 3 | 4 5 | 6 7 8 9 10 11 
Droplet. radius in | From Microscopic 
emp. microns | 3 estimate 
Day | Fe | Prob. | time | From 
ml] [mem] rem | oe | Se, ao 
sane thickness deposition oie T Ty M ia 
B Cc B Cc \ 
3-7A 2.5 | 4.4 6.6— | 47+] 66—]| 49 6.4 5.5 
7P —15 3.0 5.5— 4.9 5.5— | 3.0 2.0 
10P —20 | 4.4 5.0— | 3.7+ | 50—| 44 3.9 3.7 
+1A —22 | 3.3 4.3— 3.8 43-—| 3.3 3.4 2.8 
7A —26 | 2.4 3.9-— | 2.3 4.6 2.4 2.4 2.5 
10A —27 1.8 4.0— 21 4.5 1.9 1.7 2.2 4, 2.0 
1P —22 =; 2.3 4.3-— | 1.6 4.3— | 2.3 2.5 2.8 
4P —18 | 5.7 48-— | 3.4 6.0 3.4 2.5 oA 7. 3.4 
5S-1A —45 | 2.4 44— | 2.3 5.9 2.4 2.7 2.2 
7A 1 5.8 4.3-— | 4.2 4.3—| 4.2 3.4 3.7 5; 2.5 
10A 3 3.0 4.2— | 3.2 4.2-—| 3.1 3.0 2.7 6. 2.7 
4P 4 3.9 4.8— 4.5 48—| 4.0 4.6 3.9 10— 4.2 
6-1P 4 11— | 5.2-— 1i-— |} §.2-| 11- 2.9 6.4 s- 3.0 
4P — 6 1.0— | 4.7— 1.0-—| 4.7-—]| 1.0-— 1.9 1.2 
10P 10s.| 7.14 | 35. 2.7+ | 5.2 5.2 3.7 3.5 2.5 5.4 
7-AA 24r | 8.7+ | 12.1 3.4+ | 2.0 ? 8.3 6.7 32. 7.9 
4A 18 | 88+ | 11.4 3.1+ | 6.0 7. 6.9 9.0 31. 7.2 
7A 11 6.9 2.6+ | 4.1 5. 4.7 4.9 22. 4.7 
10A -—2 3.6— | 2.7+ | 3.6-—] 3. 3.5 4.3 9. 2.8 
1P —3 | 25 4.2-— | 2.0 4.2 2.3 2.7 1.8 4, 21 
4P -5 3.5— 2.6+ | 3.5—] 2.7 1.5 2.5 5. 1.9 
7P —-7 | 40 41— 3.0+ | 4.1-—] 3.5 3.5 4.3 12. 3.9 
10P —10 | 2.6 3.8— | 28+] 38—] 2.7 3.2 4.6 5.5 2.2 
8-1A —14 | 2.0 4.2— 2.9 4.2—| 3.5 4.2 6.5 9. 3.3 
7A -19 | 34 9.5 3.5+ | 6.4 4.8 41 3.9 9 4.0 
10A —16 3.0 12.6 3.0 6.9 5.3 3.9 6.1 11. 5.6 
1P —13 2.3 4.9— 3.8 4.9—| 3.0 2.4 3.2 5. 2.8 
7P —20 | 2.8 44-— | 3.0 44-) 2.9 1.9 1.9 
10P —23 | 3.2 5.0— | 3.7+ | 5.0—]| 3.5 2.2 2.5 2.5e | 1.9 
O-1A —23 | 3.0 S1— | 3.8+ |] 8.0 3. 2.0 6.1 2.5e | 2.0 
10-1A -—6 5.0— 12 4.9 
7A 4s | 5.3-— 3.9 5.3—| 4.0 3.9 4.2 9 4.3 
10A. 7s | 5.8 5.1-— 3.8+ | 51-—] 5. 5.1 4.6 10 4.6 
1P 14 | 95+ |16.8 3.44+ | 6.4 7. 6.4 6.3 22 6.3 
4P 19 |10.0+ |13.3 3.5+ | 6.5 7. 6.3 6.7 25 7.2 
7P 22 =| 91+ (12.4 3.24) 7.1 8. ! 8.3 10.1 35 7.9 
10P 22 «| 9.44 |11.8 3.44 | 7.5 9% | 90 | 10.8 55 10.8 
11-1A 25 8.34 | 9.7 2.94+ | 4.0—] 7. | 84 11.2 62 9.9 
4A 25 | 8.0+ | 7.8 2.8+ | 6.5 7 | (76 9.2 37 7.0 
7A | 27 «(| 8.9+ | 9.8 3.1+ | 10.6 10. | 8.4 10.4 37 7.9 














piatized by GOOgle 


UNIVERSITY OF MICHIGAN 





Super-cooled Water Droplets in Rising Currents of Cold Saturated Air 209 


Taste III (Continued) 














1 2 3 4 5 | 6 | 7 8 9 10 11 
| Droplet radius in Microscopic 
Temp. microns From estimate 
Day °F Prob. | time | From 
. ol visi- 
and mn From From value: rise bility 
hour Sf. thickness deposition "eR |and T| 1, 
snow epos es . M. ™ 
B c B c 





10A 288 3.6 | 100 | 344+] 84 | 
1P 29s 21 | 91 | 34+] 8.3 
4P 30 34 | 99 | 3.94] 7.8 
7P 28 10.0 | 5.2-| 4.2 6.6 


10P 29s 107+) 4.7—| 3.84 5.6 


8.8 7.2 | 25-75 | 6.9-13 
10.5 9.4 | 30-70 |7.8-13 
10.5 7.8 | 22-80 | 7.6-16 
6.8 3.8 20 7.0 
6.4 5.5 22 7.2 
12-1A 3ir 3.8 10.0 3.5+ 79 1 12.8 8.1 70 13.0 
7A 30s 3.3 8.7 3.24 8.2 10.1 7.6 75 12.2 
10A 31s 4.2 | 13.3 4.1+ | 10.0 10. 11.5 9.9 55 13.9 


2.95. Ww Oe: 


1P 31 13.6+| 15.1 | 48+ | 122 | 13. | 139 | 109 | 25 | 104 
4P 22 | 12.94) 62-) 46+] 82 | 8 | 122 | 89 
15-10P 8 | 
































14-7A 7 34 | 45-! 36 | SA 4. 3.4 2.8 10 | 39 





brecht and Glauert theories the numbers in Cols. 6, 7, 8, and 9 should be 
functions of particle radius and the wind velocity. I propose to use these 
values to calculate the particle radius. 


Theory of Formation of Rime on Cylinders 


Particles as Projectiles. When a small spherical particle of radius r moves 
with a sufficiently small velocity » through a gas having a viscosity 7 the 
force f required to maintain this motion is given by Stokes’ Law: 


f = 6xnre. (3) 


If at a certain instant of time (t = 0) the applied force is suddenly re- 
moved the frictional force will cause the velocity to decrease and the particle 
will travel only a certain distance A, before its velocity falls to zero. Thus A, 
is the maximum range of the particle considered as a small projectile. The 
subscript s is to denote the range calculated by Stokes’ Law. We shall have 
occasion later to calculate the range A for particles of larger size and higher 
velocities where Stokes’ Law is no longer valid. 

To calculate 4, we consider that a change in momentum m dv, of the par- 
ticle must result from the application of a force f during a time dt. 

The equation of motion is thus 


m dv = —f dt, (4) 
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210 Super-cooled Water Droplets in Rising Currents of Cold Saturated Air 
Taste IV 
Calculation of Droplet Radius from the Time of Rise 
Cloud Di: Ti fe 
lou stance ime radius 
Day Temp. Water base to cloud of for B “ 207 
hour °F g/m? below base rise B=1 p : 
summit miles sec ty 
# 
3-7A 2 0.115 15.4 0.33 48 3.8 | 6.4 
7P -15 0.013 31 0.05 5 1.2 2.0 
10P —20 0.070 200 0.43 35 2.3 3.9 
+1A —22 0.060 192 0.37 22 1.9 3.2 
TA | —26 0.031 115 0.24 12 1.4 2.4 
10A. | —27 0.015 59 0.11 5.7 1.0 1.7 
1P —22 0.024 77 0.18 11 1.5 2.5 
4P —18 0.019 51 0.13 9.5 1.5 2.5 
5S-1A —4 0.024 40 0.10 | 6.2 1.6 2.7 
7A 1 0.053 75 0.14 8.4 2.0 3.4 
10A 3 0.042 56 0.106 6.1 1.8 . 3.0 
4P 4 0.076 97 0.22 17 2.7 4.6 
6-1P 4 0.019 24 0.06 5.1 1.7 2.9 
4P — 6 0.007 12 0.04 2.8 11 1.9 
10P 10 0.078 85 0.17 77 2.2 3.7 
7-A 24 0.340 290 0.55 37 4.9 8.3 
4A 18 0.407 345 0.48 28 41 6.9 
7A 11 0.182 185 0.35 14 2.8 4.7 
10A -2 0.084 127 0.26 11 21 3.5 
1P — 3 0.020 32 0.095 5.5 1.6 2.7 
4P -5 0.008 14 0.04 1.6 0.9 1.5 
m2 26-7 0.070 126 0.26 14 2.4 3.5 
10P ; —10 0.064 127 0.26 12 1.9 3.2 
8-1A i 14 0.128 280 0.51 30 2.5 4.2 
7A -19 0.115 300 0.44 33 2.4 4.1 
10A —16 0.088 210 0.34 27 2.3 3.9 
1P —13 0.013 30 0.09 6.9 1.4 2.4 
7P —20 0.014 41 0.085 | 5.3 1.1 1.9 
10P —23 0.016 53 0.11 8.8 1.3 2.2 
8-1A —23 0.014 46 0.09 77 1.2 2.0 
10-1A — 6 
7A 4 0.055 71 0.124 11 2.3 3.9 
10A 7 0.080 95 0.23 20 3.0 5.1 
1P 14 0.198 190 0.41 {| 28 3.8 6.4 
4P 19 0.173 150 0.27 20 3.7 6.3 
7P 22 0.390 310 0.63 39 4.9 8.3 
10P 22 0.440 345 0.71 47 5.3 9.0 
11-1A 25 0.480 350 0.72 37 5.0 8.4 
4A 25 0.430 320 0.58 28 4.5 7.6 
7A 27 0.41 290 0.58 34 5.0 8.4 
10A 28 0.39 270 0.53 36 5.2 8.8 
1P 29 0.68 465 0.84 59 6.2 10.5 
4P 30 0.62 407 | 0.58 54 6.2 10.5 
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Taste IV (Continued) 

















Droplet 
Dey rap] Wee | Gee | Siac | Tat | Mee | xe 
gm [PSRP| content | cow | “bee | time | aaa | P= 0207 
summit miles sec ty 
B 
7P | 28; 0.112 | 80 | 0.20 18 4.0 6.8 
10P 29 0.23 160 | 0.20 15 3.8 6.4 
12-1A 31 0.50 330 1.21 87 7.6 12.8 
7A 30 0.44 293 083 | 50 6.0 10.1 
10A 31 0.62 401 0.57 58 6.8 11.5 
iP 31 0.90 580 0.84 115 8.2 13.9 
4P 22} 061 | 470 0.92 114 7.2 12.2 
13-10P 8 | ! 
147A 7| 0.042 | SO | O10 | 65 2.0 | 3.4 

















where the force f is a function of the velocity v given by Eq. (3). The velo- 
city is defined by 


v = dx/dt. (5) 
Multiplying these two equations and dividing by f we obtain 
dx = —m (v/f) dv. (6) 
If now we insert the value of f from Eq. (3) and integrate, we obtain 
x = (m/6nnr) (v9—2). (7) 


In this equation vp is the initial velocity of the particle at t = 0, and x = 0. 
The velocity v falls off linearly with the distance travelled and at a perfectly 
definite distance of A,, the velocity becomes 6. The value of 4, is thus obtained 
by putting v = 0 in Eq. (7), so that we obtain 

A, = mv,/6anr. (8) 
The mass of the particle m is 

m = (4ar*/3)o, (9) 
where g, is the density (g/cm®) of the spherical particle. Inserting this value 
of m in Eq. (8) we obtain for our final expression of the range of the particle 


in still air : 
4, = (2/9)o,7°0/n (10) 

In spite of the fact that the frictional force gradually falls to 0 as the ve- 
locity decreases the velocity becomes 0 when the particle has travelled a defi- 


nite distance A,. A simple calculation shows, however, that the velocity de- 
creases with time according to the equation 


UY = Up Exp (—Uot/A,). (11) 


Thus theoretically it takes an infinite time for the particle to come com- 
pletely to rest in spite of the fact that it moves only a finite distance. 
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We shall wish to apply Eq. (10) to the motion of small water droplets in 
clouds on Mt. Washington under riming conditions. We may take the mean 
temperature to be —5°C and (22°F). At this temperature the viscosity of 
air has the value 

= 1.68 x 10-‘g cm“ sec”. 
Thus Eq. (10) becomes for water droplets (g, = 1.00) 
A, = 1320. vr? (12) 


In this equation 4, and r are to be expressed in cm and v in cm/sec. 

If it is desired to express the wind velocities in miles per hour and the ra- 

dius in microns, still expressing A, in cm, we have 

A, = 5.90 x 10° 4(M/hr) (7,)?. (13) 
For example, particles of 10 microns radius moving at 60 M/hr would have 
a range in still air 4, = 3.54 cm. With particles of 2 microns radius with the 
same velocity 4, would be only 0.14 cm. It should be noted that these dis- 
tances are comparable to the radii of the rime collectors A, B, and C used 
on Mt. Washington. 

Paths of Water Droplets in Air Moving Past a Cylinder. For the flow of an 
ideal fluid past a cylinder (neglecting friction and turbulence) the motion 
at any point can be described by the following equations: 

v = U(1+C?/r*) sin8 (14) 
v, = —U(1—C*/r’) cos 6 (15) 

Here v, is the tangential velocity at a point whose polar co-ordinates are 
(7,0) and 2, is the radial velocity component at the same point. In these equa- 
tions U is the velocity of the undisturbed air at a large distance from the cy- 
linder where the motion is parallel to the x-axis, which is also the axis 0 = 0. 
This direction 6 = 0 is that from which the air approaches the cylinder. The 
radius of the cylinder in these equations is denoted by C. 

Whether or not one is justified in neglecting the effect of viscosity in the 
flow of air over any object depends on the value of the Reynolds number R, 
which in the case of a cylinder may be defined by 

R = 2CUo,/n.- (16) 
Here g, is the density of the air. For a temperature of —5°C and at the altitude 
of Mt. Washington (1900 meters) we have 7 = 1.684 10-4 and 9, = 1.026x 
10-. Thus for a cylinder 1 cm in radius and wind velocity of 60 M/hr the 
Reynolds number would be 32,600. This is a value so large that the effect 
of viscosity should be negligible except within a very thin layer which is re- 
sponsible for skin friction, just as on the surface of an airplane wing. The 
equations of motion (14) and (15) can thus be safely applied to the windward 
half of the cylinder. Behind the cylinder there will be turbulence which would 
render these equations invalid. 
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Albrecht and Glauert have both used Eqs. (14) and (15) to determine the 
motion of air near a cylinder. Using a step by step integration process they 
calculated the paths of small spherical particles in air when these particles were 
of such size that their motion with respect to the surrounding air gave forces 
that varied in accord with Stokes’ Law, Eq. (3). Glauert refers to some work 
by G. I. Taylor, in a British report, where it is shown that the icing of air- 
plane wings is legitimately handled by Eqs. (3), (14) and (15) and that only 
for relatively large particles do departures from Stokes’ Law need to be taken 
into account. 

For the motion of particles which strike the cylinder at the stagnation line 
(r = 1, and 6=0), that is, for particles which move along the X-axis the 
equations become so much simpler that one can prove that the particles reach 
the surface of the cylinder with 0 velocity, if 


4, = (1/8)C. (17) 


When the radius of the droplets or the velocity of the air is so low that 
4, as given by Eq. (10) is less than that given by Eq. (17) the particles will 
not be able to reach any point on the surface of the cylinder. If, however 
4, is greater than the value given by Eq. (17), then the droplets that reach 
the stagnation point still retain a fraction of their original velocity. There 
will then be two lines on the surface of the cylinder on either side of the stag- 
nation point at 0, and —@, beyond which no particles can strike the cylinder. 

At these critical lines beyond which no particles strike, the paths of the 
particles are tangent to the surface and the particles still retain some unde- | 
termined amount of kinetic energy. Between these two critical limits, that 
is, when 6 lies between —60, and +6, the particles strike with some appreciable 
fraction of their initial velocities. 

In addition to the polar co-ordinate system let us also use a system of rec- 
tangular co-ordinance, x, y, taking the unit of length to be the radius C. 
Thus 


y=rsind x = rcos 6 (18) 


On the surface of the cylinder r = 1. 

Let us consider the path along which a particle must move in order that 
it may just strike the surface of the cylinder, with zero radial velocity, at the 
critical boundary whose ordinate is y, = sin6,. The path at this point of 
contact is tangent to the cylinder while at a large distance from the cylinder, 
where r > 1, in a region of undisturbed air, the path must be a straight line 
parallel to the x-axis corresponding to a value of y, which we will call y,, that 
is evidently less than y,. 

The quantity y, is thus a measure of the total number of particles that 
reach the surface of the cylinder expressed as a fraction of the number that 
would strike the cylinder if all particles travelled along straight paths. 
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The value y, = sin 0, gives the fraction of the projected area of the cylindri- 
cal surface over which deposition occurs. 

Distribution of Rime on Cylinders. With rime formed from a fog of liquid 
water droplets in air at temperatures materially below freezing, we can assume 
that each droplet that strikes the surface of the cylinder freezes into rime at 
the point of impact. Let us consider the distribution of rime over a stationary 
cylinder when the thickness of rime is sufficiently small so that is does not 
appreciably alter the shape of the cylinder, or modify the flow of air over its 
surface. With particles so large that they travel along straight paths, the thickness 
of the deposit over the surface varies in proportion to the cos 6. The maximum 
thickness 5, at 6 = 0 in this case corresponds to the rime that could be formed 
by the complete deposition of all the material that passes through any unit 
of area at a large distance from the cylinder. 

If we let y be the ordinate of the path of an approaching particle while 
it is still at a large distance from the cylinder, and y’ be the ordinate of the 
point at which this path meets the surface of the cylinder, (9 = 0), then the 
thickness b of the deposit at any point will be given by 


b/by, = dy/d0’. (19) 


Because the paths of particles, which start from different y values, gradually 
diverge as they approach the cylinder, the thickness of the deposit even along 
the stagnation line at 6 = 0 will be less than by. Let by be this thickness at 
6=0. 

Glauert found that yo, y, and bo/by are functions of a single variable K 
which was defined by 

K=i,/C. (20) 


Table V gives a summary of Glauert’s data for yo, 6, and b,/by. Glauert 
gives about 30 values of the thickness b/by as a function of 6 between 6 = 0 
and the limiting value 6,. With a very satisfactory degree of accuracy (maximum 


TABLE V 


Glauert’s Original Data for Rime Distribution on Cylinders 























K | 90 | bolbar % | = gig, |8K(—sinb)) 
0.125! 0 0.00 0 ' 0 ' 1.00 0.80 
0.25 0.04 | 0.13 | 22° 0.375 1.25 j; 0.71 
0.50 | 0.175] 0.36 | 43.5° 0.688 1.25 0.54 
1.0 0.41 | 0.615 58.5° 0.853 1.18 0.43 
2. 0.65 | 0.77 71.0° 0.946 0.86 0.44 
4. 0.80 | 0.86 | 78.5° 0.980 | 0.64 0.50 
0 | 100! 1.00 | 90. 1.000 | | (0.50) 
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error less than 4 per cent) these distribution curves can all be represented 
by the equation 


b = by sin (6/6;) (21) 
Since the values of K in Table V are rather widely spaced it is desirable 


to devise a method for interpolation. A useful empirical equation to repre- 
sent yo is 


¥o/(1—yo) = 0.85(K—0.125)"4, (22) 


This is reasonably accurate between K = 0.125 and K = 1.6. For higher 
values of K a better representation is 


Yo/(1—Yo) = 0.85K44 : (23) 


In Table VI, Col. 2 gives y, calculated in this way for a number of values 
of K. These are also given in the semi-log plot of Fig. 1. It is seen that the 
calculated values agree excellently with the data of Table V. 


Taste VI 
Distribution of Rime on Cylinders Interpolated from Glauert’s Data 











Yo bo/bu FAN 6 
K (Weight) | Thickness ane) degrees 
0.125 0 0 0 0 
0.15 , 0.0047 | 0.026 0.107 6.1 
0.2 | 0.022 0.78 0.269 15.6 
0.25 0.044 0.130 0.368 = 21.6 
0.3 0.069 0.180 0.460 | 27.4 
0.4 0.126 0.275 0.599 36.8 
0.5 | 0.177 0.360 0.680 ; 43.0 
0.6 0.230 0.431 0.742 47.9 
os | 0329 | 0540 | 0.813 54.4 
10 | 0.413 0.615 0.857 ; 59.0 
1.2 | 0.484 0.660 0.886 | 62.4 
16 | 0.592 | 0.725 0.921 67.1 
2.0 | 0.650 0.770 0.942 70.5 
3.0  . 0.745 | 0.825 0.968 75.5 
4.0 | 0.800 0.860 0.980 78.5 
6. | 0.864 0.905 0.990 82.0 
10. | 0.914 0,940 0.996 85.0 
15. 0.945 0.960 0.998 86.8 
20. | 0.959 0.970 0.999 87.6 
30. 0.973 0.980 0.9996 88.4 
50. 0.985 0.990 1.00 | 90. 








100. 0.993 0.995 1.00 90. 





Go gle UNIVERSITY OF MICHIGAN 


216 Super-cooled Water Droplets in Rising Currents of Cold Saturated Air 


The values of b,/by in Table V can be represented by the following empirical 
equation 
bo/by = (K—0.125)/(K +c) (24) 
where c is a number that is approximately 0.5. The actual values of ¢ calcul- 
ated by Eq. (24) from Glauert’s values of K and bo/by are given in Col. 7 of 
Table V. Even a rough interpolation gives values of c sufficiently accurate 
for calculating the other values of 5)/b,y given in Col. 3 of Table VI. 























Fic. 1. 


Col. 6 of Table V shows that 8K(1—sin 6,) is a quantity that varies slowly 
and regularly. Interpolations between these values have been used in calcula- 
ting the data for Cols. 4 and 5 of Table VI and the corresponding curve in 
Fig. 1. 

The value of the quantity K is used in these tables and curves can be obtained 
by combining Eqs. (10) and (17) to give: 


= (2/9)o,er°/7C. (25) 


Go gle UNIVERSITY OF MICHIGAN 


Super-cooled Water Droplets in Rising Currents of Cold Saturated Air 217 


For water droplets at a temp. —5°C this becomes 
K = 1320. or/C. (26) 


In constructing Table VI and Fig. 1 which we shall use in our analysis 
of the Mt. Washington riming data only the data of Glaubert have been used. 
In Albrecht’s paper of 1931 the values of yy and y, were given for eleven values 
of K. Albrecht made his calculations by a step, by step calculation of the paths 
of particles in the air near a cylinder. The same method was used by Glauert. 
A comparison of the two sets of data shows that Albrecht’s data are much 
less accurate. His points do not lie on smooth curves and the critical value 
for which y, and y, are 0 is given from Albrecht’s data as 0.18 k whereas Glauert 
in accord with the exact theory obtains the value 0.125. 

I have taken the ten sets of values of y. and y, from Albrecht’s data for 
corresponding values of K which we may call K,, and for these values of 
¥o and y, have obtained K, from the curves of Fig. 1. Since by Eqs. (26) the 
calculated radius depends on the square root of K, I have calculated the average 
value of (K,/K,)“? = 0.93+0.14. For the values of K corresponding to yo 
I find that (K,/K,)"? = 0.93 +0.14 and for the corresponding values from y,, 
0.98+0.19. The quantity after the + sign represents the root-mean-square 
deviation, or standard deviation (S.D.) of the individual values of the mean. 
Thus the radii obtained from Albrecht’s original data agree on the average 
within 2 to 7 per cent with values from Glauert’s data, although, the variability 
of the results for the radius is about +15 per cent when the radius is calcul- 
ated from y, and +19 per cent when calculated from y,. 

The general rough agreement between Albrecht’s and Glauert’s data (Glauert 
did not know of Albrecht’s earlier work) gives, however, confirmatory evidence 
of this substantial correctness of Glauert’s calculations. 

In analyzing the Mt. Washington data the values y, and b,/by were obtained 
from the measurements of rime on one or more collectors. The deposition 
factors in Cols. 8 and 9 of Table II give directly the quantity y . From the 
curve y, of Fig. 1 we thus get K. By Eq. (26) we can calculate the radius of 
the droplets. For the collector B, we have G; = 0.238 cm and for collector 
C C,= 5.3 cm. If we express v in miles per hour and r in microns Eq. (26) 
becomes 


For Collector B: r, = 20.0 [(K,/) (M/hr)}? (27) 
For Collector C: 1, = 94.3 [K_/(M/hr)}!2 (28) 


If we can assume that the thickness of the rime on Collector A (after multi- 
plying by z) represents 100 per cent collection efficiency (because of the small 
size of the collector) then the values of the relative thickness in Cols. 6 and 7 
of Table II give us directly numerical values of 5,/b,. Similarly the deposition 
factors of Cols. 8 and 9 of Table II give directly the values of y). From the 
bo/by and yy curves of Fig. 1 we have calculated the corresponding values 
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of K, and K, and have entered the results in Cols. 10, 11, 12, and 13 of Table II. 
The four values of the radius as given in Cols. 3, 4, 5, and 6 of Table III were 
calculated from the corresponding values of K, or K, in Cols. 10, 11, 12 and 
13, Table II and the wind velocities of Col. 3 of Table I by means of Eqs. 
(27) and (28). 

Examining these data, and considering the shapes of the curves in Fig. 1 
we see that they vary greatly in accuracy. For example, if b)/by in Cols. 6 or 7 
of Table II or yo in Cols. 8 or 9 of Table II is 0 it means that K can have any 
value less than 0.125. The values of K will be most accurate when the slopes 
of the lines in Fig. 1 have their smallest values, that is, when the quantities 
bo/by OF Yo lie in the intermediate range from 0.2 to 0.7. Where these quantities 
have very high values, 0.9 or more, the values of K may be rather uncertain 
and one can conclude only that K is greater than some value such as 5 or 10. 

These facts should be taken into account in examination of the data for 
the radius in Cols. 3-6 of Table III. There are, moreover, other factors to 
be considered. It is seen from Col. 8, Table II, that on collector B the deposi- 
tion factor is often greater than unity, although the relative thickness on collec- 
tor B given in Col. 6 is less than unity. When the original observations were 
made on Mt. Washington the observer usually made a rough sketch on the 
records of the approximate cross section of the rime on collectors B and C. 
It is clear from these sketches that in the cases where the deposition factor 
was greater than unity, the rime on collector B spread out laterally on the 
cylinder so that its width across the direction of the wind was greater than 
the original diameter of the cylinder. Data taken under these conditions are 
of little value, since the collector is no longer cylindrical in shape and its di- 
mensions are far greater than that of the original cylinder. When the deposi- 
tion factor for collector B is greater than 0.70, I have concluded that the value 
of K, should be greater than 1.5, but the experiments give no indication how 
much greater it may be. In all such cases therefore the radius in Col. 5 of 
Table III gives merely a lower limit. 

The relative thickness b./b and the weight W, in Cols. 7 and 9 of Table II 
are often either zero or very small. When the values are zero one can give 
only an upper limit to the radius of the particles. In interpreting small values 
of the deposition factor for collector C we must keep in mind that the droplets 
in a fog are not of uniform size. Thus a small number of larger droplets may 
give a small deposition factor, although the majority of particles are too small 
to be collected even at the stagnation line. Consider, for example, the data 
of March 4th 7:00 a.m., which gave for collector C the deposition factor 
Yo = 0.012 with a wind velocity of 72 mi/hr. This corresponds to K, = 0.17 
and a droplet radius 4.6 (Col. 6, Table III). However, the same value of yo 
could be obtained from a fog in which 88 per cent of the droplets have radii 
less than 3.9 4 (too small to give any deposition), with 12 per cent of droplets 
of radius 6.74 (of which 1/10th would deposit). 
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The fact that the thickness of the rime on collector C (Col. 7, Table II) 
was given as 0 is an indication that only a very small fraction of the droplets 
have radii as large as 3.94. The data of Cols. 3 and 5, Table III, based on thick- 
ness and weight of rime on collector B, give radii of 2.4 and 2.3 microns. 
Since these data are derived from values of b,/b and yy (Cols. 6 and 8, Table II) 
that lie in the mid-range giving the most reliable results, we may take 2.44 
as the most probable average radius, as entered in Col. 7, Table III, and re- 
gard the higher value (4.64) of Col. 6 as indicating merely that there are a few 
droplets with radii greater than 4.6y. 

There are several cases (about 8) where the deposition factor for collector C 
is very small (0.01 to 0.08), while the relative thickness (b,/by) given in Col. 7, 
Table II is of considerable magnitude (0.35 to 0.75). These give in general 
values of radius (Col. 4, Table III) that are larger than are given by the other 
timing data. This difference is due I believe to a lower density of the rime 
on collector C which causes it to be of greater thickness. The densities which 
are given in Col. 2, Table II, were determined from the weight and thickness 
of rime on the small collector A. It-was the general experience of the observers 
on Mt. Washington, and this is borne out by the data of Tables I and II, that 
with high wind velocities and high temperatures the rime is of much higher 
density than with lower wind velocity and lower temperature. When a relative- 
ly small weight of rime is deposited on collector C the droplets must reach 
the surface with only.a small fraction of their original velocity, while on A they 
arrive with little loss of velocity. Therefore, the density of the rime on C under 
these conditions should be less than on A. Such variations of density should 
make the values of 7, determined from thickness on collector C, too high 
although the radius calculated from the deposition factor on C being dependent 
on weight and not volume, would not be affected. 

These factors were taken into account in choosing the ‘‘probable radius” 
given in Col. 7 of Table III, which is a kind of weighted mean of the values 
of radius in Cols. 3, 4, 5 and 6. These estimates of probable radius were all 
made before the other methods of determining radius, which gave the data 
in Cols. 8, 9 and 11 had been developed. These other methods will be de- 
scribed in later sections of this report. 

In examining these data it becomes evident that far more accurate measure- 
ments of particle radius from riming data could have been obtained if a dif- 
ferent selection of collector radii had been used and particularly if measure- 
ments were based wholly on rime collection on rotating collectors of a series 
of different sizes. This matter will be given further consideration later in this 
report and recommendations will be made as to the types of collectors that 
are best for this purpose. 

Examining the data in Cols. 3, 4, 5, 6 and 7 of Table III it is seen that there 
is rough agreement between the four values of radius calculated by different 
methods from the riming data. The average value of the radius is 4.7 microns. 
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When the temperatures are low the droplets are, in general, of small size. 
The maximum radii are obtained when rime is forming at temperatures just 
below freezing. This subject will be discussed again when these data are com- 
pared with other methods of estimating radii. 

I believe that this method of estimating radii from riming data is funda- 
mentally sound and cannot be subject to large errors. There are two factors. 
that have been neglected in the foregoing calculations. These are: 

(1) With small particle sizes, particularly at low wind velocities, the col- 
lecting efficiency even on electrode A is strictly 100 per cent as has been as- 
sumed. It will be shown later that if the actual deposition factor for A is calcul- 
ated one finds that the lower values of droplet radius, such as 2 microns should 
be lowered by a factor of 30-40 per cent. The correction at the higher values 
of radius are negligible. 

(2) For the higher wind velocities and larger droplet particle radii there 
are appreciable deviations from Stokes’ Law. I will show later how these may 
be taken into account. When this is done the effect is to increase somewhat 
(20-30 per cent) the values of the radius of larger size especially at high wind 
velocities. 

For the data in Tables III and IV no corrections have been made for these 
two effects. Since it greatly complicates the calculations to take these factors 
into account it is much more convenient to obtain approximate values of the 
radius as we have done, and then to apply a correction. 


Rate of Growth of Water Droplets in Rising Saturated Air 


In connection with the development of a generator for screening smokes 
for military purposes early in 1942 (OSRD report on Screening Smokes No. 490 
Dated October 5, 1942) a theory was evolved for the growth of particles in 
a smoke consisting of a slightly volatile liquid. The smoke was obtained by 
allowing a jet of super heated vapor from a liquid of very high boiling point, 
(430°C) to escape into cold air at a velocity of about 150 meters/sec from 
a nozzle of about 5 mm diameter. Calculations showed that the vapor cooled 
to temperatures below 100° within a few milliseconds. During a short time 
the particles did not have time to grow more than about 0.3 microns in radius, 
which gave an optimum screening power. 

Even before constructing this generator a theory was evolved for calculating 
the rate of growth of such droplets of liquid. This theory was used to predict 
in advance the proper pressure to use and the proper size .of nozzle to obtain 
the optimum particle radius. The results finally obtained with the generator 
when it was built were in good accord with the predictions that had been 
made, and therefore we have excellent confirmation of the correctness of the 
theory. 

It is possible to develop this theory to cover also growth of water droplets 
during the adiabatic expansion of a rising mass of saturated air. 
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The following brief outline of the theory is quoted from the report on the 
theory of the smoke generator. ‘‘A liquid in very small droplets is under high 
hydrostatic pressure exerted by the surface tension of the droplet. The effect 
of this pressure is to increase the escaping tendency of the vapor. That is, 
it raises the vapor pressure of the droplet above that of normally saturated 
vapor at a given temperature. The smaller the droplet the greater the effect. 
When a jet of vapor escapes at high velocity into cold air large volumes of 
air are drawn into the jet and, because of the intense turbulence, masses of 
vapor are thrown out mixed with air and then drawn back again into the jet. 
‘There are thus an enormous number of condensation nuclei formed. These 
will be of various sizes. While the smoke is still hot, so that the droplets still 
have an appreciable vapor pressure the smallest droplets evaporate very rapidly 
giving vapor which condenses on the larger particles. The smaller particles 
are thus continually disappearing and the larger particles are increasing in 
size. These larger particles, however, are not all the same size and the smaller 
ones among them begin to evaporate giving vapor which condenses on the 
larger particles. In this way, the number of particles continually decreases 
and the average size of the remaining particles continues to increase. This 
Process goes on at a rate proportional to the saturated vapor pressure at the 
temperature of the jet. As the distance from the nozzle increases so that more 
and more cold air is drawn into the jet the vapor pressure falls lower and lower 
until finally the growth process becomes negligible. 

“On the basis of these concepts it is possible to develop a mathematical 
theory by which the rate of growth of particles can be calculated between 
the time that the vapor issues from the nozzle and the time that it has reached 
temperatures so low that the process stops.” 

Let us consider a single small water droplet of radius r in the presence 
of air saturated with water vapor. Let y be the surface tension of water 
(dynes/cm) (at 20°CA = 72.5 and at —5°C 76.4 dynes/cm). The total force 
of surface tension acting across the perimeter of a great circle (equator) having 
its center at the center of the drop is 2xry. This force must be compensated 
by an internal pressure P inside the drop. Thus Par? = 2zry or 


P=2y/r (29) 


For a water droplet of radius 5.0 « the pressure within the drop due to 
the surface tension would amount to 0.306 bars (one bar being 10® dynes/cm? 
or practically one atmosphere) and this pressure varies inversely as the radius. 

One effect of this internal pressure is to increase the tendency of the’ water 
to escape from the drop. It thus increases the vapor pressure. The free energy 
change per gram molecule due to the internal pressure is Px the volume per 
gram molecule and is thus PM/e, where M is the molecular weight (18 for 
water), 9, is the density (1.00 for water). According to thermodynamics the 
increase in energy is also equal to RT In (p,/p,) where R is the Gas Constant 
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8.31 x 10" ergs per degree, T is the absolute temperature (Temp. in °C +273°), 
pf» is the normal vapor pressure of water at the temperature of the drop and 
p, is the actual vapor pressure of the drop, which is higher than p, because 
of the internal pressure. This leads to the equation 


RT In(p,/po) = 2yM/e,7 (30) 
For a water droplet of 5 4s radius at —5°C the value of p,/py is 1.000247. Because 
of the increased vapor pressure there is a tendency for the small droplet to 
evaporate even in air saturated with vapor. 

Other workers in this field who have attemped to work out a theory of 
the formation of smokes after having calculated this effect of surface tension, 
have concluded that the effect is so small that it is negligible. We shall see 
however, when we calculate the rate of evaporation of the droplet, that it is 
of the right magnitude to account not only for the growth of particles in a jet 
from a smoke generator but also for the growth of droplets that form in a cloud 
produced by rising saturated air. 

Under conditions that interest us p, is only slightly greater than ~, so we 
can put : 

Pr = Pot Ap (31) 
where Ap is the increase in pressure due to the surface tension effect. Since 
Ap is so small, In (p,/po) in Eq. (31) can be replaced by p/po, giving 


rAp/py = 2My/o,RT = Fry (32) 


The symbol Fs, is used to denote the function represented by the second 
member of Eq. (32). In Table VII, for a series of temperatures below freezing, 


Taste VII 


Data for Calculation of Vapor Pressures, Rates of Evaporation and Lives of 
Small Droplets 








Air | Vapor} Pressure | tension Diffusion | PESSTET | sosarurated | air ast 
°C | °F he bia and y eects ment air for snow 
mb | mb mb | dynes cm? sec™? 10'F as pick jet pak 
| 
0 32 | 792} 6.11 | 6.11 75.6 0.281 1.20 3.67 
-5 23 | 789 | 4.19} 3.99 76.4 0.273 1.24 5.41 0.113 
—10 14 | 785 | 2.86 2.60 77.2 0.266 1.28 7.98 0.088 
—15 5 | 782 | 1.89] 1.64 78.0 0.258 1.31 12.21 0.092 
—20| — 4| 778 | 1.25 | 1.033 78.8 0.250 1.35 18.68 0.107 
—25| —13 774 | 0.800) 0.625 79.6 0.243 1.39 29.4 0.134 
—30|} —22 770 | 0.511} 0.380 80.4 0.236 1.43 46.5 0.181 
—35| —31 | 766 | 0.314) 0.222 81.2 0.228 1.48 76.7 0.262 
—40| —40 | 762 | 0.193} 0.129 82.0 0.221 1.53 126.1 0.380 
































The symbols F,,, Fy, and Fy, are defined by the corresponding equations (32), (45) and (46). 
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data are given that will be useful in connection with studies of riming conditions 
on Mt. Washington. Col. 3 gives the air pressure in millibars at the summit 
of Mt. Washington, assuming at sea level the pressure is 1000 mb. Col. 4 
gives the partial pressure of water vapor, in millibars, for air that is saturated 
with water, and Col. 5 the vapor pressure when the air is saturated with re- 
spect to ice or snow. These were calculated by Eqs. (73) and (74) given later 
in this report. Col. 6 is the surface tension of super-cooled water calculated 
by linear extrapolation from the data given in the International Critical Tables. 
Col. 7 gives the diffusion coefficient of water vapor in air at the pressure given 
in Col. 2, calculated by Eq. (44). Col. 8 gives values of Fy, defined by Eq. (32). 
This quantity enables us to calculate directly the quantity r p/p, and thus 
obtain the vapor pressure of a droplet of any radius. 

The evaporation of small spheres is determined by the rate of diffusion 
of the vapor from the surface of the sphere into the surrounding air.1 Consider 
two concentric spherical surfaces, the inner one of radius a and the outer 
one of radius 5. Let the air in the spherical spell between these two surfaces 
contain water vapor having a partial pressure which is maintained at p, at 
the surface of the inner sphere and p, at the sufrace of the outer sphere. 

The water content of the air w, expressed in g/cm, is related to the partial 
vapor pressure p by the equation 


w = Mp/RT. (33) 


Let Q (in g/sec) be the rate at which water vapor diffuses from the inner to 
the outer spherical surface. Since this vapor must diffuse through every spher- 
ical shell of radius r and thickness dr lying between a and b we have 


Q = —D -4nr*(dw/dr) (34) 


where D is the diffusion coefficient (in cm*/sec) of water vapor in air. 
Integration of Eq. (34) between r = a and r = b gives 


w,—t, = (Q/4xD) [(1/a)—(1/6)] (35) 
Introducing the value of w from Eq. (33) we have 
Pa—P» = (QRT/4xMD) [(1/a)—(1/6)] (36) 


In any ordinary fog a cloud the distances between the droplets is very 
large compared to the radius of the droplets. If w, is the liquid water content 
of the fog in g/cm’, n is the number of droplets per cm* and r is the radius 
of the droplets we have 

w, = n(4x/3)r°9, (37) 


The distance between neighboring droplets is of the order of n“. Thus the 
ratio of the droplet radius to the inter-droplet distance is 


(arty? = (0.2391,/0,)" (38) 
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or if we put 9, = 1.00 and express the water content (Col. 3, Table II) in 
g/m® we have 

n'y = 6.20 x 10-$(g/m*)¥s (39) 
Since g/m? is only rarely greater than 1 g/m? we see that the distance between 
droplets is of the order of 160 times greater than the droplet radius. 

Let us now imagine that about each droplet a concentric spherical surface 
is constructed having a radius 40 times the droplet radius or 1/4 of the distance 
to the neighboring droplet. We can now consider that the radius in Eq. (36) 
is the radius of the outer sphere of radius 40a. If we had chosen b = 80a 
the spheres would have contained most of the volume of the air in the fog 
with little overlapping. Therefore, with b = 40a the spheres contain less 
than 1/8th of the total volume. With 6 = 40a the value of 1/b in Eq. (36) 
is only 2.5 per cent of that of 1/a. Thus, without appreciable loss of accuracy 
we can neglect the term 1/6 and can consider that the partial pressure of the 
water vapor is substantially constant (p,) throughout the fog. The concentra- 
tion gradient is confined to regions so close to the surfaces of the droplets 
that these regions give no appreciable contribution to the total water vapor 
content. “ 

The quantity Q in Eq. (36) is the rate of loss in weight of the droplet 
(—dm/dt). Thus from Eq. (9) we obtain 


Q = —4no,7* dr/dt (40) 
Introducing this into Eq. (36), neglecting (1/6), putting a = r and p,—p, = Ap 
we obtain 


1(dr/dt) = —MDAp/p,RT (41) 


This equation may be used directly to calculate the rate of evaporation 
of a droplet in unsaturated air. In this case Ap is the difference between the 
water vapor pressure of saturated air (at the surface of the droplet) and that 
of the surrounding air. Integration gives 


r? = ri—2MDAPt/o,RT (42) 
where r, is the initial radius at t = 0 and r is the radius after time ¢. Thus 
r® decreases linearly with time. The life ¢ of the droplet is thus 

t = 0,RTr/2MDAp (43) 


The diffusion coefficient D for water vapor in air according to the Inter- 
national Critical Tables is 
logy)>D = 1.75 logy) T—1.917—logio Pm» (44) 


where p,» is the air pressure in millibars. Using the normal pressures on Mt. 
Washington, given in Col. 3 of Table VII, the values of D are given in Col. 7. 
Eq. (43) can be written 


(t/1°) (Ap/e.) = @,RT/2MDe, = Fas (45) 
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where ¢ is the life of a droplet which initially has the radius r. The symbol 
Fy; denotes the function represented by the second member of Eq. (45) as 
tabulated in Col. 9 of Table VII. This equation is designed to facilitate the 
calculation of the life of a water droplet in air of any specified relative humidity 
Since the pressure increment Ap is the difference between the saturation 
vapor pressure e,, and the partial pressure of water vapor in the surrounding 
atmosphere, 1— Ap/e,, is the relative humidity. Consider, for example, a water 
droplet of 34 radius in air of 60 per cent relative humidity at —10°C. We 
then have Ap/e,, = 0.40, r= 310-4 cm and F,; = 7.98 x 105 and thus from 
Eq (45) T = 0.180 second. For particles of other sizes the life can be calculated 





Fic. 2. Mt. Washington data Mar. 10, 1944. 10 p.m. 


readily since it varies in proportion to 7*. It is evident from this result that 
if widely separated droplets of this small size were deposited on a glass slide 
for microscopic examination they would disappear before observations could 
be made if they were brought into air of low relative humidity. 

On Mt. Washington care was taken to measure the droplets on the slides 
in a room which was at outdoor temperature and in which the air was saturated 
with water vapor in equilibrium with ice, since the walls of the room were 
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normally covered with frost. To calculate the life of super-cooled water droplets 
under these conditions we put Ap = e,,—e, in Eq. (43) which then becomes 

t/r? = 0,RT/2MD(e,,—e,) = Fie (46) 
The values 10-8F 4, are given in Col. 10 of Table VII. Thus the life of a droplet 
of 3 w radius in air saturated with respect to snow at — 10°C is only 0.79 second. 
The minimum value of 10-*F,, is 0.086 at —11°C but even at —40° the life 
is only 4.4 times as great as at this minimum. With particles of 13 microns 
radius, which I believe were about the largest primary fog particles that occurred 
in the Mt. Washington observations as given, for example, in Col. 7 of Table 
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Fic. 3. Mt. Washington data Mar. 15, 1944. 10 a.m. 


III, the life at —10°C would be only 17 seconds and at —25°, 23 seconds. The 
difficulty in using the Houghton Radford microscopic measurement on Mt. 
Washington for particles as small as this is thus apparent. 

By having so many droplets on the slide that they are relatively close to- 
gether (see Figs. 2 and 3) and if all the particles were liquid they would mutually 
protect one another from evaporation by raising the water vapor pressure 
near the surface of the slide more nearly to that of vapor saturated with respect 
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to liquid water. According to Mr. Schaefer the observers on Mt. Washington 
reported some facts that support these conclusions. They say that if the slide 
is exposed for a very short time, so that relatively few particles are collected 
on the slide great difficulty is experienced from evaporation of the particles, 
the decrease in size being appreciable while the droplets are being observed 
under the microscope. With the particles of 50 microns or so in radius that 
were observed the life of particles would be 15 times longer than with droplets 
of 13u radius so that even single droplets would last for several minutes. We 
shall see later that the larger drops observed were formed by coalescence of 
small drops because of the large number of drops deposited. 
Life of Moderately Small Droplets in Saturated Air. According to Eq. (32) 
the surface tension effect raises the vapor pressure of the droplet even above 
. that of saturated vapor (with respect to water). To calculate the life of a droplet 
which initially has a radius 7, we use Eq. (41), introducing into it the value 
of Ap given by Eq. (32). This gives 
(dr/dt) = —2(M/o,RTYDye, (47) 
where é,, is the saturation pressure for liquid water which we previously called 
fo in Eq. (32). By integration of this equation between r = r, and r = 0 we 


get the time t needed for the completed evaporation of a droplet which has an 
initial radius rp: 


t = (1/6Dye,) (0, RT/M)'re—(1/6Dye,.) (Q,RT/M)*r (48) 
For convenience we may put, replacing 7) by r: 
t/r? = (1/6Dye,) (0,RT/M)* = Foo (49) 


Col. 3 of Table VIII gives values of 10-F,, for various temperatures. These 
values of 10°F,, also represent the lives in seconds for water particles of 1 
micron radius in air saturated in respect to water vapor. For particles of other 
sizes we multiply these values by the cube of the radius of the droplet in microns. 
Thus, although the life of a particle of one micron radius at —15° would be 
only 6.2 seconds, a particle of 10 microns radius would be 6200 seconds, or 
1.72 hours. 

Lives of Droplets having Radii less than 10-5 cm. In the foregoing discussion 
of the lives of droplets in saturated air we have considered the evaporation to 
be determined by diffusion of water vapor from the surface of the droplet. 
This method is only applicable for particles that have sizes larger than the 
free path A, of molecules in air. For air at atmospheric pressure and —5°C 
the free path is 1.17x 10-5 cm, but at altitude of Mt. Washington the free 
path would be 4, = 1.48 10-5 cm. 

In considering the mechanism of the growth of small particles in rising 
air we shall need to consider the formation and evaporation of very minute 
droplets starting from almost molecular size. For droplets having radii very 
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much less than the free path we may make use of an equation which I have 
used for calculating the rate of evaporation of substances in high vacuum, 
particularly as applied to the evaporation of tungsten filaments. The rate 
in gms/sec cm? at which a substance evaporates in high vacuum is (M/2nRT)!*p 
where M is the molecular weight of the substance and p is the equilibrium vapor 
pressure. Applying this to the evaporation of the water droplet we have 


Q = 4ar*(M/2nRT)"Ap (50) 
which now replaces Eq. (36). Eliminating 6 by Eq. (40) we get 
dr/dt = (Ap/e,) (M/2nRT)!. (51) 


This should apply when the radius is negligible compared to the free path 
4, of the molecules of air. 
A careful consideration of the intermediate range where r is comparable 

to the free path 4, gives 

dr = Ap/ a, 

dt ~ RTr/MD(1-+a4,/r)-+(2aRT/M)* 
In this equation a is a numerical constant called the Cunningham constant 
whose value is about 0.7. When r = about 0.72,, which is about 10-5 cm, 
the two terms in the denominator of Eq. (52) become equal. When r decreases 
below 10-® cm the first term of the denominator rapidly becomes small and 
Eq. (52) reduces to Eq. (51). On the other hand when r increases above 10 cm 
the first term in the denominator rapidly becomes larger than the second 
term and Eq. (52) holds for all larger values of radius. 





(52) 


Tasre VIII 


Calculation of Life of Small Water Droplets in Air 
Saturated with Respect to Water Vapor 











en ee 3 4 
Temperature! 10-49 F,,| 10-* Fy, 
°C | °F | sec/cm* | sec/cm* 
+20, 68 0.562 0.183 
+10 | 50 1.042 0.324 
0 | 32 2.03 0.61 
—5 | 23 2.89 0.86 
-10 | 14 4.16 1.20 
-15 | 5 6.20 1.75 
—20 |: —4 | 9.20 2.54 
—25  -13 | 14.0 3.82 
—30 | —22 | 215 5.72 
—35 | —31 | 343 8.94 
—40 | —40 | 54.9 { 140 











F,, and F,, are functions defined by Eqs. (49) and (56). 
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Let us now apply Eq. (51) to calculate the life of a very small droplet in 
presence of saturated vapor. We insert in Eq. 6) the value of p from Eq. 
(32) and thus obtain 


r(dr/dt) = —2(2/n)"(M/RT)*-e,y/o8 (53) 
By integrating this equation we find that the life ¢ is 
t = (1/2) (2/2)*(RT/M)**- (0,7,)°/exy (54) 
For numerical values we put oe, = 1, M = 18, r = 8.31x10" and get 
= 6.21 x 10°T?"13/e,,y (55) 


or for convenience we may write this in the form (omitting the subscript 
of fp) 


t/r? = 6.21X10°T?e,y = Fey (56) 
The numerical values of 10-*Fy_ are given in Col. 4 Table VIII. The life of 


a particle of 10-5 cm radius in saturated water vapor at —10°C is thus 0.012 
second. 


Theory of Growth of Particles in Expanding Saturated Air. At any stage 
in the formation of a cloud the droplets are not of uniform size but there is 
a distribution of particle sizes above and below a mean value. The smaller 
drops have a higher vapor pressure than the larger drops. Therefore the small 
drops evaporate and the moisture they contain deposits on the large drops. 
There is thus a continual decrease in the number of droplets. Those that 
remain become increasingly large. Let us assume that while this process is 
going on, the distribution of the particles among the various size groups, 
(each being defined in terms of the radius), expressed as a fraction of the 
mean radius, remains substantially unchanged. Thus, for example, the per- 
centage of the particles that have radii less than 0.8 of the mean radius remains 
constant while the particles gradually increase in diameter. It is not probable 
that this condition is strictly fulfilled, but rough analysis indicates that the 
effects we are looking for are not very sensitive to moderate changes in the 
distribution function. We shall, therefore, assume that the distribution func- 
tion remains constant. In any given time interval the fraction of the particles 
that disappears should then vary inversely in proportion to the life ¢ of the 
droplets of average size. 

Case I. Let us consider first the growth of particles in a fog consisting of 
droplets having an average radius less than 10-5 cm. We can write, using the 
value of t from Eq. (56): 


dinn/dt = —1/Bt = —1/BF 7 (57) 


where n is the number of droplets per cm® at the time ¢, and f is a constant 
numerical factor presumably of the order of magnitude of unity which depends 
upon the particular type of distribution function. Since we have no way of 
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_ determining the form of this function we shall regard B as an empirical con- 
stant whose value is to be determined from experimental data. 

In the theory of the formation of smokes we introduced in the same way 
an adjustable constant 8. Comparison of the theory with the experimental 
data for the radii of the smoke particles, obtained with a known rate of cooling 
of the vapor, gave values of 8 approximately equal to unity. 

In saturated air which is expanding adiabatically at a uniform rate in the 
presence of enough nuclei to prevent super-saturation the total liquid water 
content of the fog increases approximately linearly with time measured from 
the time at which the vapor becomes saturated. Since the total water content 
varies in proportion to nr® we can put 

nr = Ct, (58) 
where C is a constant whose value is determined by the rate of rise or rate 
of expansion of the air. Taking the natural logarithms of both members of 
‘this equation and differentiating with respect to time we have 

d\nn/dt+ (3/r) dr/dt = 1/t (59) 
Chicbiniag this with Eq. (57) so as to eliminate n and multiplying through 
by r we obtain the differential equation for the rate of growth of droplets: 
3dr/dt—r/t = 1/BF sr. (60) 
Solving this equation we find 
= 24/BF yy +Ae®, (61) 
where A is an integration constant. 

When t is very small the first term of the second member of Eq. (61), since 
it contains a higher power of t, must become negligible compared to the sec- 
ond term involving A. Thus for very small values of t the limiting expression is 

r= Alps (62) 
If we introduce this into Eq. (58) we find that for small values of t to which 
Eq. (62) applies the concentration n is independent of time. This initial value 
of n which we may call n, is 


Ny = C/A”? (63) 

We can introduce the value A from this equation into the Eq. (61) which 
then becomes: 

7* = 2t/BF 55 +(Ct/ny)** (64) 


Here, as before, C measures the rate of expansion of the air or the rate of 
formation of liquid water. 

Eq. (64) shows that if the number of nuclei ”, is very small then the drop- 
let growth is given by Eq. (58) putting n = my. However, if the number of 
nuclei is unlimited or is sufficiently great to make the last term of (64) negli- 
gible then the radius of the particles is given by 


7 = 2/BF a, (65) 
and the droplet radius is thus independent of the number of nuclei. 
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Case II. When the droplets have grown to a radius greater than 10-5 cm 
we obtain t from Eq. (49) and so in place of Eq. (57) we have 


d In n/dt = —1/BF,,r*. (66) 
Introducing this into Eq. (59) we now have instead of Eq. (60): 
: 3dr/dt—1r/T = 1/BF ygr* (67) 
The solution of this gives 
7 = (t/BFy) In At, (68) 


where A is again an integration constant. 

To determine the value of A we can impose the condition that the growth 
process expressed by Eq. (68) begins when r = 7, = 10-5 cm at which point 
the growth corresponding to Eq. (64) terminates. Let ¢, be the time at which 
the droplet radius is r,. This gives us a second equation like (68) except that 
r and t are replaced by 7, and t,. Thus we can eliminate A and obtain 


18 = r3t/t, +(t/BF is) In(t/t)) (69) 
The first term of the second member, according to Eq. (58) can be written 


Ct/n,. If we start initially with an unlimited number of nuclei n,, at t = 0 

_ the term Ct/n, is negligible compared with r*. Therefore, Eq. (69) reduces to 

7 = (t/BF,s) In(¢/t,) (70) 

In Eq. (70) the value of t, can be obtained directly from (65) by putting 
r= 10-5 cm giving 

t, = 5x10 “BF, (71) 

Eq. (70) is a general solution of our problem of calculating the radius of 
fog particles that form in air that is rising inside of a cloud. Let us consider 
a given mass of air which enters the base of a cloud and expands adiabatic- 
ally as it rises at a uniform rate. The time ¢ in Eq. (70) is the time of rise, i.e., 
the time required for the air mass to rise from the cloud base to any selected 
point in the cloud. This theory is based on the assumption that large numbers 
of nuclei are present in the air so that at the cloud base the droplets are very 
small. As the air rises the number of droplets decreases to a small fraction 
of their initial number while the radius increases. 

Table IX contains values of the droplet radius r calculated by Eq. (70) 
for a series of different temperatures on the assumption that 6 = 1. The last 
line of Table IX contains the values of t, calculated by Eq. (71). If B is found 
to have any other value than 1.0 the radii are easily corrected since r° varies 
inversely as B. 

In order to apply Table IX to the Mt. Washington riming data we need 
to calculate for each set of riming observations the time that it has taken the 
air to rise from the cloud base to the summit of the mountain. 

The summit of Mt. Washington rises sharply with an average slope of 
about 0.32 from a ridge whose average height is 1000 ft or so lower. With wind 
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velocities averaging 55 mi/hr the vertical components of velocity amount to 
18 mi/hr so that if the cloud base is 1000 ft below the summit it only takes 
the air about 38 seconds to rise along the mountain slope from the base of 
the cloud 


Tasie IX 


Radius of Water Droplets in Microns as a Function of the Time of Rise t(sec). 
Based on B =1. For other Values of B Multiply the Radius by 1/68 








t |+20°C |+10°C) O°C | —5°C | —10°C —15°C| — 20°C —25°C —30°C| —35°C!—40°C 
sec | 68°F | 50°F | 32°F | 23°F | 14°F | 5°F | —4°F | —13°F) —22°F | —31°F!—40°F 





2.31 1.83 | 1.42 | 1.24 | 1.07 | 0.91 | 0.78 | 0.66 | 0.55 0.45 | 0.36 
3.01 | 2.39 | 1.85 | 1.62 | 1.39 | 1.21 1.03 | 0.87 | 0.73 0.60 | 0.50 
3.50 | 2.79 | 2.16 | 1.89 | 1.65 | 1.41 1.21 1.03 | 0.86 | 0.72 | 0.59 
4.24 | 3.38 | 2.52 | 2.30 | 2.00] 1.73 | 149 | 1.25 | 1.06 | 0.87 | 0.73 
5.48 | 4.35 | 3.42 | 2.98 | 260} 2.24 | 1.93 | 1.64 | 1.39 1.16 | 0.98 
20| 7.08 | 5.65 | 4.41 3.87 | 3.38 | 2.92 | 2.51 2.14 | 1.82 1.52 | 1.27 
30} 8.24 | 6.61 5.13 | 4.50 | 3.93 | 3.41 | 2.93 | 2.50 | 2.13 1.78 | 1.48 
40| 9.13 | 7.29 | 5.70 | 5.01 | 4.37 | 3.78 | 3.26 | 2.78 | 2.38 1.99 | 1.66 
50} 9.93 | 7.91 | 6.20 | 5.44 | 4.75 | 4.10 | 3.55 | 3.03 | 2.58 2.16 | 1.81 
60| 10.56 | 843 | 665 | 5.81 | 5.15 | 4.37 | 3.80 | 3.25 | 2.77 2.32 | 1.94 
70| 11.19 | 8.95 | 7.01 | 6.15 | 5.39 | 4.65 | 4.02 | 3.44 | 2.94 | 2.46 | 2.06 
80/ 11.75 | 9.38 | 7.35 | 6.46 | 5.65 | 4.89 | 4.24 | 3.61 3.08 2.58 | 2.17 
120} 13.60 | 10.86 | 8.55 | 7.52 | 6.56 | 5.70 | 4.90 | 4.21 | 3.58 2.84 | 2.53 
300} 18.9 | 15.16 | 11.9 | 10.50 | 9.17 | 7.97 | 6.86 | 5.91 | 5.0 4.26 | 3.56 
600} 24.2 | 19.4 | 15.2 | 13.5 | 11.8 | 10.2 8.9 7.6 6.5 5.5 4.6 
1200; 31.0 | 24.9 | 194 | 17.3 | 15.2 | 13.2 | 11.4 9.8 8.6 71 6.0 
3600| 45.9 | 36.8 | 291 | 25.7 | 22.6 | 19.6 | 17.0 14.6 | 12.5 10.6 8.9 


COuene 






































(etc) 9.210 | 0.0016 | 0.0030 | 0.0043 | 0.0060 | 0.0087 | 0.0127 | 0.0191 | 0.0286 | 0.0446 | 0.0700 





These data have been calculated for the altitude of Mt. Washington (6290 ft). For sea level 
the radii should be multiplied by 0.92 at 10,000 ft by 1.05 and at 20,000 ft by 1.21. 


To determine the time of rise t we need to know the elevation of the base 
of the cloud. 

Calculation of Cloud Base. In Brunt’s book, Physical and Dynamical Meteor- 
ology (1934), page 54, equations are given for calculating the amount of con- 
densation of water (or snow) during adiabatic expansion of saturated air. 
These depend on the partial water vapor pressure in air saturated with water 
or ice. Within the range from 0°C to —40°C these vapor pressure data can 
be represented accurately by the following equations 


loge, = 12.5548—2392.7/T (72) 
logice, = 13.5567—2667.3/T (73) 


where e,, and e, are the saturated partial pressures of water and snow expressed. 
in baryes (or dynes/cm?). 
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Brunt’s equation for the saturated adiabatic curve is 
logio(p—e)—3.520 logy) T—(3.934L/T)3/(p—e) = const. (74) 


Here p is the total atmospheric pressure, e is the partial pressure of water, 
T the absolute temperature and L is the heat of evaporation of water or ice. 
For water L,, = 6.08 and for snow L, = 6.78. Eq. (74), together with Eq. (72) 
or (73), can be used to calculate the changes in e and T as p changes. 
The total water content in grams of water vapor per gram of dry air which 
Brunt denotes by x is equal to 
x = 0.622e/(p—e) (75) 


From the equations given by Brunt on page 34 we can calculate the change 
in pressure with altitude: 


h = 6737T logyo(Po/p) (76) 
Here h is the height in cm measured above the altitude at which the pressure 
is po. When the air rises the liquid water content x decreases because of the 
formation of liquid water droplets (or snow crystals). These rates of change 
may be obtained by differentiating the foregoing equations. From Eq. (75) 
we obtain 


dx/dp = 0.622 [p(de/dp)—e]/(p—e)® (77) 
We further find from Eqs. (72) and (73) 
de,,/dT = +5509.4e,/T? (78) 
de,/dT = +6141.7e,/T? (79) 
The variation of water content x with height is 
dx/dh = 2.095 x 10-4 (e/pT)[2.574.L0/T—1] (80) 


where @ is defined by 
= 1+9.06 Le/T(p—e) (81) 
3.52+-ep [9.06L/T (p—e)]* 


To calculate 6,, and 0, we insert in Eq. (81) the value L,, = 6.08 or L, = 6.78 
and we replace e by e, or e,. The values of 6, and 9, are given in Cols. 3 and 4 
of Table X. Cols. 5 and 6 contain values of 10? dx/dh for water and snow. 
Cols. 7 and 8 give the adiabatic lapse rates defined by 


dT/dh = 0.957 x 10-46. (82) 


Col. 9 has been calculated from the data in Cols. 5 and 10. We shall have 
occasion later to use these data for a simplified method of calculating the 
time of rise ¢. 

The figures actually tabulated in Cols. 7 and 8 represent the lapse rates 
in the usual units, giving the decrease in temperature (°C) for a 100 meter 
rise. The figures in Cols. 5 and 6 represent the increase in the liquid water 
content x in grams of water per kilogram of air for a 100 meter rise. 
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I shall illustrate by an example the application of these results to the Mt. 
Washington data. In Table IV, Col. 3, the observations on March 4 at 1:00 
a.m. indicate that the liquid water content of the air was 0.060 g/m. Since 
the density of the air at this temperature (—30°C) is 1104 g/m’, by Col. 10, 
Table X the value of x corresponding to this liquid water content is x = 5.44x 
10-5 g of water per g of air. Dividing this by the value of dx/dh = 2.84x 
10-*, from Col. 5 we get Ak = 1.92104 cm or 192 meters. This is the 
vertical distance of the cloud base (at which x = 0) below the summit of the 
mountain, as entered in Col. 4 of Table IV. Subtracting this difference of 
elevation, 630 ft, gives for the elevation of the cloud base 5660 ft. 

From a contour map of Mt. Washington on the scale of 1:40,000, published 
by the Appalachian Mt. Club the horizontal distance from the summit to 
a point on the surface of the mountain, in the direction WNW, from which 
the wind was coming, which had an elevation of 5660 ft, was found to be .037 
miles. This distance is entered in Col. 5 of Table IV. Dividing the velocity 
in m/hr (60) into this distance gives the time of rise in hours, which in Col. 6 
is expressed in seconds (22 sec). 

From this time of rise and the temperature, —22°F, given in Col. 2 Table IV, 
the radius 7, (entered in Col. 7 of Table IV) is found to be 1.9 microns by 
interpolation from the data of Table X assuming f = 1. 

All the values of the radius in Col. 7 were plotted as ordinates on double 
logarithmic paper using as abscissas the corresponding values of the radius rg 


TABLE X 
Data for Calculating the Adiabatic Lapse Ratio for Air Saturated with Respect 
to Water or Snow and also the Rate of Condensation of Water or Ice in Rising 
Air. Based on Assumed Altitude of Mt. Washington (1900 meters) 














dx aT -10 

‘Temperature 10? = 10¢ a 10 a Air 
Gace ee os | Water Snow fe dh density 

°C | °F cm? cm- Water | Snow Water g/m 
0 32 | 0.609 | 0.544 | 0.1477 | 0.1468 —0.583 | —0.521 6.70 1011. 
—5 23 | 0.677 | 0.620 | 0.1225 | 0.1199 —0.648 | —0.593 7.96 1026. 
—10 14 | 0.740 |0.710 | 0.0987 | 0.0979 —0.708 | —0.679 9.74 1040. 
—15 5 | 0.801 | 0.786 | 0.0758 | 0.0738 | —0.767 | —0.752 | 12.49 1056. 
—20 | — 4 | 0.851 | 0.845 | 0.0567 | 0.0531 —0.814 | —0.809 | 16.47 1071. 
—25 | —13 | 0.893 | 0.893 | 0.0405 | 0.0360 | —0.855 | —0.855 | 22.72 1087. 
—30 | —22 | 0.925 |0.929 | 0.0284 | 0.0241 —0.885 | —0.889 | 31.94 1104, 
—35 | —31 | 0.950 |0.955 | 0.0189 | 0.0153 —0.909 | —0.914 | 47.16 1121. 
—40 —40 | 0.967 | 0.972 | 0.0125 0.0096 —0.925 | —0.930 | 70.1 1139, 





























x = Liquid water (or ice particle) content of H,O per g of air. 
hk = Altitude in cm. 
@q = Density of air g/cm’. 
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obtained by the riming data as given in Col. 7 of Table III. In general the 
points were found to lie approximately along a straight line of roughly unit 
slope. 

To measure the degree of correspondence between the radii obtained by 
two of these totally different methods I calculated the Correlation Coefficient 
(6.6.) defined by 

C.C. = D)(XY)/[X (X4)-S(¥9)}* (83) 
where X and Y represent the deviations from the mean value for any two 
quantities x and y, whose correlation is sought. This method was applied 
to determine the correlation between the logarithms of the radii given in Col..7 
of Table IV with the logarithm of rg given in Col. 7 Table III. This loga- 
rithmic correlation coefficient (L.C.C.) was found to be +0.921. This high 
value is a good indication that both methods give values that depend fundamen- 
tally on the radius of the particles. The L.C.C., however, will be just as high 
if the ‘‘radius” given by one method varies in proportion to any power of that 
given by other method. A high correlation does not prove that the two measure- 
ments of the radius are proportional to one another. The use of the L.C.C. 
(instead of the C.C.) is based on the postulate that the errors of the separate 
observations are approximately the same percentage for high and low values 
of r. Thus, for droplets of 2 microns radius, we can assume a 15 per cent error 
(ie. +0.3 microns) is about as likely to occur as for droplets of 12 microns 
radius where the error would be +1.8 microns. The deviations for the loga- 
rithms would be the same in both cases. 

The method of Least Squares can be used to determine the slope of the 
straight line which best represents an approximately linear relationship be- 
tween the variables x and y. If we let X and Y be the differences between these 
quantities and the corresponding mean values of x and y then we obtain by 
the method of Least Squares 


«= [J (XY/2(¥Y))y. (84) 
With the slope chosen in this way, the sum of the squares of the deviations 
between the observed values of x and those calculated by the above equation 
from the observed values of y, will be a minimum. 

Similarly 

y= [LY (XY)/D (X)]«. (85) 
In this case the squares of the deviations of the y’s becomes a minimum. For 
use in these Eqs. (83), (84) and (85) I put 

x = logioTg—0.67 (86) 

and 
: y = logy7,—0.44 (87) 
The terms 0.67 and 0.43 represent the average values of logior, and log,o7, 
for the 47 sets of observational data. The corresponding average values of rz 
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and r, are 4.67 and 2.76 u respectively. In these equations rz is the radius 
in microns obtained from the riming data as given in Col. 7 of Table III and 
r, is the radius in microns given in Col. 7 of Table IV as obtained from the 
time of rise and the temperature. 

From these experimental values of rz and 7, we find that (X*) = +2.128; 
2(Y*) = +3.166 and 2(XY) = +2.391. Thus the Correlation Coefficient 
given by Eq. (83) is +0.921. 

Eq. (84) applied to these data gives 


x = 0.755y. (88) 
Introducing the values of x and y from Eqs. (86) and (87) we have 
log rz = 0.34+-0.755 logyo7,. (89) 


The radius 7, has been calculated on the assumption that 6 = 1. Since, 
however, 8 should be regarded as a constant whose value is to be determined 
empirically we can so choose f that the average value of the radius r, that 
we get from the time of rise method is equal to the average obtained from 
the riming data. To do this we should take : 

r, = 1.697,. (90) 

This factor 1.69 corresponds to a value 8 = 0.207 since according to Eq. 
(68) 7 varies in proportion to 1/648. The values of 7,, the radii obtained by 
the time of rise method, from Eq. (90) are given in Col. 8 of Table IV and 
for comparison with the radii obtained by other methods in Col. 8, Table III. 

If we take the differences between the logarithms of r, and 7,, Cols. 7 and $ 
of Table III, we find that the root-mean-square value of the difference is 
+0.098 which corresponds to the logarithms of 1.25 or to the logarithm of 
0.80. Thus we see that the values of rz and r, agree roughly on the average, 
within about +22. per cent. When one considers, however, that the radii 
observed at different times may stand in a ratio of as much as 10:1 this result 
is compatible with the C.C. of +0.92. 

The Least Square method which led to Eq. (89) would indicate that the 
value of r which would agree best with rz given by the riming data, is 

r = 2.2(r,)0-755 (91) 
where 7, is the radius calculated from Table IX taking 8 = 1. 

If the values of r were calculated by this equation instead of by Eq. (90) 
the agreement would be slightly better. The difference, however, is not large. 
With a radius of r, = 2 microns given by Eq. (90), the value of r from Eq. 
(91) would be 1.23 times as great but for 7,= 12 microns the ratio would 
be 0.80. In the construction of Table IV it was not considered desirable to 
use the non-linear Eq. (91). I wished rather to determine whether or not the 
time of rise method permits the calculation of a substantially correct radius. 
In a subsequent section the probable reason for the difference between Eqs. 
(90) and (91) will be discussed. 
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Estimation of Droplet Radius from Visibility Data 


In a previous paper (A Study of Light Signals in Aviation and Navigation, 
I. Langmuir and W. F. Westendorp. Physics, 1, 273 (1931)) the theory of the 
scattering of light by clouds and fogs has been considered. For ordinary fogs 
and clouds with droplets having radii ranging from 20 to 100 times their ef- 
fective wave length of ordinary white light (0.56 micron) the visibility may 
be considered to depend upon the ‘‘free path” / of the light rays through the 
fog. This concept is entirely analogous to that of the free path of gas molecules 
in the kinetic theory of gases. Let m be the number of droplets per cm* and 
w,, the weight of the drops per cm*. The value of w, is given by Eq. (37). If 
a beam of light of intensity J passes a distance dx through a cloud, the decrease 
of intensity of the direct beam is —dI = Inr*ndx, since xr? is the area inter- 
cepted by each drop. The scattering coefficient is thus znr*. The reciprocal 
of this or 


A= 1/xnr = (4/3) ro,/w, (92) 


is the free path of the light rays through the cloud, i.e. the average distance that 
the rays can travel before the intensity of the direct beam falls to 1/e™ value. 
The distance that an object can be seen through a fog, will be a small multiple 
of 4. The visibility is a rather indefinite term unless the conditions of illu- 
mination of fog are known. For example the visibility of point source at night 
in a fog will be much greater than the visibility of an object in daylight when 
the fog and the object are illuminated by diffused light. The visibility would 
be greater if the fog between the observer and the object were not illuminated. 
Experience has shown, (as in our studies of visibility through smokes, that the 
light scattered back into the observers eyes from the fog cuts down the visibility 
by reducing contrast even when the light actually transmitted through the fog 
would otherwise make an object visible. 

In view of the uncertainty of these various factors, especially as they have 
not been specified in the Mt. Washington data, the ratio between the visi- 
bility V and the free path A can best be determined empirically. 

The riming data on Mt. Washington prove that the droplets in the fog 
under riming conditions are far smaller than those commonly encountered 
in advection fogs over land or sea. Under these conditions Eq. (92) should 
be modified by introducing into the denominator a numerical factor K, to 
allow for the fact that for very small particles the scattering does not vary 
in proportion to the projected area of the droplets. It has been shown by 
Stratton and Houghton (I. A. Stratton and H. G. Houghton Phys. Rev. 38, 
159 (1931)) that the value of K,, which is the ratio between the effective pro- 
jected area and the true projected area zr, depends only upon the refractive 
index and a quantity a, which is defined by 


a = 2nr/A,, (93) 
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where r is the radius of the particle, and 4, is the wave length of the light 
scattered by the particle. It was shown in this paper that for water droplets 
(refractive index 1.33) K, reaches a minimum when a = 6.1, becomes a min- 
imum at a= 11.7, again reaches a maximum at a = 16 and finally falls 
towards a limiting value of unity for very large values of a. The actual numer- 
ical values of K, given by Stratton and Houghton were too small by a factor 
of 2 (shown by recent calculations by Dr Lowan and reported by LaMer 
(Report OSRD No. 1857 Sept. 29, 1943 Prof. V. K. LaMer). According to 
these new data the second maximum in K should be 2.7 at about a = 16. 

Eq. (92) should therefore be modified as follows (omitting subscript of w,) 


1/K, = (3/4)03/0,. (94) 


The product of the visibility and the water content w is thus a function of 
the radius. In the range of droplet size that we are dealing with—that is with 
radii from 1.4 microns up—the values of a are greater than the 16 at which 
the second maximum in the value of K, occurs. Thus K, decreases as r increases. 
For example, if K varies inversely in proportion to r then by Eq. (94) we 
would find that the radius of the particle would vary in proportion to the 
square root of the product of the visibility and water content. 

In a second paper by Radford (W. H. Radford, Mass. Inst. of Tech. Publi- 
cations Reprint No. 152 (1939)) data are given from observations of droplet 
size and liquid water content in fogs at Round Hill. The droplets ranged from 
16 to 27 microns in radius and the water content varied from 0.095 to 
0.20 g/m*. For these relatively large droplets we can take K, = 1. From the 
eight sets of observations given the average value of the ratio between the 
visibility V and the free path 4 calculated by Eq. (92) comes out to be 1.574 
0.16 (S.D.). 

In studying the Mt. Washington visibility data given in Col. 6, Table I, 
I have determined the L.C.C. between the product Vw, which occurs as wA 
in Eq. (94), and the average of the radii r, and 7, in Cols. 7 and 8 Table III 
I find that the L.C.C. is +0.93. The Least Square method leads to 


ry = 1.29[Vy_(g/m)]>- (95) 


Here ry is the droplet radius in microns calculated from the visibility v in feet 
and the water content W expressed in g/m’. 

This equation gives values of r, which make > [log(r,/r)]* a minimum, 
i.e. gives the values ry that agree best with (1/2) (rg+r7,). The agreement 
is substantially unchanged if we use the more convenient square root relation: 


ry = 1.16V4(g/m*)? (96) 


For radii ranging from 2 to 12 microns the values given by these 2 equa- 
tions do not differ by more than 7 per cent, an amount small compared to 
other errors. 
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The values of r, calculated by Eq. (96) from the visibility and the water 
content are given in Col. 9 of Table III. 

The L.C.C. between r, and r (means of r, and 7,) is +0.93, the same as 
for the L.C.C. between V,, and r. Before realizing the need of introducing 
K, into Eq. (92) I had determined the L.C.C. between the observed visibility 
V and r/w which according to Eq. (92), but not by Eq. (96), should vary in 
proportion to V. This L.C.C. was found to be +0.82. From Eq. (96) we 
see that log V should vary linearly with log (r/w*) and thus the L.C.C. be- 
tween Y and r/w? is +0.93 whereas that between 7/V and 1/ is +0.82. This 
means that the high L.C.C. of +0.93 that we find for between 7, and r is 
dependent on 7 and on w in the manner given by Eq. (96). This is strong con- 
firmatory evidence that under riming conditions on Mt. Washington the 
droplets lie within the range of size in which K, decreases rapidly as r increases 
and thus are far smaller than those observed by Houghton and Radford at 
Round Hill. 

From the foregoing data we can calculate the ratio between the visibility 
V and the scattering free path A. The data for K, from Stratton and Hough- 
ton’s paper extend only up to about a = 20. at which K, = 2.50. This cor- 
responds to an upper limit of r = 1.8 microns. Introducing these values of K, 
and r into Eq. (94) we get wi = 0.96 10-4 (g/cm*). From Eq. (96) taking 
ry = 1.8 micron we get V,,(g/m*) = 2.40; but in cm units this is Vw = 
0.73 x 10-4. Thus we obtain 


V = 0.762 (97) 


which is presumably the same for all values of radius. 

Our examination of Radford’s data for Round Hill fogs gave V = 1.57A. 
The coefficient 0.76 in Eq. (97) seems too low. If, however, it is too low, the 
values of 2 must be decreased and the true radii calculated from the visibility 
data would then be even Jess than the values r, given in Col. 9 Table III. 


Microscopic Measurement of Droplet Radius 


Every three hours during. riming conditions on Mt. Washington, micro- 
scopic measurements of droplet size were made by the method devised by 
Houghton and Radford (H. G. Houghton and W. H. Radford, Publications 
of Mass. Inst. of Technology Reprint No. 152 Mar. 1939). A small vaseline 
coated glass slide 5 x 5 mm was exposed for a period of from 0.5 to 2.0 seconds 
facing the full force of the wind on the tower of the observatory. The slide 
was then immediately examined with a microscope and a micro photograph 
was taken using a magnification of 55x. 

Fig. 2 is a portion of a micro photograph, N-5, taken on Mar, 10, 1943 
at 10 p.m.; air temp. 22° F; wind, 54 mi/hr. The average droplet radius 
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(average was weighted in proportion to 7°) was given by the Mt. Washington 
observer (entered under Min, Col. 10, Table III) as 55 microns. 

Another typical microphotograph (Q-10) showing much smaller droplets, 
is given in Fig. 3 taken on Mar. 15, 1943 at 10 p.m.; air temperature, 23°F; 
wind 40 mi/hr. The estimated radius from this photograph was. M = 12.0 mi- 
crons. In making these estimates of droplet radius the average radius of the 
droplets seen on the slide was multiplied by the factor 0.80 (given by Houghton 
and Radford). This factor is close to (0.5)/° = 0.794 which corresponds to - 
a contact angle of 90° since with this angle each droplet on the surface is a hemi- 
sphere of the same volume as the spherical drop before it struck the slide. 

The average value of the ratio of M to 7, as given in Table III, is 3.1 and 
for the largest drops the ratio may be even greater than 7: © 

The L.C.C. between M and r, is found to be +0.923. The Method of 
Least Squares, Eq. (84), gives 


r= M59 (98) 


The coefficient of the second member of this equation is found to be practi- 
cally equal to unity. . 
Plotting the values of M°-5* on double log paper against the values of wind 
velocity gave points that lie roughly along a straight line of slope about 0.6. 
The L.C.C. between M®5* and the wind velocity was found to be +-0.684. 
The method of Least Squares led to the equation 


Ty = [55.M/(mi/hr)]°5* (99) 


This empirical equation gives values of the radius ry in microns which agree 
best with the values of r,. These values of ry are tabulated in Col. 11 Table ITI. 
The L.C.C. between ry and 7, is found to be +0.956—higher than any other 
correlation coefficient we have found. 

It appears from this that the microscopic measurement of the radius obtained 
on Mt. Washington gives highly consistent results which however, are not 
the true radii although they depend in a definite way on the radius and on 
the wind velocity. 

In the Eq. (99) the number 55 is the average wind velocity in mi/hr for 
the 43 observations of droplet size. The ratio of M/r, that is the factor by 
which the observed radii, M, should be divided to get the true radius, ranges 
from 1.0 to 5.6, when the wind velocity is 55 mi/hr, as the droplet radius in- 
creases from 1 to 12 microns. With a wind velocity of 25 mi/hr and same range 
of droplet size, the factor M/r changes from 0.45 to 2.6, while at 90 mi/hr 
it increases from 1.6 to 9.2. 

Mr. Victor Clark, who is carrying out an extensive program of riming 
research on Mt. Washington, felt some doubt as to the accuracy of the data 
obtained for particle size by the microscopic method (according to a report 
by Mr. Schaefer). The question arose as to whether the number of -droplets 
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on the slide was not too great. Houghton and Radford, in their paper, state 
that the size of the droplets as determined by their method is independent 
of the wind velocity up to velocities of 20 meters per second, (45 mi/hr) but 
they do not describe the conditions under which the tests, which they think 
that proved this, were made. They also state that the measured diameter does 
not depend on the number of droplets on the slide provided the ‘‘concentration 
of drops on the slide does not exceed that shown in Figs. 4, 5 and 6” of their 
paper. I have counted the droplets within various size ranges in these micro- 





Fic. 4. Splash pattern, R= 10, 100, S= 191. 


photographs and find that the fraction of the surface of the slide covered by 
the droplets (which we shall call a) is 0.07 for Fig. 4, 0.035 for Fig. 5 and 
0.179 for the two photos of Fig. 6—a very wide variation of droplet concentra- 
tion. The two typical slides from Mt. Washington, Figs. 2 and 3 of this re- 
port, show considerably higher covering fractions; a is 0.46 for Fig. 2 and 
0.31 for Fig. 3. This choice of a higher droplet concentration on Mt. Wash- 
ington was apparently not accidental. The observers had found that if the 
slide was exposed to the wind for too short a time erratic results were obtained 
and the droplets seemed to show a rapid decrease in size by evaporation even 
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while measurements were being made. They had evolved the procedure that 
was actually used largely empirically, because this gave them apparently the 
most consistent and reproducible results. 





Fic. 6. Splash pattern R= 276, S= 118. 
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Impact Effects when Droplets Strike Surfaces at High Velocities 


When drops of water having a radius of 0.1 or 0.2 cm are allowed to fall 
from a height of 10 cm or more on to a greased plate they break into many 
small droplets, even though the velocities of impact may be only 3 mi/hr. 
Consideying the fact that on Mt. Washington the average winter wind velocities 
are about 55 mi/hr and the collecting plate is made so small that particles 
over 5 microns in radius strike the plate with almost undimimished velocity, 
it would appear that splashing and flattening of drops on impact may cause 
serious errors in the estimation of fog droplet size by the Houghton-Radford 
method. 

To determine whether droplets of 10 microns radius and less break into 
still smaller droplets and to measure the degree to which they flatten on im- 
pact we have used a method devised by Mr. V. J. Schaefer for producing 
a visual record of the phenomena that take place when a small drop strikes 
a surface. 


The specially prepared surface which has been found useful for this pur- 
pose is made by applying a very thin uniform layer of soot on a hydrophobic 
glass surface. It is important to start with a thoroughly clean glass surface. 
For this purpose the glass plate may be kept in a sulphuric acid-chromic acid 
mixture for an hour at room temperature or a shorter time at high temper- 
ature. It then can be washed in running tap water and dried with a fresh clean 
towel. A more convenient way is to start with a plate which has been washed 
with soap and water and then dried. A little polishing material such as metal- 
lographic polish Shamvar is dusted on to the central part of the surface and 
a few drops of water are added and with a wad of clean tissue paper the sur- 
face is polished. With fresh tissue paper all the remaining polish is then wiped 
off, care should be taken that the surface is never touched by the fingers. By 
keeping the edges of the slide dry during the cleaning process all possibility 
of a monolayer spreading grease over the surface is eliminated. 

The cleaned glass surface is then made hydrophobic by exposure to Dri- 
film vapor, or a new form of liquid Drifilm is applied on a wad of cotton and 
then thoroughly rubbed off. This gives a surface that is uniformly hydro- 
phobic. Water drops placed on the surface give a contact angle over 90°, with 
very little surface hysteresis, so that the drops move easily over the surface 
when this is only slightly inclined. 

The glass plate is then passed repeatedly through a large smoky Bunsen burner 
flame until a uniform coating of soot is produced. At first, when this deposit 
is still thin, color effects, probably involving interference of light, are seen; 
the deposition is continued until these color effects, seen by reflected light, 
have just faded away. Such surfaces transmit 15-20 per cent light. Wherever 
a drop of water touches or moves over a surface prepared in this way a track 
or trace is left by the complete or partial removal of soot. 
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Fig. 4 shows a photographic negative made by projecting on to bromide 
paper an enlarged image of the original splash pattern obtained by allowing 
a drop of water of 0.189 cm radius to fall from a height of 40 cm on to the 
prepared plate. Figures 5 and 6 show other splash patterns obtained by the 
fall of drops of a 66 per cent glucose solution of radius 0.180 cm from heights 
of 6.1 cm and 20.7 cm respectively. 

The large circle shown by the splash pattern in Fig. 4, which was 1.38 cm 
in diameter on the prepared plate, proves that the drop became deformed 
as the result if its impact against the surface to form a large flat disk. From 
a study of these and other splash patterns made by drops of various sizes fal- 
ling from different heights the phenomena occuring during a splash can be 
described as follows: 

When the spherical drop first makes contact with the surface there is 
momentarily a very high pressure developed just at the point of impact. Since 
this pressure acts vertically there is usually a very small central spot, (of radius 
about 0.007 cm in Fig. 4) where the soot remains undisturbed, (seen best 
in Figs. 5 and 6). Just outside this area the intense radial acceleration of the 
liquid due to the high local pressure at the point of contact removes all of 
the soot. In Fig. 4 this is shown by the faint white circle of 0.11 cm radius. 
The high radial velocities acquired by the liquid causes the drop to spread 
out into a thin disk which rapidly increases in size. In Fig. 4 the white spokes — 
in the splash pattern indicate that the air trapped under this disk escapes 
along radial tube-like passages. These white lines often subdivide near the 
perimeter of the disk. The number of such spokes, 194 in Fig. 4 is remark- 
ably reproducible in case of splash patterns made under similar conditions. 
As the velocity of impact increases the number of spokes increases about in 
proportion to the square of the velocity. For example for a drop of 0.160 cm 
radius falling from a height of 80 cm (velocity, corrected for air fraction, 
= 370 cm/sec) 247 spokes were observed, while under similar conditions 
with a drop of the same size falling from 40 cm (270 cm/sec) the number 
was 127. The fact that the spokes are caused by the escape of entrapped air 
was proved by experiments in hydrogen. With drops of a given size (not measur- 
ed) 168 spokes were obtained in air with a drop of water falling 38 cm, while 
with the same height of fall only 88 spokes were formed when the space around 
the coated slide was bathed in hydrogen. The diameter of the splash disk, 
however, was the same in both cases. 

During the formation of the splash disk shown in Fig. 4 the kinetic energy 
which the droplet possessed at the moment of impact is partly converted 
into heat by the deformation of the drop which is opposed by viscous forces, 
and by friction between the lower surface of the drop and the underlying 
plate. The remainder of the energy is used in doing work against the force 
of surface tension; this work is equal to the product of the surface tension y 
and the increase in area resulting from the deformation. This portion of the 
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energy is stored energy which is available for restoring the drop back to its 
spherical form. The effect of the surface tension force acts at the edge of the 
drop to give an inward acceleration so that the outer edge of the disk slows 
up and finally comes to rest. The maximum extension determines the dia- 
meter of the splash pattern as shown in Fig. 4. The disk then contracts and 
the liquid is thrown back towards the center, where it forms the reconstituted 
drop whose outline is visible in Fig. 4. 

When a drop of about 0.1 to 0.2 cm radius falls from only about 5 to 50 cm 
height the inward velocities of the contracting disk may cause a secondary 
drop to be ejected vertically upward from the central drop. This sometimes 
falls back into the central drop or may fall one side of it. In Fig. 4 below the 
center and slightly to the right is a dark-colored trace left by the secondary 
drop. With velocities of impact as high as those produced by a 40 cm fall 
(Fig. 4) the violent agitation within the reconstituted drop causes it to emit 
large numbers of small droplets. These are indicated clearly in Fig. 4 by the 
traces of the small droplets within and around the primary impact disk. Up 
to a height of from 80 to 100 cm the outward radial velocities that lead to the 
formation of the primary impacted disk are not able to disrupt the disk. With 
falls of from 120 cm or more in height a large part of the disk is broken into 
numerous small droplets which never return to form a central droplet. The 
splash pattern then looks more like the trace of an explosion and there is no 
sharply defined boundary as there is in Fig. 4. 

In Fig. 4 in the lower right corner a circle is drawn which represents on 
the scale of this photograph the cross section of the original drop in the air 
before it struck the surface. The ratio w between the maximum radius 7,, 
of the impact disk which was 0.69 cm for Fig. 4 and the original drop radius ro 
(0.189 cm) is equal to 3.66. In Fig. 4 the outline of the trace of the reconsti- 
tuted drop is white in the negative indicating that the reconstituted drop was 
partly covered by soot that had been picked up from the slide during the ex- 
pansion of the disk. The radius of this circular trace is roughly 0.240 cm. The 
original droplet radius is 0.79 of this. This factor agrees well with the factor 
0.80 given by Houghton and Radford for the ratio between the radius of a drop 
in the air and the radius of the same drop on a vaseline-covered plate. The 
radius of the secondary drop is half, and therefore the volume is one-eighth 
that of the primary drop. The secondary drop carried with it no soot. It struck 
the surface with such low velocity that it produced no impact disk. Just to 
the left of this secondary drop there is a much smaller drop, of 0.05 cm radius 
largely covered by soot. 

All these residual drops, which were still on the prepared surface after 
the splash pattern was made, were allowed to evaporate in the air before the 
photographic reproduction of Fig. 4 was made. In the case of Figs. 5 and 6, 
because of the increased viscosity given by the glucose, no secondary drops 
were formed. Since the glucose also prevented the evaporation of the recon- 
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stituted drop, this was removed by tilting the slide and shaking it off—an 
act that gave the additional tracks visible in these figures. 

Although the phenomena occuring during the impact of a drop against 
the surface are complex, as indicated by the splash patterns, we should be 
able to compare the patterns obtained with drops of various sizes striking 
the surfaces at various velocities in terms of dimensionless parameters such 
as the Reynolds number. 

If we consider drops of various kinds striking against any one kind of sur- 
face, such as the Schaefer soot-covered surface or the vaseline-coated surface 
recommended by Houghton and Radford, we recognize that there are seven 
variables upon which the phenomena may depend: 


Dimensions 

r, the radius of the droplet before impact L 
v, the velocity of the drop at moment of impact L/T 
@,, the density of the spherical droplet M/L* 
n, the viscosity of the liquid M/LT 
@,, the density of the gas surrounding the drop at the 

moment of impact M/L* 
y, the surface tension of the liquid M/T* 
Na, the viscosity of the gas M/LT 


The ‘Dimensions’ listed above are given in terms of the usual cgs units, 
L representing length in cm, M mass in g and T—time in sec. 

The first three quantities, r, v and 9,, as they involve three dimensions L, 
T and M, cannot be combined to form any dimension less quantities. The 
fourth variable 7, however, does not involve any additional dimensions. Thus 
the four variables 7, v, 9,, and 7 can be combined to form the dimensionless 
quantity R: 

Reynolds number R = 2rvg,/n. (100) 

Since the fifth variable y also involves no additional dimentions a second 

dimensionless parameter can be constructed: 


Splash Index S = rvg,/y. (101) 


The splash index S is 6 times the ratio of the kinetic energy of the drop 
at the moment of impact, (27/3)o0,r°v?, to the total surface energy 4ar*y. 

It will be noted that in these equations the variables have been combined 
in such a way that R and S no longer depend upon the units used in measur- 
ing L, T and M. 

The two additional variables 9, and 7, have the same dimensions as the 
quantities 9, and 7 therefore the dimensionless numbers that correspond to 
them are merely g,/o, and ,/n. 

Although the seven variables that we are considering can be combined 
to form still other dimensionless parameters, these are not independent of 
the ones that we have already chosen. Thus we can conclude that all the com- 
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plicated phenomena involved in the splashing of the droplets depend only 
on the four dimensionless variables that we have listed or on various com- 
-binations of them. Our experiments have shown that the major features of 
the splash patterns such as the radius of the impact disk are not modified 
by substituting air for hydrogen; only the number of white spokes showed 
‘a change. We are thus justified in ignoring the dimensionless parameters 
@/o, and n/n. 

We should therefore expect that A, the ratio of the maximum disk radius 7,,, 
to droplet radius r should depend only on the two quantities R and S defined 
by Eq. (100) and (101). 

Mr. Schaefer and I have made numerous splash patterns with drops of 
various sizes falling from various heights. We have also studied the effects 
produced by changes in viscosity by using mixtures of glycerin and water 
or glucose and water and have observed effects due to changing the surface 
tension by adding such substances as Aerosol OT-100 to the water. Other 
liquids such as acetone, carbon tetrachloride, alcohol, benzine, have also been 
tried. The results in general are in good agreement with the prediction that 
the radius of the splash disk is determined by the values of R and.S. However, 
if we use a liquid which wets the surface of the slide, markedly different re- 
sults may be obtained. Thus the contact angle between the drop and the sur- 
face on to which it falls is a factor which should be added to our list of variables. 
Since, this, however, is a pure number, it can be ignored in considering cases 
where it remains constant. 

Our problem is to interpret the Houghton-Radford microphotographs 
of collected droplets made on Mt. Washington such as those illustrated by 
Figs. 2 and 3. The question arises, what is the diameter of the impact disks 
formed when droplets that range from 1 to 13 microns in radius strike a vase- 
line-coated slide with velocities from 25 to 90 mi/hr. It would be difficult 
to make direct measurements under these conditions because of the extremely 
rapid rate of evaporation of water droplets this size, even at low temperatures. 
Furthermore it is difficult to obtain other independent methods of measuring 
such small radii in the laboratory and to give the small particles the such high 
velocities. It seemed therefore better to carry on experiments with drops of 
larger size which can be given a reasonably wide range of velocities by allowing 
them to fall through air and where the radii can be determined directly by weigh- 
ing the droplets. It is convenient for example to work with droplets having 
radii ranging from 0.04 to 0.20 cm. 

Velocity of Fall of Drops. For the larger drops with heights of fall up to 
about 100 cm the velocity of fall is given satisfactorily by the equation 


vt = gy, (102) 


where g is the acceleration of gravity-(980 cm/sec*) and y is the height of fall 
in cm. For smaller drops or for greater heights of fall air friction may have 
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a considerable effect on the velocity. For small drops falling from relatively 
great heights the velocity approaches closely to the terminal velocity 0,. 

For a spherical drop of known radius, r, and density 0, the terminal veloc- 
ity v, can be calculated from the coefficient of drag C,. A summary of the 
best data for C, are given by Goldstein (S. Goldstein’s Modern Develop- 
ments in Fluid Dynamics, page 16) where a curve is given for the drag coef- 
ficient for spheres in terms of the Reynolds number R defined by 


R= 2rvo,/n. (103) 
The coefficient of drag is defined by 
Cy = (f/n7*)/(1/2)ea0*, (104) 


where f is the force of drag. When the drop has reached its terminal velocity 
this force is the mass times g the acceleration of gravity so that we have 


f= (Aar’/3)o.8 (105) 
The values of C, as a function of R are given in the first two columns of 
Table XI. We wish to use these data to calculate the terminal velocity of a spher- 
ical droplet having a given radius. Since C, and R both involve r and o we 
cannot calculate directly either C, or R as we do not yet know the value of v. 
We can, however, combine the equations giving C, and R so as to eliminate 
v. We thus obtain 
CpR? = (8/2)foa/n". (106) 
According to Eq. (105), f does not involve v but does involve 7; we can thus 
calculate C, R? for a drop of any given radius by Eq. (106), without knowing v. 
Since f varies in proportion to r* there is a quantity, (C,R*)!*, which we may 
call Y, which varies in proportion to 7, and is defined by 
Y? = CR? = (32/3) 000,879/1 (107) 
The values of Y as a function of r are given in Col. 3 of Table XI. Taking 
the average atmospheric pressure in our laboratory experiments of falling 
drops to be 990 millibars and the temperature 23°C (73°F) we have the visco- 
sity 7 = 1.832x10-4 and the air density 9, = 0.001165. Substituting these 
values together with g = 980 and 0, = 1.00 into Eqs. (107) and (103) we get 
Y = 716r (108) 
and 
R = 12.72rv (109) 
The values of 7 in Col. 4 of Table XI were calculated by Eq. (108) from Y. 
With these values of r and the corresponding values of the Reynolds number 
R in Col. 1 we can calculate the terminal velocity v, by Eq. (109), getting 
the data for Col. 5 of Table XI. 
These calculations involve the assumption that the drops are spherical. 
Very large water drops falling through the air become flattened and continually 
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change their shapes. Humphreys, in his book, Physics of the Air, page 268, 
tabulates values of the terminal velocities of fall for raindrops of various sizes. 
For droplets having a radius less than 0.05 cm the values agree well with those 
in Col. 5 of Table XI but for larger radii the terminal velocities gradually 
fall below those calculated, this decrease being caused by the flattening 
of the drop. The terminal velocity reaches a maximum value of about 800 cm/sec 
for drops of 0.25 cm radius; larger drops than this break into smaller ones 
before reaching their terminal velocities. 


Tasre XI 


Calculation of Terminal Velocity v, for the Fall of Water 
Droplets in Air at 23°C and 990 mb Pressure g = 960, 
0, = 1.00, 9, = 0.00165 











Deformed 
o Sphere drops 
R Cp Y le % _ | (Humphreys) 
| cm/sec % 
| cm/sec 
0.1 | 257. 1.37 0.0019 41 
1. 28.8 3.07 0.0043 18.3 
3.2 10.0 4.64 0.0065 38.2 
10. 4.36 7.58 0.0106 73.8 
32 2.09 12.79 0.0179 138. 

100 | = (1.07 22.04 0.0308 254. 

316 0.65 40.1 0.0561 441 420 
1000 0.49 78.8 0.110 711. 610 
3160 0.41 159.8 0.223 1110. 780 

10,000 0.41 344.0 0.481 1627. (890) 

















The last column of Table XI gives the velocities of fall of larger raindrops 
for the radii of Col. 4 as obtained by interpolation from Humphrey’s data. 

In dealing with drops of pure water we have used the terminal velocities 
given by Humphreys wherever these differ appreciably from those given 
in Col. 5. However, in many of our experiments we have used mixtures of gly- 
cerine and water or glucose and water having viscosities from 10 to 300 times 
greater than that of water. We can assume that with such high viscosities 
(without decrease of surface tension y) the droplets will remain substantially 
spherical even up to velocities of 1000 cm/sec. For these drops we have therefore 
used the data in Col. 5. 

When r is small enough the frictional force f is given by Stokes’ Law, Eq. 
(3). For this case Eq. (104) and (107) reduce to 


Cy) =24/R and Y= (24R)}* (110) 


Appreciable deviations from Stokes’ Law begin even at low values of R. Thus 
the ratio of the values of Y in Table XI to those calculated from Stokes’ Law 
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Eg. (108) is 1.02 for R= 0.1; 1.06 for R= 1; 1.22 for R= 10; and 1.64 
for R = 100. For values of R greater than 1000, C, approaches a constant 
value 0.41, so that the force f varies in proportion to r*v® (instead of rv as 
given by Stokes’ Law). Although the values of R given in Table XI are rather 
widely separated in magnitude, intermediate values are readily obtained by 
plotting the tabulated data on double logarithmic paper since this gives a line 
of small curvature. 

In a few experiments only did we use drops so small or heights of fall 
so great that the terminal velocity was practically reached. Very often with 
moderate heights of fall such as 10-40 cm the velocities are approximately 
equal to the velocity vy given by the equation for free fall in vacuum: 

vi = 2gy (111) 
The true velocity of fall is always less than both v, and v,. In the case 
where the frictional force is proportional to either v or v* it is easy to derive 
the equation which permit the exact calculation of the velocity for any height 
of fall. Thus, if the Reynolds number is large so that the force varies approxi- 
mately with v* the following equation is derived 


(v/0,)? = 1—exp(—v}/0}). (112) 
When 2,2, is small it is more convenient to use the following series expansion 
0/0 = 1—(1/4) (v9/01)?+-(5/96) (v0/e1)*— -.- (113) 


If the velocity of fall is so small that the force is more nearly proportional 
to the first part of the radius, then it is better to use the following equations. 


(1/2) (%9/01)? = —(v/2,)—In [1—(2/2,)] (114) 
When the height of fall is so small that the v) is much less than v, then the 
series expansion is more convenient: 


0/U9 = 1—(1/3) (Y9/%1)+(1/36) (to/e1)? -.- (115) 


Simulation of Mt. Washington Droplet Collection Conditions 
in Laboratory Experiments 


To simulate, by the use of relatively large water droplets, the impact effects 
that occurred on Mt. Washington in the measurements by the Houghton and 
Radford method, we will need merely to make experiments using the same 
values of R and S. The droplet radius on Mt. Washington according to the 
data of Table III varied from 1 to 13 microns and the wind velocities ranged 
from about 30 to 90 miles per hour — the average being 55. Table XII gives 
values of R and S for selected droplet radii and wind velocities encountered 
on Mt. Washington calculated by Eq. (100) and (101). The viscosity 7, 
of water, at temperatures below freezing according to the Chemical Rubber 
Handbook is 0.021 at —5°C; 0.026 at —10°C; 0.0335 at —15°C; and 0.043 
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at —20°C. The surface tension y at —10°C is 77 dynes/cm. The values of 
Rand S in Table XII were calculated by using 7, = 0.026 (— 10°C), y, = 77, 
and 9, = 1.00. 


Taste XII 


Range of R, S, and A. Values for Rime Collection on Mt. Washington and the 
Simulating Conditions: v, and n;, for Droplets of rz=0.15 cm. Calculations based 
on n, = 0.026, —10°C, y, = 77, 0, = 1.00 





: ahs 
30 Mi/hr 
| Y1= 1340 ton /acc | 55 Mi/hr 90 Mi/hr 
| 


n v, = 2460 cm/sec v, = 4026 cm/sec 
R | s | Us | @ 


ne 











| 


1p} 0.88 | 10 2) 35 1.30 | 19 8 64 1.30 | 31 21 | 104 | 1.30 
2 | 0.74) 21 5| 49 1.30 | 38 | 16 90 1.30 62 42 | 147 | 1.56 
5 | 045} 52] 12| 78 1.38 | 94] 39 | 143 1.73 | 155 | 105 | 233 | 2.12 
13 | 0.28 | 134 | 30 | 124 1.81 | 245 | 102 | 230 2.35 | 402 | 274 | 374] 2.91 
50 | 0.14 | 516 | 116 | 244 2.71 | 940 | 390 | 452 3.62 | 1550 | 1050 | 734 | 4.84 











To simulate these conditions, i.e. to get the same values of R and S in 
experiments with large drops, we will need to use a lower impact velocity and 
a higher viscosity. Thus applying Eqs. (100) and (101) in succession to two 
sets of conditions (denoted by subscripts 1 and 2) and eliminating R and 
S, which is equivalent to assuming that they are the same in the two cases, 
we get 


Na [ racers | (116) 
m T1011 

and 
Ua _ 110172 (117) 
Y% 730071 


Table XII, in Col. 2 gives the viscosity 7, that is needed, according to 
Eq. (116), to get these same values of R and S with large drops of radius 
7, = 0.15 cm. It is here assumed for convenience that 9, = 0, and y, = 7. 
The velocities v,, calculated for the large drops by Eq. (117), are also given 
in Table XII. These velocities required to get the proper values of R and 
S, are much lower than the Mt. Washington wind velocities. They can be 
conveniently obtained in the laboratory by allowing drops to fall moderate 
distances. The requisite viscosities are readily obtained without appreciable 
change of surface tension y, by using mixtures of glycerine or glucose with 
water. . 

Strong aqueous solution of glycerine showed a tendency to wet the soot 
layer. Therefore the splash patterns of Figs. 5 and 6 were made with a 66 
per cent solution of white Karo syrup. The density of the Karo syrup was 
1.386 at 20°C while that of the solution was 1.227. The viscosity of this so- 
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lution was found to be the same as that of a 63 per cent solution of glycer- 
ine which has a viscosity of 0.32 g/cm sec. The surface tension is a little 
higher than that of water and was taken to be y = 75 dynes/cm. 

By reasoning similar to that which led to Eqs. (116) and (117) we can 
calculate that under the Mt. Washington conditions listed in Table XII 
(0, = 1.00; 7, = 0.026; y, = 77) the droplet radius corresponding to Figs. 5 
and 6 would be r, = 144 while the velocity corresponding to Fig. 5 would 
be v, = 1370 cm/sec (31 mi/hr) and for Fig. 6 v, = 2540 cm/sec (57 mi/hr). 
Thus at least for the larger droplets observed on Mt. Washington and for the 
wind velocites prevalent there, Figs. 5 and 6 illustrate approximately the impact 
effects that should be expected. The radio w between the maximum radius 
of the splash disk, 7,, and the original droplet radius r is 1.98 for Fig. 5 
and 2.50 for Fig. 6. 

Droplets of water falling from 10 cm or more show several secondary ter- 
tiary droplets, but with the higher viscosity of the solution used for Fig. 6 
even with a fall from over 20 cm no secondary droplets were formed. We 
may conclude that on Mt. Washington, with droplets of less than 10 cm radius 
even at the highest wind velocities the droplets which strike a bare surface 
do not break up into smaller drops. Experiments have shown, however, that 
when a drop of 66 per cent syrup is allowed to fall on to the prepared surface 
so as to strike a drop already on the surface many smaller droplets are pro- 
duced with heights of fall of as low as 10 cm. 

The fact that the splash disk is so much larger in radius than the droplet 
for the values of R andS that are met under the conditions of the Mt. Washing- 
ton experiments, is a factor that greatly increases the probability that an 
impinging droplet will coalesce with neighboring droplets on the surface. 

The Radius of the Impact Disk. Preliminary tests showed that the radii 
of the impact disks, 7,,, illustrated by the splash patterns of Figs. 4, 5 and 
6 depend to some extent on the frictional characteristics, the contact angle, 
etc. of the surface. It seems desirable therefore to measure the radii of impact 
disks on surfaces formed by drops which strike the vaseline-coated surface 
used in the Houghton Radford method. 

A glass plate after being cleaned by the method already described, was 
coated with a very thin film of white vaseline and the plate was then heated 
in an oven as described by Houghton and Radford. After drops of water a 
syrup solution was allowed to fall on this plate from various heights. Careful 
examination with a uniformly illuminated background gave no indication of 
splash patterns; if, however, the plate was breathed upon a few times to cause 
slight condensation of moisture and then examined by the light from a point 
source scattered through small angles, trace of the splash disk became plainly 
visible and remained visible even after all moisture had evaporated. Fig. 7 
is a photograph of these haloes rendered visible by this special method of 
illumination. In this case the drops of 58 per cent Karo syrup were produced 
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by a very fine jet of liquid escaping from a short capillary using a head of 
about 15 cm of water. The thin stream immediately broke up into fine drops 
averaging about 0.06 cm radius and these were allowed to fall about 250 cm 
on to the vaseline coated glass plate. Fig. 7 represents only a part of the plate 
measuring 3.50 5.06 cm. 

A photograph (not shown) using ordinary diffuse illumination, was taken 
immediately after the drops fell on the plate. The photograph of Fig. 7, with 
special illumination, was made several days later at which time the water had 
largely evaporated from the droplets leaving the surfaces of the dried syrup 





Fic. 7. Impact of small droplets on vaseline coated plate. 


somewhat irregular. A comparison of the photographs showed, however, 
that the diameters of the droplets was unchanged. There is a considerable 
variation in size among the 41 primary drops shown in Fig. 7,the radii, 7, 
on the glass plate ranging from 0.053 to 0.135 cm with an average 0.083 +.0.020 
(S.D.). The root-mean-square radius is 0.086 cm and the median 0.075 cm. 
The ratio r,,/r, between the radius of the splash disk and the drop radius 
averages 1.98, but this ratio is considerably greater for the larger drops than 
it is for the smaller ones. 

To calculate the values of R and S we need to know the radius r of the 
drops in the air before they struck the surface. Observation of the fresh drops 
of the 58 per cent syrup placed on the vaseline covered surface showed that 
the contact angle was considerably less than the 90° which corresponds to 
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the Houghton-Radford factor r,/r, = 0.80. Using a simple yet accurate method 
for measuring contact angles previously described'. I found that the average 
contact angle @ on this surface was 72°. Assuming the drops were so small 
that they were segments of spheres I calculate that the factor for any angle 
6 less than 90° should be 


19/r, = (1/2) (1 — cos 6) — (1/4) cos 0 sin? 64/3/sin 0. (118) 


For angles greater than 90° (overhanging drops) this equation may still 
be used if the sin@ at the end of the 2nd member be replaced be unity. 

The factor given this by equation is 0.794 for 6 = 90°; 0.730 for 80°; 
0.674 for 70° and 0.622 for 60°. For observed angle 6 = 72° we should thus 
multiply r, by 0.684 to get 7, the radius of the incident drop. The mean radius, 
r, is therefore 0.057 cm. 

The largest 4 drops among the 36 primary drops shown in Fig. 7 (exclud- 
ing the 12 that have coalesced with neighboring drops) have an average radius, 
r,, of 0.112 cm, while the smallest 7 drops average 0.067 cm in radius. The 
data for these two groups of droplets are summarized in Table XIII. The 


Tasre XIII 


Splash Disk Radii for two Groups of Drops shown in Fig. 7. 
The Values given are Averages for each Group 








oY [ie Mees © [ool ee 
0.067 | 0.046 | 0.114} 1.70 | 391 438 112 | 2.48 2.66 
0.112 | 0.077 | 0.238 | 2.12 | 533 | 970 | 345 | 3.10 | 3.58 





























values of r are equal to 0.684 r,. The velocities of fall v, which are close 
to the terminal velocities, were calculated by Eq.(112) ; Rand S were obtained 
from r and v by Eqs. (100) and (101) using 0, = 1.19; 7 = 0.10 and y = 75. 
These values of R and S are somewhat larger than those that occur on Mt. 
Washington according to Table XII. The next to the last column gives the 
value of w from r,,/r while the last column gives a value of calculated from 
a theory that will be given later. 

These data are somewhat unsatisfactory because of the inaccuracies in- 
volved in the estimation of the radius r from the contact angle and the calculation 
of the velocity of fall. Experiments were therefore undertaken with drops 
of uniform size falling from various heights on to a vaseline-coated glass plate 
using a series of solutions of glycerine of increasing concentrations. 

The data from these experiments are given in Table XIV. The drops from 
a pipette were allowed to fall from a height y (Col. 2) and acquired the 


11. Langmuir and V. J. Schaefer, J. Amer. Chem. Soc. 59, 2400-2414 (1937), see p. 2405. 
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Taste XIV 


Experimental Measurements of Splash Disks of Drops of Glycerine Solutions 
on a Vaseline-Coated Plate 
































1 2 3 4 | 5 6 7 8 9 
Sais y o Dumeter a j : ting 
olution “em ‘cm/sec! pit | 1m/? Weal g 
Pure Water 71 | 118 1.06 5000 40 2.48 2.46 38 
r = 0.214 11.7 | 154 1.16 6550 67 2.72 2.82 64 
e@ = 1.000 24.6 | 220 1.41 9400 | 137 3.30 3.39 130 
n = 0.01005 50.0 | 312 1.82 13,200 | 276 4.25 4.18 260 
y =24 78.0 | 390 2.03 16,500 | 432 4.75 4.82 405 
v, = 780 86.4 | 411 2.30 17,400 | 480 5.39 5.15 452 
t 
70.4 per cent 
Glycerine 8.9 | 132 0.91 265 62 2.22 2.25 27 
r = 0.204 19.6 | 196 1.03 392 136 2.53 2.68 51 
e@ = 1.183 26.9 | 229 1.16 459 186 2.84 2.88 68 
n = 0.24 37.6 | 271 1.26 543 260 3.09 3.08 1 
y = 68 52.8 | 321 1.28 643 365 3.14 3.30 | 101 
v, = 1150 81.3 | 398 1.50 795 561 3.68 3.66 168 
78.2 per cent 
Glycerine 8.9 | 132 0.83 128 63 2.05 1.94 16 
r = 0.202 13.7 | 164 0.91 160 97 2.25 2.13 23 
e@ = 1.204 26.9 | 229 1.03 222 190 2.55 2.43 53 
n = 0.50 52.8 | 321 1.11 315 371 2.75 2.78 60 
y = 67 67.1 | 362 1.11 352 474 2.75 2.91 70 
v, = 1160 81.3 | 398 1.18 385 571 2.92 3.03 81 
82.0 per cent 
Glycerine 2.5 70 0.26 42 17 1.33 1.33 3.7 
r = 0.193 | 3.0 77 0.265 46 21 1.37 1.37 4.2 
@ = 1.215 4.0 89 0.28 54 28 1.46 1.46 5.3 
n = 0.78 | 6.0 | 108 0.31 65 41 1.59 1.59 1A 
y = 66.4 i 8 117 0.325 75 55 1.68 1.67 8.8 
v, = 1140 { 10 140 0.34 84 69 1.75 1.74 10.4 
| 45 171 0.36 103 103 1.86 1.88 13.8 
20 197 0.38 119 137 1.97 1.97 16.3 


























velocity v (Col. 3). The diameters (27,,) in Col. 4 were measured directly on 
the plate by the use of calipers. The drop radius before impact (Col. 1) was 
determined by weighing 100 drops. 

A comparison of the values of R and S with those of Table XII shows that 
the range is greater than in the Mt. Washington observations. 
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An examination of the relation of w to R and S, and some rough theoreti- 
cal consideration, have led to the semi-empirical equation 
gy = S/(1+12S/oR). (119) 
Values of p(w) calculated from S, R and 4, by this equation are given 
in Col. 9. If these are plotted on double logarithmic paper as a function of 
@ ps it is found that all the points of Table XIV lie along a single curve, 
which is a straight line for values up to y= 150, w = 4.4 but curves slightly 
upward for higher values of gy. The straight line part corresponds to 
@ = 0.94 99-28 : (120) 
For impact velocities which make ¢ less than 3.4 no splash disk is formed, 
that is, the maximum radius r,, is equal to 7,, the radius of the drop on 
the plate. In these experiments 7,/r, = 0.77, which corresponds to a contact 
angle 6 = 81° according to Eq. (118). The reciprocal of 0.77 or 1.30 is thus 
the minimum value of w,,,. Table XV gives values of g as a function of 
« from which a curve may be prepared. 





Tape XV 
¢(w) = S/(1+12S/oR) 
e@) |  |e@| @ |em| 








3.5 1.31 20 2.08 150 3.54 
5.0 1.44 30 2.31 200 3.85 
7 1.57 50 2.64 300 4.38 
10 1.73 


3.4 1.30 15 1.92 100 3.16 
| 
| 500 5.42 


70 | 2.89 400 4.90 





Table XV or Eq. (120) together with Eq. (119) enables us to calculate 
w for the impact of any drop when R and S are known. An approximate value 
of w is first assumed and 9 is calculated by Eq. (119). Table XV, or a curve 
made from it, a more accurate value of w is found. Successive approximations 
converge rapidly to give a final value of w. The values of w,., in Col. 8 
of Table XIV, the last column of Table XIII and the three columns headed 
by w in Table XII have been obtained in this way. A comparison of the obser- 
ved and calculated values of w in Cols. 7 and 8 of Table XIV show that 
the agreement, even for solutions of widely different viscosities, is excellent 
The root-mean-square values of the percentage deviations is only 31 per cent, 
which seems no greater than the probable experimental error in the measure- 
ments of the radii r and r,,. 


Coalescence of Drops on Plates 


Fig. 4 shows clearly the effects that occur when the expending splash disk 
of a drop reaches the surface of a drop already on the surface. The new drop 
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draws nearly all of the old drop towards it, so that the two drops coalesce and 
occupy a position only slightly displaced from the point of impact of the new 
drop. A good example is seen near the center of the right hand edge of Fig. 7. 
A small droplet often remains at the site of the old drop. At the upper right 
corner one new drop coalesced with three old drops. In several cases the impact 
disks overlapped without coalescence, because the impact disk of the new 
drop did not reach the surface of the old drop. 

Coalescence thus occurs whenever the point of impact of a new drop lies 
within a circle of radius r,+-7,, centered about each drop on the surface, where 
7, is the radius of an old drop (on the surface) and 7,, is the radius of the 
impact disk given by the incident drop. In Fig. 7 the sum of all the areas 
zr? for all the drops on the plate is 5.4 per cent of the plate area. This 
fraction a we shall call the covering fraction (a = 0.054). The total area of 
all the impact disks in Fig. 7 amounts to a, = 0.24. Out of the 46 primary 
drops that fell on the area shown in Fig. 7, 12 have been involved in coales- 
cences. The probability for the coalescence of an incident drop with one already 
present is, however, not given by the fractional area (0.24) covered by the 
disks. It can be calculated for an incident drop of given radius and velocity 
by drawing around each drop on the surface a circule of radius r,+7,, and 
adding all these areas. The fraction of the area covered by these circles we 
shall call the coalescence index ¢. Taking 7,, = 0.164 cm to be the radius of the 
impact disk associated with a drop of average radius, 7, = 0.083, I find that 
é = 0.41. This is approximately the probability that an incident drop of this 
size, striking the plate shown in Fig. 7, shall coalesce with a drop on the surface. 
The fact that only about half this proportion of the drops shown in Fig. 7 
have coalesced with others is due to the fact that e increased gradually from 0 
to 0.41 while the drops were being added. The covering fraction a for Fig. 7 
is far smaller than that shown in the Mt. Washington microphotographs of 
Fig. 2 and 3. Measurements of the radii of all the droplets shown in Fig. 2 
have given the data of Table XVI. The drops have been divided into 7 groups 
arranged according to size. 

The average radius of all the drops, which we shall denote by 7,,, is 25.1 
microns, while the root-mean-square radius 7,, is 31.4 microns. According to 
our definition of a we have 


a = 2(N/A)(ra)? (121) 


where N is the number of drops on any given area A. The coalescence index 
e is defined by 


e = (2/A) D (7,412)? (122) 


If the incident droplets are of uniform size and velocity, 7,, is constant 
and thus Eqs. (122) and (121) give 


e¢ = a+n(N/A) (2% 7 +72) (123) 


17 Langmuir Memorial Volume X 


Google 


258 Super-cooled Water Droplets in Rising Currents of Cold Saturated Air 


Applying Eq. (121) to the data of Table XVI we find that the covering fraction 
a = 0.471. To calculate ¢ we need to know 7,,. From the droplet radius r = 9.0 
microns, and the wind velocity of 54 mi/hr (Tables I and III for Mar. 10, 
10 p.m.) we calculate R = 167 and S = 68 and then get w by Eqs. (120) 
and (119). 

Taste XVI 


Calculation of the Covering Fraction a and 
the Coalescence Index « from Data of Fig. 2 
r= 9.04; v= 2460 cm/sec; R= 170; S= 71; 

@ = 2.09; rm = 18.84; A = 7.59; A = 7.59x 10-* cm; 
N/A = 1.515. 10* drops/cm* 

















No. of : | 
Droplets [AV Radius) jy) rN 
in group microns ea cm* 
N 
11 57 627 x 10-* 35.7 x 10-* 
22 «| «48 | 1056 50.7 
8 | 39 | 312 12.2 
6 30 | 180 1 54 
13 21 273 5.7 
27 | 11 297 3.3 
28 5 140 0.7 
Total 115 | 2885 x10-* | 113.7x 10-5 











1s, = 2885/115 = 25.1 microns 

Yq = (1137/115)# x 10-* cm = 31.4 microns 
a = 0.471 by Eq. (121) 

€ = 1.088 by Eq. (123) 


The radius of the impact disk is thus 7, = wr = 18.8 microns Eq. (123) 
then gives, for the coalescence factor, ¢ = 1.088. 

When « is sufficiently small it is equal to the probability that an incident 
drop will coalesce with drops already on the surface. When « is large there 
may be considerable overlapping of the coalescence circles of radius 7,+7m- 
In calculating e by Eq. (122) we take the total area of all of these circles 
and make no allowance for overlapping. 

Consider any point on the surface of the plate; let n be the number of 
coalescence circles within which this point lies. The surface may thus be 
divided into areas which are characterized by values of n = 0, 1, 2 etc. and 
the corresponding fractions of the surface may be denoted by ao, a1, a etc. 
Then we have 


a+, +a,+...=1 (124) 
The probability that an incident drop will coalesce is then 
P=1-aq (125) 


Go gle UNIVERSITY OF HIGAI 


Super-cooled Water Droplets in Rising Currents of Cold Saturated Air 259 


According to our definition of e we have 
€ = a,+2a,+3a3+4a,+4 ... (126) 
When an incident drop makes contact in an area a, the drop population 
is increased by one; for an a, area, since the drop coalesces with one the surface, 
there is no increase in population; for an a, area the population decreases 
by one, etc. Thus, on the average, the increase in population per incident 
drop is 


I = ay—a,—2a;—3a, — -:- (127) 
Combining Eqs. (124), (126) and (127) we obtain 
e=1-I. (128) 


Let us consider the phenomena that occur during the successive addition 
of drops to a surface. At first a, increases approximately in proportion to the 
number of drops added and there is a corresponding decrease in a). By Eq. 
(127) the rate of increase of the population then decreases. After overlapping 
has begun to be important and a,, a3 etc. have become sufficiently large 
the drop population must become stationary (J = 0 and ¢ = 1). The incident 
drops then cause merely an increase in size of the drops already present. The 
value e = 1.09 which we found from the data of Table XVI would indicate 
by Eq. (128) that J = —0.09 so that the number of drops on the surface is 
decreasing. 

This analysis makes it probable that e = 1 in nearly the upper limit in 
the value of e that will be reached as the number of drops added to a surface 
becomes very large. Whenever e has values close to unity it is evident that 
the drops already on the surface must be considerably larger than the incident _ 
drops. 

If we assume a value of ¢ we can calculate 7,, by solving Eq. (123) as 
a quadratic equation: 


T/T = [1+(A/aN) (e—2)/(ra) 1 (129) 


For example, if we take « = 1, with the values a = 0.471 and r, = 25.1 
microns from Table XVI, Eq. (129) gives 7,, = 16.6 microns. By trial we 
find that this value of r,, corresponds to r = 8.15 microns. The fact that this 
agrees so well with the value r= 9.0 microns obtained from the riming 
data (an entirely independent method) indicates that our theory of coalescence 
offers an adequate explanation of the large size of the drops (r,) found in 
the Mt. Washington microscopic slides. 

If the incident droplets were actually of the size shown in Fig. 2 55 microns 
radius according to Table III (M = 55 for Mar. 10, 10 p.m.) we would have 
for a wind of 54 mi/hr, R= 1020 and S = 1595; Our theory would then 
give w = 4.40 and the radius of the impact disk, 7,,, would be 242 microns, 
and by Eq. (123) e = 34.1. According to Eq. (128) each incident drop would 
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cause on the average a decrease of 33 in the drop population of the surface. 
These considerations prove the imposibility of the incident fog particles having 
any such large size as has been estimated from the microphotographers. 

A similar study of the size distribution of the 257 droplets within the heavy 
line drawn in Fig. 3 (A = 41.4X10-4/cm? and N/A = 6.2X10-* droplets 
per cm*) gives 7,,= 11.1 microns and 7,.= 12.7 microns. The convering 
fraction is thus a = 0.313. From r = 6.1 microns and a wind of 40 mi/hr 
we find R = 84; S = 26; w = 1.61, r,, = 9.8 microns; from which we find 
e = 0.925. Here again e is of the order of unity. 

To study still further the coalescence and growth of droplets on a slide 
two experiments were made with a large number of drops falling on a vaseline 
coated 8 x9 inch glass plate. Figs. 8 and 9 are photographs, on a reduced scale, 





Fic. 8. Coalescence patterns, R= 216, S = 82. 


of these plates after several hundred drops had fallen onto them. Effects due 
to irregular distribution near the edges of the plates have been avoided by 
having the photographs cover an area which reaches only to within 0.5 inch 
from the edge of the plate. To simulate the Mt. Washington conditions a 66 
per cent solution of Karo syrup was used; this had a viscosity of 0.32. The 
drops were of uniform size, with radius of 0.159 cm. In the case of Fig. 8 
about 800 drops were allowed to fall on the plate from the height of 17 cm 
corresponding to a velocity of v = 178 cm/sec. In Fig. 9 a total of about 
1100 drops fell from a height of 50 cm giving a velocity v = 259 cm/sec. One 
drop in each figure is marked by an X to illustrate the size of drops which 
have not coalesced. 
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We have seen in Figs. 2, 3 and 7 that small drops on a vaseline-coated slide 
are segments of spheres. Most of the larger drops in Figs. 8 and 9, however, 
are not circular in outline and the upper surfaces are much flattened. This 
distortion results from the force of gravity which tends to flatten and spread 
the drop. 





Fic. 9. Coalescence patterns, R = 316, S = 174. 


As a drop increases indefinitely in size the thickness at the center increases 
toward a limiting value is given by 


= = 2(y/go)!* sin (6/2) (130) 
where y, g, @ and 6 are respectively the surface tension, acceleration of gravity, 
density and contact angle. For water this equation becomes : 

=z = 0.54 sin (0/2) cm. (131) 
With a contact angle of 90° the maximum thickness is 0.38 cm. Drops having 
radii greater than this can obviously not have hemispherical surfaces. Many 
of the drops in Fig. 9 have lengths of 2 to 3 cm. 


The circular form of drops on a frictionless surface results from a ‘‘linear 
tension” acting along the perimeter. For large drops this force is 


f = 0.94 ya[1—cos* (0/2)] (132) 
where a is the Laplace capillary constant defined by 
a? = 2y/g0 (133) 


For water drops with a contact angle this linear tension given by Eq. (132) 
thus amounts to 17.0 dynes. 
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Consider now a much elongated drop with approximately parallel sides, 
such as the one near the center of the left edge of Fig. 9. This drop has 
a length of 3.3 cm and a maximum width of 1.1 cm. The linear tension along 
the two sides amounts to 34 dynes (actually it is somewhat less than this because 
the drop is not large enough for the linear tension to reach its maximum value 
given by Eq. (132)). This force should tend to draw in the two ends, to 
make the drop circular. 

It is well known, however, that these contact angles can be varied within 
certain limits without causing the boundary to move. Thus the contact angle 
6, at the advancing edge of a drop moving on an inclined plate is greater 
than that the angle 6, at the receding edge. As a result there is a ‘‘hyste- 
resis” force, F, (dynes per cm), which must be exceeded before the drop 
can move. Evidently in the case of the drop in Fig. 9 that we are considering, 
the hysteresis force acting at the ends of the drop is sufficient to oppose 
the linear tension exerted along its sides. With much smaller drops, or on 
surfaces giving less hysteresis, the frictional force, which is of the order of 
2rF,, is not great enough to counteract the linear tension and therefore the 
drop becomes circular. 

In analyzing the distribution of drop sizes in Figs. 8 and 9 the areas of the 
non-circular drops are estimated and to each drop an effective radius was 
assigned equal to that of a circle of equal area. The results are given in Cols. 2 
and 3 of Table XVII. 








Taste XVII 
Summary of Data from Figs. 8, 9 and 10 
Fig.8 | Fig. 9 Fig. 10 

Solution, per cent of Karo 66 | 66 | 58 58 
Viscosity, 7 | 032 | 0.32 0.13 0.13 
Density, 0 1.227. | 1.227 1193 | 1.193 
Radius of Falling drop, r, cm | 0.159 | 0.159 0.045 | 0.062 
Height of Fall, cm ; 17.0 40 260 ; 260 
Terminal Velocity, v,, cm/sec 705 705 402 | 534 
Velocity of Impact, v, cm/sec 178 | 259 394 | 487 

R | 216 | 316 326 | 553 

Ss 82 | 174 111 i 234 

w 2.25 | 2.63 2.53 | 3.09 
Impact Disk, rm, cm | 0.358 0.417 0.114 | 0.192 
Area of Slide used, A, cm? 371 ; 353 36.9 | 36.9 
Number of Drops on Slide N 247 128 | 145 145 
Drops per cm? N/A 0.66 0.36 3.94 3.94 
Average radius Drops on slide rs, 0.314 | 0.382 0.083 | 0.083 
I.m.s. ,, 7 Tes 0.336 | 0.438 0.097 0.097 
a 0.235 | 0.218 | 0.115 0.115 
é 0.973 | 0.779 0.510 0.962 
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Although the values of a in Figs. 8 and 9 are considerably lower than those 
given by the Mt. Washington data (Figs. 2 and 3), the values of ¢ are very 
nearly unity. Rough observations show that as the numbers of drops that 
were added increased, the drops on the surface grew in size. If more drops 
had been added, in the case of Fig. 9, the value of e would probably have in- 
creased to a limiting value of still closer to unity. 

To avoid the extraneous gravity effects which gave the non-circular drops 
of Figs. 8 and 9 another experiment was made using very much smaller drops 
and decreasing the hysteresis effect by making the plate hydrophobic by using 





Drifilm instead of vaseline. Fig. 10 is a photograph of the resulting plate. 
As in the experiment of Fig. 7, a very fine jet of 58 per cent Karo syrup is- 
sued from a fine glass tube with a pressure of 15 cm or water. This immediate- 
ly broke up into droplets of an average radius of 0.054 cm and the drops 
were allowed to fall a distance of 250 cm before striking the plate. The plate 
was moved continuously so as to obtain a random distribution of droplets 
over the surface. After a short time interval a portion of the slide marked A 
in Fig. 10 was protected from impact of further drops by being covered by 
a metal plate 0.5 cm above the surface. Another portion, denoted by C in Fig. 10, 
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was exposed to the falling drops for a much longer time. In the case of Section A 
the value of a was so low that no coalescence occurred. The variation in size, 
as in Fig. 7, is caused by the differences between the original droplets formed 
from the column of water issuing from the nozzle. 

The results of an analysing of the distribution data from Fig. 10 are given 
in Cols. 4 and 5 of Table XVII. Because of the wide variation in the size of 
" the incidence drops there is considerable uncertainty as to the proper average 
radius choose in calculating v, w and r,, which are needed to obtain «. The 
average radius r, = 0.043 cm for the incident drops is calculated from the 
average radius r,, of the drops on Section A of Fig. 10 by using the Houghton- 
Radford factor 0.8. The root-mean-square radius is rz = 0.044 cm while the 
cube-root-mean-cube is 7, = 0.045 cm. The median radius is 0.044 cm, half 
of the 34 drops of Section A being smaller and half larger than this. The data 
of Col. 4 have been based on the radius 7; = 0.045 cm. 

The’ value of ¢ calculated from these data (Col. 4) is 0.51. This value seems 
to be much too low to account for the fact that the radius r,; = 0.108 cm for 
Section C is 1.92 times as great as that found for Section A. This would in- 
dicate that on the average about seven droplets have coalesced to form each 
drop of Section C. 

It is probable that the larger incident drops produce a greatly predomin- 
ating effect in causing coalescence. Five out of the 34 drops of Section C had 
an average radius of 0.062 cm. This value was used to calculate the data of 
Col. 5. Because of the increased velocity of fall, and the resultant increase 
in w and 1, the coalescence index « rises to 0.96, a value more than sufficient 
to give the large drops observed. The relatively low contact angle hysteresis 
characteristic of the Drifilm treated surface probably increases the impact 
disk radius and this would give a value of ¢ close to unity even for values of 
drop radius perhaps as low as 0.05 cm. 

Analysis of the Houghton and Radford Data at Round Hill.—We have men- 
tioned on page 243 that in one of the Radford and Houghton micrographs, 
their Fig. 6, a value of a as large as 0.18 occurred and yet it was stated that 
this concentration was not sufficient to cause appreciable coalescence. We 
have seen, however, in Figs. 8 and 10 that with values of a which are not greatly 
different, high values of ¢ were found and the drops had increased very greatly 
in size by coalescence. It is therefore important to examine whether under 
the conditions cited by Houghton and Radford serious errors may have occur- 
red. An analysis of the size distribution obtained from Fig. 6 of the H and R 
paper gives: A = 0.0170 cm?; N = 190; N/A = 11,140 droplets per cm?; 
7, = 21.1 microns; r= 22.7 microns. The median radius is 21.5 microns. 
From these data we get a = 0.18. 

Let us now assume provisionally that the incident droplets have a uniform 
radius of r = 17 microns so that they give on the surface of the slide, droplets 
of 21 microns, the average of those observed. By calculating the values of R, 
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S and for various impact velocities we find that the impact disk appears 
first when the velocities reach about 500 cm/sec (about 10 mi/hr). At lower 
velocities the radius 7,, in Eq. (132) is the same as 7,, (equal to 21 microns). 
At 800 cm/sec, w= 1.65, 17,,=27 microns and «= 0.83; while at 
1000 cm/sec = 1.89, 7,, = 31 microns and e = 0.97. 

For winds up to 500 cm/sec, which give a constant value of ¢ = 0.65, the 
number of drops that coalesce is probably not over about 40 per cent. This 
would give a 1.67-fold increase in the volume per drop of a 1.19-fold increase 
in radius. As this is independent of wind velocity (for a given value of a) it 
would probably not be noticed. 

For a wind velocity of 2000 cm/sec, up to which Houghton and Radford 
made tests we may estimate the probable increase in radius by assuming a = 0.18 
and e = 1.0, and then use Eq. (129) to calculate 7,,. By trial a value of r can 
be found which gives this value of 7,,. In this way we find for v = 2000 cm/sec 
(45 mi/hr):- a = 0.18, e = 1.00, 7,, = 33 microns, r = 13.5 microns, R = 386, 
S= 72, and w = 2.44. This radius of 13.5 microns for the incident drops 
is to be compared to the value r = 18.2 that would be obtained by applying 
the factor 0.8 to the average radius 7,, = 22.7 for the drops on the slide. Thus 
our theory indicates that with a wind of 45 mi/hr and with a = 0.18 the micro- 
scopic measurement of the droplet size would give a radius 35 per cent too 
high. With lower values of a, such as those shown in Figs. 4 and 5 of H and 
R’s paper, the errors would be very much less. 

These errors, even with a = 0.18, are small compared to the very large 
errors that occurred in the Mt. Washington measurements. It thus appears 
that there is no difficulty, by using a less than 0.1, in obtaining accurate meas- 
urements of fog particle sizes by the Houghton-Radford method, whenever 
the fog consists of particles of 15 microns or more in radius. 

Evaporation of Droplets Distributed over a Plate.-—On page 225 of this report 
it was concluded that single droplets, of the size occurring during riming on 
Mt. Washington, would evaporate from the surface of a slide within a few 
seconds at — 10°C, but with a large concentration of droplets the rate of evapora- 
tion would be much less. It is thus of interest to calculate how the rate of 
evaporation of the droplets depends on the covering fraction a. We wish par- 
ticularly to know whether a can be reduced sufficiently to avoid coalescence, 
without introducing serious errors due to evaporation. 

Consider a uniform distribution of supercooled water droplets on a hydro- 
phobic plate; let ¢ be the number of droplets per cm*. The water vapor dif- 
fuses at first radially outward from each droplet, but then after having dif- 
fused a distance comparable to the distance between droplets, the combined 
vapor from all the droplets diffuses in the direction of the normal to the sur- 
face of the plate. Evaporation problems of this kind can be formulated in terms 
of the ‘evaporation resistance” which is defined, in analogy. with Ohm’s 
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Law, as 4w/Q, where Aw is the drop in concentration (in g/cm’) and Q the 
rate of flow (g/sec). 
For evaporation from a plane surface through a layer of air of thickness b 
the specific surface resistance w is : 
o = 6/D = Aw/(Q/A) (134) 


The rate of evaporation from a sphere is given by Eq. (35). For a hemispher- 
ical droplet on a hydrophobic surface the value of Q would be one-half as 
great. Thus the evaporation resistance for a single droplet of radius r would 
be 1/2xDr, or for the a droplets on a square cm (in parallel) the contribution 
to the specific surface resistance would be 1/2xDor. This is in series with 
the resistance b/D given by Eq. (134). Adding the two resistances we have 

w = b/D+1/2xDor (135) 


For hemispheres Q is half the value given by Eq. (40) and for all the droplets 
on one cm? the value of Q/A is o times as great as for one droplet. After using 
Eq. (33) to eliminate w we obtain 

—MDAo/e,RT = (1+2z0br)r dr/dt (136) 


For the case that b = 0 this equation reduces to Eq. (41). 

Unsaturated Air. When Ap can be considered constant, as when the water 
vapor surrounding the plate is not saturated, integration gives, for the time 
required for the complete evaporation of drops of initial radius r: 

t = to(1+420br/3) (137) 


where f, is the life of a single droplet (c = 0) as given by Eq. (43), (45) or 
(46). The covering fraction a is related to o by the equation 


mro =a (138) 
Using this to eliminate o from Eq. (137) we have 
t—t,(1+4ab/3r) (139) 


Saturated Air. When the air is saturated and the vapor pressure incre- 
ment p is determined by the surface tension o and the radius 7 according to 
Eq. (32), we find in a similar way by integration of Eq. (136): 

t = t)(1+3ab/2r), (140) 
where fy is now the life of a single droplet (a = 0) as given by Eq. (48) or (49). 

The thickness b of the effectively quiescent air film through which diffusion 
occurs, during evaporation from an extended plane depends to some extent 
on temperature differences between the surface and the surrounding air and 
on the amount of air circulation. I have made measurements of the rate of 
evaporation of water in a shallow circular pan (12 cm dia.) in a room with 
quiet air at 20°C and 24 per cent relative humidity. The evaporation cooled 
the water about 3°. The effective thickness 5, calculated by Eq. (134), was 
1.2 cm. Placing a 40 watt incandescent lamp about 20 cm above the surface 
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of the water caused the water to become about 7° warmer than the air and 
the value of 5 decreased to 0.7 cm: an effect of the slight convection due to 
using air currents. 

With small surfaces such as the 5x5 mm square plate used for the droplet 
collection, the effective thickness b should be the width of the plate. We shail 
therefore assume b = 0.3 cm. For droplets of 10 microns radius the term 
involving a in Eq. (139) is thus 400 a. 

Thus the mutual protection effect of the droplets mentioned on page 226 
is so strong that when even only 1 per cent of the surface is covered (a = 0.01) 
the life is 5 times greater than it would be for single droplets. With a = 1 
the factor is 41. 

Using Eq. (46) to calculate t, from the values of Fy, in Table VII, we find 
that the lives of supercooled water droplets on a plate in air saturated with 
respect to ice at —10°C have the values given in Table XVIII. 


Taste XVIII 


Lives of Droplets Distributed over a Plate. 
Times in Seconds, Radii in Microns 





|r=2|r=5 | r=10 











a=0 0.35 2.2 8.8 
a=0.01| 7.4 19.8 44 
a= 0.10 | 70 178 361 








Applying the same method to calculate the time required for the evapora- 
tion of the droplets shown in ce 2 and 3 we find (b = 0.3 cm) 





t 


sec hrs 





| ! 
bsg To | a “temp. to | t | 
| i 1 | 
| } 


| 
Fig. 2| 55 | 0.47 | 22°F | 340 | 11,600 | 3.2 
Fig. 3| 12 jt | 23°F | 18.6) 1620 | 0.45 





Evaporation is thus a very slow process with the large covering fractions a 
and the resultant large coalesced droplets that were characteristic of the tech- 
nique used on Mt. Washington. If the covering fraction had been reduced 
to 0.1 and the deposited droplets thus had an average radius of the order of 
5 microns, the evaporation of the droplets would be complete within about 
3 minutes. This conclusion is based on the assumption that the supercooled 
droplets on the slide remain liquid and the water vapor content of the air 
is the saturated vapor pressure of ice at the same temperature. 

Examination of the 108 microphotographs obtained on Mt. Washington 
in the period from Feb. 24 to Mar. 16, 1943, shows that in most cases the 
droplets had turned to ice by the time the photographs were taken. Mr. Schaefer 
reports, however, that in many cases even at temperatures far below freezing 
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visual microscopic examination showed that droplets were still liquid and 
they were seen to freeze when touched by a hair or fine wire. In all cases, 
however, in which the microphotographs showed detached circular droplets 
that had been formed by coalescence like those of Figs. 2 and 3, it is certain 
that the droplets remained liquid during the whole time of deposition (of 
the order of 1 to 3 seconds). Impact of the droplets on the hydrophobic surface 
. did not initiate crystallization. 
A rough calculation shows that after a droplet has once begun to freeze 
the time required for complete freezing is of the order of t given by 
t=r9,L/AAT, (141) 
where g, is the density of the droplet of radius r, L is the latent heat of fusion 
per gram, 4 the heat conductivity of the plate or other medium in contact 
with the drop and T is the initial temperature of the drop below the freezing 
point, before freezing begins. Taking L = 80, 0, = 1 and, for glass 4 = 
2.5 10-8 we thus have 
t = 32,0007°/4T sec. (142) 


For droplets of 55 microns radius at —5°C the freezing process would 
require only 0.2 second. Droplets of 10 yu radius floating in air —5°C (A= 
5x10-°) would take only 0.32 seconds to freeze. Thus the existence of 
water droplets in the fog blowing over Mt. Washington even during snow 
storms proves that the droplets do not come into contact with ice nuclei. 

When, after an indefinite time, ice nuclei do form and the droplets freeze, 
the vapor pressure decreases to that of ice so the rate of evaporation should 
fall to a lower value. 

Since the free surface energy of ice is undoubtedly higher than that of 
liquid water, the vapor pressure of small ice spheres will exceed the large 
surfaces of ice by an amount at least as large as p given by Eq. (32), using 
values of Fs, in Table VII. Calculation by Eqs. (140), (49) and Table VIII, 
gives 13 hours for the life of frozen droplets of 5 microns radius in saturated 
air at —5°C, on a surface 10 per cent covered (a = 0.1). 

However, it is probable that such an exact degree of saturation will not 
be attained under ordinary conditions. Examination of Cols. 4 and 5 of Table VII 
shows that the vapor pressure of water at —11.25°C is the same as that of ice 
at —100°C. 

Thus, if the slide under observation in the microscope were warmed only 
1.25°C the vapor pressure of frozen droplets would be revised enough to 
reduce the life from 13 hours to the value of 178 seconds given in Table XVIII. 

It thus appears possible, under carefully controlled conditions, using a = 0.1 
to obtain substantially correct measurements of radius by the Houghton- 
Radford method even with droplet radii as low as 5 micron (at —5°C). How- 
ever, the very slight deviations of these conditions may cause serious errors 
because of coalescence or evaporation. 
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We have seen that by technique used by the Mt. Washington observers, 
with high values of a, incorrect values of radius (M) are obtained, but that 
when these are corrected by means of Eq. (99), radii are obtained which agree 
well with those obtained in other ways. Such a method is convenient but 
before it can be considered reliable, the time of exposure of the slide to the 
wind should be specified more accurately. 

We believe, particularly for the conditions encountered on Mt. Washington 
or on airplane flights, that a method can be developed for determining the 
sizes of water droplets or ice particles by allowing the rapidly moving par- 
ticles to pass through a fine aperture into a column of quiet air. After moving a 
definite distance A (the particle range) the particles settle on to a horizontal plate 
which has a surface coating that gives a permanent record of the drop radius, 
unaffected by subsequent evaporation of the droplet. Apparatus for this pur- 
pose has been built and given preliminary tests. Early in April it will be used 
on Mt. Washington. A later report will give details of the construction and 
the results obtained. 

By means of this apparatus the particle size can be determined either by 
direct measurement of the diameter of recorded pattern or by the range 4. 

Range 4 of High Velocity Particles. On pages 209-212 we calculated the 
range A, of spherical particles on the assumption that the viscous drag is given 
by Stokes’ Law. These values were used in calculating the droplet radius from 
the riming data. In the discussion of the velocity of fall of droplets, on pages 
247-250 it was shown that the drag coefficient C, for spheres calculated from 
Stokes’ Law in accord with Eqs. (110) is considerably smaller than the true 
values given in Table XI even for values of the Reynolds number, Eq. (103), 
as low as 10. Thus for R = 10, C, by Tabie XI is 4.36 but by Stokes’ Law 
it would be 2.4. The deviations become much larger at still higher values of R. 

For average riming conditions on Mt. Washington we may take temp. —10°, 
pressure 785 mb, 9, = 0.00104, 7 = 1.658x10-* and thus by Eq. (103). 

R = 12.55rv (143) 

For a wind of 30 mi/hr and droplets of radius 3 microns R = 5, but for 
90 mishr and 13 » radius R = 66. The question then arises whether important 
errors have been introduced in our analysis of the riming data by wrongly 
assuming the validity of Stokes’ Law. Furthermore, it becomes desirable to 
have an accurate relation between the range, the velocity and the radius, since, 
with the apparatus we intend to construct, we wish to determine the droplet 
radius by a measurement of the range. 

An exact equation for calculating the range (neglecting the effect of gravity) 
can be obtained by introducing into Eq. (6) values of m and f from Eqs. (9) 
and (104). Integration then gives the range 


A= (8/3)r(0,/e0) f dR/CpR (144) 
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If the coefficient of drag Cp has the Stokes Law value 24/R in accord with 
Eq. (110) and the value of R from Eq. (103) is introduced, Eq. (14+) gives 
the Stokes’ Law range 4, in agreement with Eq. (10). 

Values of the integral in Eq. (144) calculated by numerical integration 
of 1/CpR, are given in Col. 3 of Table XIX. 

















Taste XIX 
Calculation of Particle Ranges A and i, 
-—— 
R aa For Mt. bgt 8 Condi- 
tions — 
R Cp f AR/CpR | f dR/CpR* 785 mb 
0 | 
ro alr As/r 
0.1 | 257 0.0040 0.2062 0.008 10.3 10.7 
0.32 | 86 0.0122 0.1626 0.025 31.3 33.8 
1.0 28.8 0.0367 0.1215 0.080 94.0 107 
3.16 | 10.0 0.108 0.0833 0.252 277 338 
10 4.36 0.288 0.0514 0.797 738 1070 
31.6 2.09 0.678 0.0287 2.52 1737 3380 
100 1.07 1.462 0.0143 7.97 3750 10,700 
316 «| «(0.65 2.86 0.0061 79.7 7320 33,800 
1000 0.49 4.90 0.0023 252 12,560 {107,000 
3160 0.41 7.47 0.0008 797 _ _ 
10,000 0.41 10.28 0.0002 j— _ 
| 

















For the conditions postulated for Mt. Washington Eq. (144) becomes 


R 
Ar = 2564. [ dR/CpR (145) 
0 


while 4), defined by Eq. (10), for the same vaiue of 7 is 
A, = 1340.7°0 (146) 


Values of rv and 4/r calculated from Eqs. (143), (145) are given in Cols. 4 
and 5. The quantity 2,/r in the last column is equal to 107.R, as obtained 
from Eq. (145) by inserting the Stokes’ Law value C, R = 24 given by Eq. (110). 

Table XX contains the ranges 2, under Mt. Washington conditions, for 
droplets of various sizes and for wind velocities ranging from 26 to 200 miles 
per hour. 

The following semi empirical equation gives the values of the integral 
in Eq. (145) over the whole range from R= 0.1 to R= 104 with a mean 
accuracy of 1.7 per cent: 


1+0.06R +0.0003R* 


1+0.0444R a) 





R 
f dR/CyR = 5.56 logy 
0 
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TaBLe XX 


Range 2 of Droplets under Mt. Washington Conditions 
for Given Wind Velocities. Temp. —10°C, 785 mb. 
Range in cm 





Wind v Radius (microns) 
Mi/hr | cm/sec as] 15 20 50 100 
20 890 | 0.04} 0.23 | 0.81 | 1.6 2.7 | 13.0} 40.0 
30 1340 | 0.06 | 0.32 | 1.10] 2.2 1.6 | 16.6 | 51.7 
40 1790 | 0.08 | 0.40] 1.35 2.7 | 4.4 | 20.0] 60.5 
50 2240 | 0.09 | 0.48 | 1.65 | 3.2 5.1 | 23.1 | 69.0 
60 2680 | 0.11 | 0.55 | 1.81 | 3.6 5.8 | 25.8] 76.0 
80 3580 | 0.14 | 0.68 | 2.21) 44 | 7.0 | 30.3 | 88.0 
100 4470 | 0.16 | 0.80 | 2.57] 5.0 | 80 | 34.5 | 98.0 
200 8940 | 0.27 | 1.28 | 4.00] 7.7 | 12.2 | 49.0 | 132.5 


























Shape of the Trajectories of Droplets with Initial Horizontal Motion. To 
design apparatus to collect droplets or ice particles and to measure their ranges 
it is desirable to know how much the paths of the particles deviate from a 
straight horizontal line during their flight in a column of quiet air. 

According to the theories of ballistier the trajectory of a projectile can 
be obtained by the simultaneous solution of the equations: 


m dv,/dt = —(f/v)o, (148) 
m dv,/dt = —( f/v)v,—mg (149) 


where v, and v, are the horizontal and vertical velocity components and the 
force f is a function of the velocity » which is defined by 


ot = volte (150) 


With droplets of such small size and low velocities that the force is given 
by Stokes’ Law, f/v becomes constant and equal to 6anr and Eqs. (148) and 
(149) can be integrated separately. 

Eq. (11), which we have already derived is an integral of Eq. (148). In a simi- 
lar way we obtain from Eq. (149) 


09%, /A, +g = g exp (—%t/A,) (151) 
Furthermore from Eqs. (7) and (8) we get 
_, = (v0/A,) (A—*) (152) 


Near the end of the range where v, is small compared to the initial velo- 
city U9 we can solve these equations for v,: 


v, = —gA,/v (153) 
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The slope of the trajectory is then 


tan 6 = —g(A,/v9)*/(A—x) (154) 
or introducing the value of A, given by Eq. (10) we have 
tan 6 = (4/81) go?r*/n(A—x) (155) 
Under the Mt. Washington conditions (—10°C; 985 mb) this becomes 
tan 6 = 17.60 x 10°r#/(A—x) (156) 


This equation always applies near the end of the range where the velocity 
has fallen sufficiently to give low values of R. As an example consider a par- 
ticle 20 u in radius with an initial velocity of 60 mi/hr. By Table XX the total 
range A is 5.8 cm. Eq. (155) gives 


tan 0 = 0.0282/(a—x) (157) 


Thus the point where the path is inclined at 45° is only 0.028 cm from 
the max. range. 

To calculate the total displacement y from the horizontal line, we must 
consider also those parts of the path where the force is greater than given 
by Stokes’ Law. When 4 is less than 20 or 30° so that v and v, are nearly equal 
Eqs. (148) and (149) become: 


dv,/dt = —Bv? (158) 
dv, /dt = —Bv,v,—g (159) 
where B is a constant. Solution gives 
v, = 1/Bt (160) 
and 
v, = —(1/2)gt (161) 
The total displacement from the horizontal line is thus 
y= (1/4)g? (162) 


This value of v, and y are half as great as if {/v were constant (Stokes’ Law). 
The time of flight ¢ can be calculated accurately by combining Eqs. (5), (6), 
(9) and (104) giving 
t = (16/3) (r20,/n) f dR/CoR (163) 
R 


The 4th column of Table XIX gives values of the integral involved in this 
equation. For small values of R, less than about 10, the integral is given by 


f dR/C, R? = 0.1069—(1/24) In R+0.014 RV? (164) 
R 
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For the Mt. Washington conditions 9, = 1.0; 7 = 1.658 10-4 Eq. (162) 
becomes 


t= 3.221047? f dR/CoR* (165) 
R 


As an example of the use of these equations the data of Table XXI have 
been calculated for the motion of a droplet of 20 microns radius. The devia- 
tion, y, from the horizontal path is calculated by Eq. (161) for velocities down 
to 20 mi/hr. When R becomes so small that Stokes’ Law applies the gravity 
fall is not affected by the horizontal motion so that 


y = (1/2)gt? (166) 

This equation was used to calculate the last three values of ¢t in Table XXI 
for velocities v less than 45 cm/sec. 

In the transition region between Cp = constant and C,R = 24 the coef- 


ficient of gt must have values between 1/4 and 1/2, and thus the values of ¢ 
at 20 mi/hr are probably slightly too low. 


Taste XXI 


Trajectory of a Droplet of 20 u Radius with Initial Horizontal Motion, Terminal 
Vertical Velocity 4.3 cm/sec 























A As t y 6 
mi/br Gnjecs sd or wi os 4 er fo eer ied * ay 
cm cm sec cm degrees 
200 8940 224 12.2 47.9 0.00103 —0.0003 
60 2682 67.3 5.8 14.4 0.00238 —0.0014 
20 894 22.4 2.7 4.8 0.0044 —0.0044 
1 44.7 1.12 0.21 0.24 0.0151 —0.112 —6.7 
0.118 5.3 0.13 0.028 0.028 0.0252 —0.31 —45 
0.039 1.7 0.044 | 0.0094 0.0094 0.0308 —0.46 -71 








Examination of the values of y and 6 shows that appreciable deviations 
from the horizontal line occur only within one or two millimeters of the end 
of the range where the trajectory rapidly approaches a vertical asymptote. 

This sharply defined end of the range indicates that our proposed range 
measuring device should give data for accurate determination of particle 
radius. 

Theory of Rime Deposition at High Reynolds Number. The critical condi- 
tion A, = C/8 given by Eq. (17) at which rime collection first begins on a cylinder 
is exact even if the wind velocity and droplet radius are so large that 4 is much 
smaller than 4,. The reason that 4, rather than 2 determines the beginning 
of rime deposition, along the stagnation line, is that under these conditions 
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the droplets reach the surface with zero velocity and thus close to the surface R 
is small and Stokes’ Law does apply. At higher values of K = 4,/C, the par- 
ticles that reach the cylinder, even at the edge of the deposit, have velocities 
that may be sufficientiy high to invalidate Stokes’ Law. Thus for large values 
of K the deposition depends more on A/C than on 4,/C. 

The calculations of Glauert used for Fig. 1 were made by assuming the 
validity of Stokes’ Law. The calculations would have been fundamentally no 
more difficult if a wind velocity had been assumed which gave large values 
of R for the motion of the droplets. However, the introduction of another 
variable means that the whole set of calcuiations must be repeated for each 
new value of the initial velocity. Fortunately one such set of calculations has 
been made by the NACA (Arthur Kantrowitz, Technical Note No. 779). 
Calculations were made of the paths of water drops of 7 different sizes in air 
flowing at 200 miles per hour around a circular cylinder 1 foot in diameter. 
Zahm’s data for the coefficient of drag for spheres (NACA Technical Report 
No. 253, 1927) were used for these calculations. By trial trajectories were 
found which were tangent to the cylinder. The results were expressed in two 
curves which gave, for different drop diameters, ‘‘the area swept clear of 
drops” and the ‘‘area of the cylinder swept by drops’. These are the quantities 
which we have denoted by y, and 6, in Table VI. The seven points on each 
curve furnish the data for Cols. 1, 2 and 3 of Table XXII. I have calculated 
the data in the first horizontal line of the table by taking the condition 
K, = 4,/C = 3/8 for the threshold of rime deposition. 

The quantity y, in Col. 4 was calculated by 

Ji = sin A, (167) 


in accord with the nomenclature used in Table V. 

In the NACA report the temperature and air density used in the calculations 
were not specified. Since, however, the curves were prepared to throw light 
on icing conditions on aircraft I have assumed that they were like those that 
prevail in winter on Mt. Washington. 

Therefore, as on page 269, I take the temperature to be —10°C, and the 
altitude 1900 meters. The Reynolds number R given by Eq. (143), correspond- 
ing to the 200 mi/hr wind velocity, range from 100 for the 8.9 micron droplets 
to 5700 for the targest droplets. Thus the velocities are tar too high for Stokes” 
Law to apply. The Stokes’ Law range, ,, calculated by Eq. (146) as given in 
Col. 5, is several times larger than the true range 4 given in Col. 6 (calculated 
from the data of Tables XIX or XX). The ratio 4/A, is contained in Col. 7. 

Let us now compare the values of yo, in Col. 2, for these high Reynolds 
numbets with those given by the Glauert curve yo in Fig. 1. For this purpose 
we shall calculate K by several methods. Thus a generalization of the defini- 
tion of Eq. (20), gives 


K,=2,/C and K =i/C (168) 
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If we use K, in Col. 8 to obtain y, from the Glauert curve (Fig. 1) we find 
that they are much larger than the NACA values in Col. 2. For example, for 
r = 25.4 we get y) = 0.84 from K, instead of yo = 0.52 from Col. 2. Thus 
the effect of the deviations from Stokes’ Law is to reduce the efficiency of 
collection of rime. 

If seems reasonable that the riming efficiency y,) should depend upon K 
rather than K,. Values of y, obtained from K by Fig. 1 agree much better 
with those of Col. 2 than when we use K,. Thus for r = 25.4 we obtain yy = 0.46 
from K, which is only slightly less than 0.52 in Col. 2 with larger radii such 
as r = 76 or more, the two values of 4, are in excellent agreement. A possible 
cause of the difficulty at lower values of the radius becomes apparent if we 
consider values of K, close to the critical threshold value 0.125. We have seen 
(p. 274) that this critical value is the same even at high Reynolds number at 
which Stokes’ Law is invalid. Now, for particles of the critical size (1st line 
of Table XXII) K, = 1/8 but K = 0.058. Thus K itself is not an adequate 
measure of the collection efficiency at low values of r. 











Taste XXII 
Rime Defosiiion on Cylinder of Diameter 1 ft in a Transverse Wind of 200 mi/hr 
1 | 2 3 | 4 5 6.2 eg 8 9 10 
r 9, as a | aA K, K, Yo 
mic. Yo deg. yn cm : id » (calc.) 
40) 0 0 0 1.92 0.89 | 0.462 0.125 0.125 0.000 
8.9 | 0.075 | 19.0 0.326 9.5 3.34 | 0.352 0.619 0.299 0.069 
12.7 | 0.200 | 33.0 0.545 19.3 5.93 | 0.307 1.260 0.550 0.205 
25.4 | 0.520} 55.5 |0.824 77.3 17.6 | 0,227 5.04 1.241 0.496 
50.8 | 0.780 | 71.5 0.943 309 49.0 | 0.159 20.2 3.31 0.761 
76.2 | 0.86 | 78.5 |0.980 696 89.7 | 0.129 45.3 5.96 0.858 
127, | 0.92 | 83.5 \0.994 1933 184 0.095 126 12.1 0.930 
508 0.99 89.0 ,0.9998| 30,900 1157 0.037 | 2015 75.7 0.990 
































In deriving equations (22) and (24) which we used for interpolation of 
Glauert’s data we found it advantageous to use expressions involving K —1/8 
instead of K. . 

Let us define a new quantity K, which has the properties suggested by 
this reasoning 

(Ko—1/8)/(K,— 1/8) = 4/4, (169) 

When K, == 0.125, Ky is also equal to 0.125 no matter what the value of 
4/2, may be. When K, is very large K, becomes nearly identical with K and 
thus the values of y, calculated from K, will agree with those of Col. 2 (for 
droplets of large size). The values of K, in Col. 9 have been calculated from 
Eq. (169) which can be written in the more convenient form 


K, == 0.125+(A/2,) (K,—0.125) (170) 
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The last column of Table XXII gives values of yy, calculated from Eqs. (22) 
or (23) by putting K = K, into these equations. The same results may natur- 
ally be had, but with less accuracy by taking values of y, from Fig. 1 using 
K, as ordinate. 

A comparison of these calculated values of y, (from Ky) given in Col. 10 
with the NACA values in Col. 2 show an extraordinarily close agreement 
(S.D. = 0.012). Considering the wide range of Reynolds numbers covered 
by the NACA data (45 to 5700) we are justified in concluding that the Glauert 
- curve for yo in Fig. 1 is accurately applicable to riming conditions even at 
high wind velocities and large droplet radii if we use as ordinate the quantity 
K, defined by Eq. (170). 

In a similar way we find y, can be calculated from the Glauert y, curve 
of Fig. 1 by using as ordinate a quantity K, defined by 


K, = 0.125+0.60 (K,—0.125) (171) 
These values of y, differ from those of Col. 4 by a S.D. of 0.022. 


Summary of Main Conclusions of Part I to April 1, 1944 


The foregoing pages of this report were written before April 1, 1944. On 
April 3 V. J. Schaefer and I went to Blue Hill Observatory where we discussed 
our results with Dr. C. F. Brooks and David Aarenberg. We spent April 4 
at the M.I.T. with Prof. H. G. Houghton and R. M. Cunningham. From 
April 5 to 11 we were on the summit of Mt. Washington. We had hoped to 
get some first hand data on the electrical charging of surfaces during snow- 
storms but, during the whole week, except for a period of a few minutes on 
one day no snow fell. We were able, however, to test out the new theories 
of formation of rime. Mr. Victor Clark, in charge of the Mt. Washington 
Observatory was able to supply me with records of much better observations 
of riming than the March 1943 data given in Tables I-IV of this Report. 

Before analyzing the new data it is desirable to summarize the main con- 
clusions reached from the foregoing parts of this report: 

1. The Glauert theory of the deposition of rime on a cylinder, giving the 
weight, width, and thickness of rime as a function of the wind velocity, the 
particle size and the cylinder radius, gives reasonably consistent values for 
the droplet radius when the theory is applied to the March, 1943 Mt. Wash- 
ington data. Unfortunately, only one rotating cylindrical rime collector was 
used, the other two being stationary. As the rime deposited on the stationary 
collectors these soon became non-circular in cross section. In many cases 
it was necessary to reject data for this reason. The droplet radius calculated 
by the application of the Glauert riming theory will be denoted by rp. 

2. A theory of the growth of droplets in rising saturated air was developed, 
according to which the smaller drops in the fog evaporate even while the 
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liquid water content of the fog continues to increase. As the drops grow in 
size their number steadily decreases. A quantitative development leads to 
the conclusion that the radius of the droplets depends only on the temperature 
and age of the fog, i.e. the time during which the fog particles have been in 
existence. The droplet radius does not depend directly on the liquid water 
content but rather on the ratio of this to the vertical component of the velo- 
city of the air entering the base of the cloud. The droplet radius calculated 
from this time of rise or aging theory we will call 7,. 

3. A comparison of rz and 7,, given by the riming and the time of rise 
theories from the same data show excellent agreement. The logarithmic cor- 
relation coefficient (LCC) which measures the correlation between log rz, 
and the log r, was found to be +.92 (see pages 235 to 236 of this Report). The 
average deviation between the values of 7, and r, is only slightly over 20 per 
cent although the radius varied over a range over 1 to 10. Actually it was found 
that r increased a little more rapidly than in proportion to rz. This high cor- 
relation between r, and 7, gives strong support to the Glauert theory of rime 
deposition and to the proposed theory of droplet growth. 

4. A theory was developed by which the droplet size is related to the pro- 
duce of the liquid water content of the fog and the visibility in feet. A semi- 
empirical equation was developed (Eq. 96) to express this relationship. 

5. Microscopic observations and microphotographs to determine droplet 
radius by the Houghton-Radford method have been made by the Mt. Wash- 
ington Observatory. It was believed that the microphotographs gave direct 
measurement of droplet radius. However, the radii determined in this way 
averaged 3.1 times as great as the value 7, given by the riming theory. In the 
case of the higher wind velocities and the larger droplet sizes the ratio was 
sometimes as high as 9.5. Others who have been familiar with the Mt. Wash- 
ington droplet size determinations have concluded that the Glauert theory 
for some unknown reason gave particle sizes that were too small. Our con- 
clusion in this Report is that the microscopic observations are faulty. The 
droplets appear too large because of coalescence of droplets on the vaseline 
covered slide. We wished particularly to test out this conclusion by further 
observations on Mt. Washington. Empirically we found that the quantity 
(55 M/v)*5®, Eq. (99) shows a correlation (LCC) of 0.956 with rz. In this 
relation M is the radius determined by direct microscopic observation and 
v is the wind velocity in miles per hour. The nonlinear relation between M 
and r, and its dependence on wind velocity are both satistactorily explainable 
by the coalescence of drops which strike the grease covered slide particularly 
at high velocities. 

6. By using soot-covered glass surfaces or by observing the scattering 
of light {rom vaseline-coated surfaces, splash patterns were obtained when 
the droplets strike a surface. These experiments not only gave a quantitative 
relation between the splash patterns, wind velocity, and the droplet radius 
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but they give a quantitative explanation of the reasons for the nonlinear relation- 
ship between M and r, and the dependence on wind velocity. 


Discussion. In the analysis made in Part I two factors have been neglected. 
These were mentioned on page 220:(1) The efficiency of rime collection 
on the smallest cylinder is not strictly 100 per cent as was assumed in the 
preliminary work; (2) The Glauert theory was based on the assumption that 
the frictional force opposing the motion of the particles in air follows Stokes’ 
Law. Actually there are very appreciable deviations from this law at high wind 
velocities and especially with larger particles. On page 273-279 it was shown 
that the Glauert theory can be extended to take into account the departures 
from Stokes’ Law. A few preliminary calculations were made using the data 
of Tables I-IV to determine the magnitude of the errors introduced by the 
neglect of these two factors. Rough calculations showed that the main con- 
clusions drawn from the work would not be materially changed. With the 
higher wind velocities and with larger particles the droplet true radius would 
be roughly 20-30 per cent higher than that given by the approximate theory. 

‘It has not been considered worthwhile to correct these data in detail since 
the new Mt. Washington data (obtained during 1944) are far more accurate 
and afford a much better test of the theory. 

For this purpose a method of analysis of the data has now been developed 
which takes these two factors completely into account. These will be described 
in subsequent pages. 

In discussions with Prof. Houghton and Mr. Cunningham on April 4th 
at Boston, it was agreed from the evidence presented that the Mt. Washington 
droplet radius measurements were too high, the values which were calculated 
as rp, in the foregoing Report presumably being correct. Dr. Houghton expressed 
the opinion that the theory of droplet growth based on the continual evapora- 
tion of small droplets was not applicable to the formation of clouds and fogs. 
He believed that the number of droplets was determined by the number of 
“effective nuclei” present in the air rising into the base of the cloud, and 
that there is no subsequent evaporation of these droplets as long as the air 
continues to rise. 

I have subsequently found that Prof. Houghton has previously published 
a paper! on the growth of droplets, based on the assumption that the number 
of droplets is determined by the number of effective nuclei present. A later 
paper by Sverre Petterssen (7. of Aero. Sci. 8, 9101, 1941) discusses theories 
of the growth of particles and concludes that all particles grow after once 
starting and that the small drops grow more rapidly than the large ones so 
that there is a tendency for all to become the same size. Bergeron and Findeisen 
have concluded that large drops of rain are probably always formed from snow 
crystals falling into air containing super-cooled water droplets. Only by some 


1 Physics, 4, 419, 1939. 
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such mechanism can they explain how droplets grow to large size. The time 
of rise theory according to which the number of drops decreases as the cloud 
ages should resolve this difficulty for it affords mechanism of growth of droplets 
which has previously been neglected. 

In analyzing the new data from Mt. Washington I have therefore desired 
particularly to determine whether or not the number n of fog particles per cm? 
decreases as the particles grow in size. The new data should thus supply conclu- 
sive evidence either for the time of rise or else give indications that the number 
of droplets is determined by the originally present effective nuclei. In the 
latter case the analysis of the new data should give information in regard to 
the nature of these ‘‘effective nuclei”. 


Part II. New Mt. Washington Data 


Arriving on the Summit of Mt. Washington I was told by Victor Clark 
that during the winter of 1943-44 he had made several improvements in the 
procedure for measuring the deposition of rime on cylinders. The regular 
three-hour riming observations were now made using two rotating cylindricai 
collectors, the smaller one being 0.072 inches dia. (the same as that used in 
1943) but the other one, rotating on the same axis was 2 inches in diameter. 
The diameter of the rime deposit on the small collector was measured and 
the weight of a 10 cm length of rime on both the small and large collectors 
was determined. 

Clark had also determined more accurately than before the variation of 
the rate of rime deposition as the cylinder radius is changed. For this purpose 
he had made 17 sets of observations beginning January 27, 1944 and running 
through March 16, 1944 using six rotating cylinders on one shaft. These were 
placed above the anemometer at the top of the tower of the Observer. The 
cylinders were of diameters 0.072, 0.250, 0.375, 1.0, 2.0 and 3.0 inches. In 
these observations a 5 cm length of rime was weighed and the diameter 
of the six collectors was determined. By using only 5 cm it was possible to 
keep down to a reasonable value the overall length of the rotating shaft on 
which the six collectors were mounted. It is important that the length be not 
too great so that the wind velocity will be the same on all six collectors. 

Another similar set of six collectors which were kept stationary (not rotating) 
was mounted on the tower in a position about 3 ft from the rotating col- 
lectors and with an approximately similar exposure to the wind. The stationary 
and rotating collectors were exposed at the same time so a direct comparison 
could be made of rate of formation of rime on the stationary and rotary col- 
lectors. 

A summary of the data from the 17 sets of observations using the six rotating 
collectors is given in Tables XXIII and XXIV. These represent all the data 
of this type that were obtained up to the time of our Mt. Washington visit. 
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Table XXV gives the details of the observations for a single typical set — 
No. 15 of Table XXVI. 

While I began analyzing these data, I asked Mr. Clark to gather together 
for me a dozen of typical riming data from the regular 3-hour observations 
which involved the use of the two rotating coilectors. I suggested that he 
select cases that cover as wide a range as possible of such pertinent factors 
as wind velocity, temperature, rate of riming etc. After a couple of days, he 
gave me 13 sets of data selected from the observations between January 27 
and March 31, 1944. These are all included in Tables XXVI, XXVII, and 
XXVIII. I have added to this table two sets of observations on April 10 (Nos. 7 
and 8) because these regular observations were taken at times when Mr. 
Schaefer and I carried on some experiments on the measurement of droplet 
radii which will be described later. 

Objectives in the analysis of new riming data. 

1. To test the Glauert theory of the dependence of rate of riming on the 
cylinder radius, the wind velocity and the droplet radius. These new data 
are naturally far superior to the 1943 data covered in Tables I-IV. 

2. To determine more accurately than before from the riming data the 
droplet radius rz. It is desired to avoid any assumption that Stokes’ Law applies 
to the motion of particles. 

3. To determine from the riming data the liquid water content which 
we shall denote by w and which will be expressed in g/m’. In this work it is 
proposed to make the calculations without assuming that on the smallest 
collector the efficiency is 100 per cent. 

4. To determine the droplet radius by a new independent method involving 
the use of soot-covered glass plates on which droplets leave permanent tracks 
so that subsequent evaporation does not cause errors. By preparing microphoto- 
graphs and measuring the size of the tracks, it was believed that reliable 
measurements of the droplet radius could be made. 

5. To test the practicability of determining droplet radius with the soot- 
covered plate by a method described on page 269 of this Report, in which the 
particles are brought to rest in the air before settling onto the plate. 

6. To determine the correlations between the droplet radius rz, the liquid 
water content w, the air temperature and the wind velocity v. In studying 
these correlations involving more than two variables, we shall consider both 
total correlations and partial correlations. The partial correlations between 
two quantities is the correlation between these two when all the other variables 
are considered to be held constant. This matter will be discussed later in 
the report. It will also be possible to derive regression equations which give 
quantitative relationships between the variables. 

7. To use the data for w, temperature and wind velocity v to calculate 
the radius 7, by the time-of-rise theory. 
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8. To determine the correlation between r, and r, and obtain the corres- 
ponding regression equation. 

9. According to the proposed theory of the rate of growth of droplets in 
a fog, the number of droplets decreases as they increase in radius. By the 
usually accepted theories, on the other hand, the number of droplets per cm}, 
n, is determined by the number of effective nuclei in the air which enters the 
base of the cloud. According to this theory, n should remain constant while 
the liquid water content w increases because of the further rise of the air mass 
within the cloud. We therefore plan to use the new Mt. Washington data 
to calculate n by Eq. 38 and to see if it remains constant as rz increases or 
whether it actually decreases as r, increases in the manner required by the 
proposed theory of growth. 

According to the time-of-rise theory, the radii of the droplets in a fog 
should increase with the age of the droplets in the manner given by Table IX 
of this Report. It is, therefore, perhaps better to refer to the theory as the 
ageing theory rather than time-of-rise theory. The time ¢ which is needed in 
the calculation of 7, is really the age of the droplets in any particular mass of 
fog. If the air in the cloud has risen with a uniform vertical component of 
velocity through the cloud base to the particular point under consideration, 
the age of the drops is the height h above the cloud base divided by the 
vertical component of velocity. When the air does not rise vertically but 
moves along a line of slope S, then the vertical component of velocity is Sv 
where v is the horizontal velocity. Thus the age of the droplets is 


t = h/So. (172) 


In Part I of this report, the time of rise t was calculated in this way—by 
considering that the air moved along the slope of the mountain from the cloud 
base. 

It is clear, however, that conditions may sometimes arise where the age 
of the drops is not adequately obtainable from an equation of the type of (172). 
For example, the air rising along the slope of a mountain may not move with 
uniform velocity. Furthermore, because of turbulence a particular mass of 
fog which reaches the summit of the mountain at a given time may have 
entered the cloud base at a point further from the summit than the nearest 
point at the cloud base in that direction. It is even possible, with stable strati- 
fied air layers, that the air moving toward a mountain summit passes to both 
sides of the mountain instead of passing over it. In that case, the fog at the 
summit may have been within the cloud for a long time so that the actual 
life of the particles in the fog may be much greater than that estimated by as- 
suming that the fog has travelled from the cloud base along the shortest path. 
The time of rise calculated by Eq. (172) should therefore sometimes be regarded 
as merely a lower limit to the possible true value. 
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Even while making the analyses of the data in Part I of this Report, 
I had felt that factors of this kind could perhaps account for some of the cases 
where r, was found to be less than rg. There seemed, however, from the avail- 
able Mt. Washington data no way of determining in which sets of observations 
these deviations from the normal behavior might occur. In general, it is prob- 
able that the wind velocity ‘along the lower slopes of the mountain is lower 
than it is at the summit and that the trajectory of a given fog mass which 
reaches the summit enters the cloud base at a point some distance from the 
surface of the mountain. If such factors were known and could be taken into 
account in the calculations, their effect would be to give a higher value of B 
than the 0.207 that we determined empirically from our analysis of Table I, 
but with this larger value of 8 the agreement between rz and 7, would probably 
be as good as before. On the whole, it was felt, therefore, that a reasonably 
good approximation was obtained by identifying the calculated time of rise 
with the age of the fog particles. This should be particularly true for a mountain 
like Mr. Washington where the contour lines near the summit are approximately 
circular and the slope is sufficiently small so that the air masses are forced 
over the mountain rather than around it. In the case of a mountain having 
a sharp peak, it would be difficult to calculate a reliable value of the age from 
the time of rise. 

After having discussed some of these points with the observers on Mt. 
Washington, I had an excellent opportunity to observe, on the morning of 
April 9, some meteorological conditions which clearly should cause an abnormal 
deviation between r, and rz. 

' During the early morning of April 9, riming conditions prevailed and regu- 
lar riming data were taken at 1:00 a.m. and 4:00 a.m. The temperature fell 
from 26° at 1:00 a.m. to 24° at 4:00 a.m. and was the same at 7:00 a.m. The 
wind was from the West decreasing from 36 mi/hr at 1:00 a.m. to 24 mi/hr 
at 4:00 a.m. and 22 mi/hr at 7:00 a.m. The barometer was rising steadily from 
778 mb at 1:00 p.m. on April 8th to 806 at 1:00 p.m. on the 9th. The visibility 
was 100 ft at 1:00 a.m., 120 ft at 4:00 a.m. and 14 miles at 7:00 a.m. During 
the day, the temperature rose to a maximum of 32° to 4:00 p.m. At 7:00 a.m. 
a thin layer of intermittent fog was blowing over the mountain. About a third 
of the time, the visibility was good. In the valley west of Mt. Washington, 
there was a layer of stratus clouds with a top about 2300 ft below the summit 
of the mountain. A good view could occasionally be had of Mt. Jefferson 
which is about 5700 ft high and lies about four miles to the north. 

I was very much struck with the interesting appearance of Mt. Jefferson. 
It was nearly completely covered with a very thin layer of fog, probably 100 
to 200 ft thick which blew up along the slope of the mountain from the top 
of the stratus clouds below. The fog layer was frequently so thin that some 
of the details of the surface of the mountain could be seen through the layer. 
The conditions were obviously similar to those prevailing on Mt. Washington. 
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This thin layer of fog not only ascended the windward side of the mountain, 
but descended in an equally well-defined thin layer down the leeward side. 
This, of course, indicates that a thin layer of stable cold fog had been lifted 
from the top of the stratus clouds up over the mountain. There was probably 
some admixture with drier and warmer air coming from above which gave 
the occasional clear spaces. . 

It is clear from these observations that the age of the fog particles was 
very large and thus according to the ageing theory the particles were of large 
size. However, because of the dilution of the fog with drier air, it is probable 
that the liquid water content was low. Thus, if the cloud base had been calcula- 
ted from a measurement of liquid water content, the cloud base would have 
been placed far too high and the calculated time of rise would be much less 
than the time required for the cloud to move upward from the top of the 
stratus cloud. 

Because of the intermittent character of the cloud at that time, no regular 
observations of riming rates and liquid water content were obtained. Victor 
Clark, however, did report that at that time there was an unusually rapid 
disposition ot ice on objects of large diameter in spite of the obviously low 
liquid water content. This observation confirms the conclusion that the droplets 
were of large size. 

Unfortunately, good riming measurements can only be made when there 
is continuous fog, but in that case the observers on the mountain have no way 
of knowing the existence of conditions such as those described above. Judging 
from the high correlation coefficient of 0.92, between rg and r,, which we 
found from the data of Tables I-IV, conditions of this kind do not occur 
during any large percentage of the time. When they do occur, they may cause 
very great deviations between rp, and 7;,. 

Subsequent examination of the 6-Collector and the 2-Collector data given 
me by Victor Clark and a summary of the data for the whole winter which 
he showed me on June 13, 1944, roughly about 10 or 15 per cent of the obser- 
vations show values of r, that are distinctly lower than rg, but there are 
practically no cases where 7, shows large positive deviations from rg. For 
this reason, in presenting the following data, I have segregated those sets of 
observations which give low values of 7,. All the data obtained from Victor 
Clark are included, but the ‘‘abnormal ones” have in general not been used 
in determining the correlation coefficients. In some cases, we shall discuss 
later what change in the correlation coefficients occurs if we use all the data 
in determining the correlations. Since I have had no other basis for separating 
the normal from the abnormal cases other than the fact that the values of 
r, are lower than those of rz, it becomes desirable, in further work on Mt. 
Washington and elsewhere. to obtain independent evidence regarding the 
presence of layers of stable stratified air with stratus clouds which might cause 
these abnormalities. Fortunately, observations of the cloud ceiling were made 
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regularly during the winter at a station at Fabians, about seven miles west 
of Mt. Washington, at an altitude of about 1500 feet. Mr. Clark intends to 
examine his 1944 data to see whether, when 7, is low compared to rp, the 
cloud base observed from the valley station is not found to be much lower 
than that calculated from observations on the summit. 


The 6-Collector Data 


The first twelve sets of observations shown in Table XXIII have been selected 
as ‘“‘normal” and the remaining five Nos. 13-17 have been set aside as 
“abnormal,” since for these 7, is markedly lower than rz. It should be noted 











Taste XXIII 
6-Collector Data 

1 2 3 | 4 | os 6 7 8 9 10 

Day, H T Wind | A ‘goon, 2 

No. Noae ewe] oe Dir. | WW if log 
mi/hr | mn |S" \emthe im? 

1 1/27, | 9:10P | +12 | 48 NW | 15 | 1.04] 4.50 | 0.58 
2 | 1/29 | 1:30P | +19 | 28 w 60 | 053 | 1.70 | 0.38 
3 | 1/29 | 3:40p | +15 | 32 w | 38,83] 40 | 041 | 0.90 | 0.175 
4 | 1/29 | 4:20P | +8 | 54 w 39 15 | 1.00] 5.70 | 0.66 
5 | 2/1 | 12:30A | +10 | 38 w 38 30 | 0.39 | 1.31 | 0.21 
6 | 2/6 | 12:10A | +20 | 77 w | 8) | 20 | 042 | 3.09 | 0.26 
7 | 2/6 | 3:20A | +21 | 76 w 20 | 0.32 | 1.12 | 0.091 
8s | 3/7 | 3:10P | +24] 44 | WsW 10 | 140] 4.50 | 0.64 


.-] 


3/7 6:20P +19 45 WwW 15 0.92 3.40 0.47 
10 3/7 9:15P +10 44 WNW | 39,77 11 0.40 2.20 0.31 
11 3/8 12:10A + 6 55 WNW | 38,49 15 0.27 0.87 0.10 












































12 3/16 3:15P +29 52 WSW 12 1.14 4.90 0.53 
Av. or ALML +16.1°| 47.4 0.59 2.33 0.305 
SD or SDNL 6.7° 0.29 | 0.545} 0.664) 0.672 

13 1/27 3:30P +18 58 Ww 38 15 2.00 3.85 0.41 

14 1/29 9:20P 0 72 NW 15 1.19 2.02 0.17 

15 1/30 | 12:30A -5 70 WNW] 36 30 0.75 1.90 0.17 

16 1/30 3:20A —10 70 WNW] 38 30 1.65 1.36 0.12 

17 1/30 6:30A —13 66 WNW] 38 30 0.81 0.43 0.040 
ALML — 2 67 1.19 1.54 0.14 
SDNL | | 12° 0.09 0.43 0.80 0.84 

ww 


36 Light or moderate drifting snow, low 
38 Light or moderate drifting snow, high 
39 Heavy storm of drifting snow, high 
49 Fog in patches 

77 Snow and fog 

83 Showers of light or moderate snow. 


Go gle UN 


Super-cooled Water Droplets in Rising Currents of Cold Saturated Air 285 


























Taste XXIV 
6-Collector Data (Continued) 
1 | 2 3 4 5 6 7 8 9 | 10 11 
rT 

r n t rt M ry Vovs. Veatc. 

No.| App] ic. | cm* | "/” | sec | Mic. | Mic. | Mic. ft Mic. 
1} 61) 78 292 6.1 so | 71 |.63 | 94] 110 130 
2| 5.7 | 68 289 10.3 82 | 7.6 | 16 | 68 | 110 150 
3) 46 | 5.4 266 8.3 35 | 5.3 | 10 | 54] 110 205 
4} 56 | 7.3 419 2.7 98 | 69 | 35 | 7.2] 120 100 
5| 42] 5.0 401 10.6 43/53 | 10 | 54] 150 146 
6| 30] 38 1140 13.5 20 | 45 | 16 | 46] 130 69 
7| 27) 33 600 19 7 | 34 s | 30] 130 146 
8|/ 74] 9.6 173 3.9 79 | 81 | 22 | 66] 150 178 
9) 59] 7.5 266 5.9 m | 71 | 15 | 56] 150 147 
to} 39 | 47 115 16.3 s4 | 58 | 12 | 52] 150 88 
| 29] 34 610 11.1 15 | 3.3 8 | 41 | 180 142 
12! 61] 8.0 270 5.2 56 | 7.8 | 48 | 8.2 95 136 
ALNL 5.69 300 | 8.21 | 425| 5.72 130 | 130 
SDNL | 0.348 | 0.515 | 0.395 | 0.79 | 0.313) 0.177 | 0.29 
13| 7.71 104 | 87 1.5 4 | 60 | 48 | 79 110 320 
141 5.3 | 7.4 114 1.6 25 | 34 7 | 84] 110 360 
1s| 43 | 5.5 244 3.5 29 | 35 | 14 | 46] 125 220 
160 44) 5.7 155 2.2 25 | 3.0 7 | 3.5 | 140 340 
17, 46] 59 47 0.7 10 | 21 | s | 3.2} 1808 | 1070 
6.70 113 1.65 | 24 | 3.33 | 130 | 390 

0.29 0.62 0.59 | 0.54] 0.38 0.21 0.60 
































S — reduced by blowing snow. 


that four out of the five abnormal sets of data were consecutive observations 
on the night of January 29-30. 

Just below the line for the 12th observation, there are given certain average 
values and the standard deviations for the mean (S.D.). In the case of the 
temperature, a quantity which can have either negative or positive values on 
the Fahrenheit scale, there is no logical reason for considering the logarithm 
of the temperature. Therefore, for Col. 3, the figure given below the 12th 
line is the average temperature of the first 12 observations and the Standard 
Deviation is the root-mean-square value of the deviation from the mean. These 
quantities are both expressed in degrees. 

For all the other quantities involved in the riming data, it is preferable 
in finding correlations to use the logarithms of the quantities. This is parti- 
cularly desirable since the quantities such as wind velocity v, liquid water 
content w, and droplet radius rz are quantities which can never have negative 
values. A given percentage change in radius for small particles is apt to be 
just as significant as a similar percentage change of a: large one. Furthermore 
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when we obtain correlations between quantities like w, v and rz, we imply 
that they can be expressed as linear functions of one another. Actually, however, 
we know that such quantities are usually power functions, i.e. one varies in 
proportion to some power of another one. Such power relations with constant 
exponents mean that there are linear relations between the logarithms of the 
quantities. Therefore, in these Tables XXIII to XXXI, I have not determined 
the average value of the liquid water content but instead have first determined the 
logarithms of these quantities, then taken the average and found the anti- 
logarithm of the resulting average. The quantity obtained in this way I have 
denoted by ALML, an abreviation for antilogarithm-mean-logarithm. Similarly, 
the corresponding deviations are denoted SDNL which means Standard 
Deviation of the natural logarithm. This is obtained from the S.D. of the 
logarithms by multiplying by 2.303. The advantage ot using natural logarithms 
is that then the SDNL represents directly the mean fractional variation. Thus, 
for example in Tables XXIII in Col. 4, the mean wind is taken is 47.4 mi/hr 
and the value of SDNL of 0.311 means that the mean deviation from the mean 
wind amounted to about 31 per cent. 

It is seen in examining Table XXIII that the variability of w (0.665) is 
more than twice that of v, the wind velocity (0.311). 

The abnormal sets of observations placed by themselves at the lower part 
of Table XXIII are treated separately in determining the averages so that it 
can be recognized at once in what respects they are abnormal. 

Cols. 8, 9, and 10 of Table XXIII give values of the droplet range A,, the rate 
of riming Ry, (expressed in grams/cm? hr) and the liquid water content w in 
g/cm’. The method of calculating these three quantities will be illustrated 
by the data of Table XXV. This gives in detail the Mt. Washington data for 
a typical set of observations using the 6-collectors. This set is the one which 
is entered as No. 15 in Table XXIII. 

The first column gives D, the initial diameter of the rotating collector 
in inches. The second column contains D, the diameter of the collector after 
it had been coated with rime. The thickness 5 in the next column is half the 
difference in the diameters. The fourth column contains the weight in grams 
of a 5 cm length of rime on each of the collectors. C in the 5th column is the 
average radius of the collector during deposition, expressed in cm. The riming 
rate R, expressed in grams/cm? hr, is calculated by the equation 


R = (W/2LC)/(60/ At) = 30 W/L.CAt, (173) 


where I is the length of the rime deposit that is weighed and At is the time 
in minutes during which the rime is collected. 
The rime density @ given in the last column is calculated from 


o = W/xLb(D.+b) (174) 


where L, 6 and D, are expressed in cm. When L = 5 cm, while 5 and D, are 
expressed in inches, the equation takes the form given at bottom of Table 25. 
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TABLE XXV 


Details of a Typical Set of Observations (No. 15) from 6-Collector Data 
January 30, 1944 12:13 a.m. to 12:43 a.m. At= 30 min; Air temp. —5°F; wind direction 
WNW;; Wind Velocity 70 mi/hr; Length of rime samples L = 5 cm WW 46, 36. Microscopic 

estimate of droplet radius 7b. 




















1 2 3 4 5 6 7 8 9 
Dy D b - Cc R @ & Coal 
in. in. in. cm g/cmthr | g/cm? mi/hr g 

0.072 0.350 0.139 1.95 0.268 1.45 0.66 55 0.68 
0.250 0.493 0.1215 2.55 0.472 1.080 0.56 47 0.55 
0.375 0.596 0.1105 2.85 0.616 0.925 0.53 43 0.49 
1.000 1.156 0.078 2.68 1.37 0.390 0.26 28 0.29 
2.000 2.138 0.069 1.55 2.63 0.118 0.11 13 0.11 
3.000 3.078 0.039 0.60 3.86 0.031 0.05 6.3 0.046 


























By fitting the data for R and C plotted on double logarithmic paper to curve A of Fig. 13 
we find A) = 0.75 cm and Ry + 1.90 g/cm*hr. 
D, = is initial diam. of collector in inches 
D, = is diam. of collector with rime in inches 
6b thickness of rime (inches) 
average collector radius in cm 
weight of rime (5 cm length) in grams 
rate of riming, g/cm*hr 
rime density g/cm* 
(D,—D,)/2 
0.635 (Do+D,) 
= 0.2 W/C 
@ = W/101.3 6(6+D,). 


ioe td wd 


Cc 
Ww 
R 
@ 
6 
Cc 
R 


We wish now from these data to calculate the radius of the fog particles 
and the liquid water content w. The following procedure accomplishes this 
without assuming, as we did in Part I, that the collection efficiency on the 
smallest collector is 100 per cent. 

The values of the riming rate R given in the 6th column of Table XXV are 
plotted as a function of the average collector radius C (Col. 5) on double 
logarithmic paper. We thus obtain the points marked by small circles in Fig. 11 
which lie near Curve 15. On another sheet of similar double logarithmic paper, 
a curve is prepared by plotting the values of y, in the 2nd column of Table VI 
of this report against values of 1/K obtained from the 1st column of that table. 
The full line curve A in Fig. 13 represents such a plot. We see from our general 
definition of K in Fq. (20) that the reciprocal of K has the value C/A. 

Because ot the fact that curve A in Fig. 13 is a double logarithmic plot, 
a multiplication of y) by any constant factor merely displaces the curve in 
a vertical direction without changing its shape. Similarly, when C is used as 
abscissa, a change in the value of 4 causes merely a horizontal Shift of the 
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curve. It 1s thus evident that the data from Table XXV, which was plotted in 
Fig. 11, should fit a curve of the same shape as that shown in curve A ot 
Fig. 13. This fit is most convenientiy made as follows: In Fig. 13 we have 
drawn a vertical line from the curve along the ordinate for C/A = 1 up to the 
origin at which K = 1 and y, = 1. This point is marked by the interesection 
of the vertical with the short horizontal line. The curve of Fig. 13 is then held 





2 3.0648 E78 +O 2 3 456 


c 
Fic. 11. 6-Collector data Mt. Washington Jan. 27 to Mar. 8, 1944. 


up against a window (through which daylight shines) and on top of this we 
place a curve sheet like that of Fig. 11. We then slide the second sheet over 
the first, using only vertical and horizontal displacements (without rotation), 
so that the points plotted in Fig. 11 are seen to make the best possible fit with 
the underlying curve A of Fig. 13. When this has been done, the lower curve 
is traced upon the upper sheet including the vertical line that goes up to the 
origin at C/A = 1 and y, = 1. It will be seen by examination of Fig. 11 that 
this trace has been made and that the short vertical line shows that the origin 
of the curve that fits the data No. 15 lines at C = 0.75 and R, = 1.90. 
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These values are recorded in Cols. 8 and 9 of Table XXIII. The value of 2) 
is the value of C at which the origin lies on Curve 15 of Fig. 11 because at this 
point C/A = 1. Furthermore, it is clear that the value R, = 1.90 g/cm? hr. 
is the rate of riming that would exist if y) = 1 at C= 0, that is the depo- 
sition were complete. One sees by examination of Curve 15 of Fig. 11 that 
the actual values of R which were plotted from the data of Col. 6 of Table XX 
all lie distinctly below the 1.90 value. Thus on the smallest collector rime de- 
posits at the rate of 1.45 whereas complete collection would correspond to 
1.90. The collecortn efficiency was thus 76.4 per cent. 





























f, radius by Stokes law, 









































r,true radius, 4 


Fic. 12. Effect of deviations from Stokes’ Law on the droplet radius as calculated from the 
weight of rime on cylinders of different diameters. I. L. May 8, 1944. 


All the other curves in Fig. 11 were fitted to the experimental determined 
points in the same manner. Curves were also prepared for the other 10 sets 
of observations summarized in Table XXIII. 

For the observations No. 3, 5, 7, 10 and 14, the points fitted on to a curve 
as well as they did in the case of curves 15 and 17 in Fig. 11. For observations 
2, 4, 9 and 16, the lowest two points showed positive deviations about like 
those of Curves 1 and 6 in Fig. 11. We shall see later that deviations of this 
kind should occur when the particles in the fog are not all of the same size 
but show a distribution over an appreciable range of sizes. : 
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Liquid Water Content w. Eq. (2) enables us to calculate the liquid water 
content w in g/m* from the riming rate Ro, in g/cm? hr and the wind velocity v 
in mi/hr the equation becomes 

w = 6.21 R,/v. (175) 
The coefficient of this equation is correct only for these particular units. Values 
calculated in this way are given in Col. 10 of Table XXIII. 

Examination of Fig. 11 shows that the 6-Collector riming data obtained 
by Victor Clarke on Mt. Washington in 1944 fit the Glauert theory with high 
accuracy. The small deviations that do occur probably occur mainly because 




















ol 2 3 ae He 


Fic. 13. Effect of distribution of droplet size on deposition of rime on cylinders. 


of uncertainties in the wind velocity. Two anemeters on the tower never give 
exactly the same velocities. Furthermore, there must be slight differences 
between the velocities of the wind that act on the small and the large collectors 
as they extend to slightly different heights above the tower. Another probable 
source of error results from fluctuations in the density of the fog during a run 
which may last 30 minutes or more. These factors should introduce various 
errors which cannot be taken into account in our analysis. The results, however, 
show that the effects of these factors are not serious and that the Glauert theory 
is applicable in a very satisfying way to carefully made measurements of rates 
of riming on cylinders of different sizes. 
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Other observers with whom I have consulted had previously come to the 
conclusion that the Glauert theory was not applicable. This conclusion, however, 
had been based upon attempts to make the Glauert data fit calculations in- 
volving the microscopic measurements of droplet radius which we now 
know are in error. An other reason for this lack of agreement with the Glauert 
theory was the assumption that the smallest collector acted with 100 per cent 
efficiency. The new method of analysis outlined above overcomes these dif- 
ficulties. 

Calculation of the Droplet Radius From Riming Data 

The values of R for several values of C such as those given in Table XXV 
and those plotted in Fig. 11 furnish data by which the radius of the droplets 
can be determined from the y, curve of the Glauert theory, as modified in 
the manner described on pages 274-276 of this Report. If the effect of de- 
viations from Stokes’ law are to be taken fully into account the determination 
of the radius from these data becomes rather laborious. I have found, however, 
a convenient approximate method which gives results that agree very closely 
with the exact method, the approximate radii being about 3 to 7 per cent 
lower than the true values. Before proceeding with the discussion of the appro- 
ximate method, which we shall use for the analysis of the Mt. Washington 
data, I shall outline briefly the procedure which may be adopted for an exact 
solution. 

According to the theory on page 276 a curve of the shape given by A in 
Fig. 13 should be obtained if the values of R are plotted as ordinates on double 
logarithmic paper and values of 1/K, are plotted as abscissas, Ky being defined 
by Eq. (169) or (170). Although we can calculate R as in Col. 6 of Table XXV, 
from the experimental data, we do not know either the value of K, or 4/4, 
that are needed to determine Ky. It is possible, however, by a series of ap- 
proximations to calculate the true radius, which we shall call rz, with any 
desired degree of accuracy. To do this we first choose an approximate value 
of radius which we denote by r. We then form the produce rv where wv is the 
wind velocity (cm/sec), and from a curve prepared from the data of the 5th 
6 and 7 columns of Table XIX we find the corresponding values of 2,/2. We 
can also calculate 4, directly from Eq. (146) and by Eq. (168) can obtain K,. 
We now have all the data to calculate Ky by Eq. (170). From the Curve yo 
in Fig. 1 we can determine, for each value of C, the corresponding value of yo. 
The riming rate for 100 per cent deposition efficiency, which we have called 
Ry, is then given by 

Ry = R/yo. (176) 

If we have selected the correct tentative value of radius r the series of values 
of R, should be constant or at least should not show any tendency to increase 
or decrease as C increases. If R is not satisfactorily constant, we select another 
tentative value of r and proceed as before to get a new series of values of Ry. 
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If need be we assume several such values of r and for each plot a curve of R, 
as a function of C and get the slopes of these lines. By interpolation we find 
the value of r that would give 0 slope. This value is evidently r,, the correct 
value of radius. 

It is readily appreciated that this method is cumbersome and laborious. 
If, however, an approximate value of r is obtained by some other method 
the number of trials we shall need is greatly decreased. 

A more convenient method for determining rz, will now be described. 
Later we shall consider some examples of calculations by the exact method 
to test the accuracy of the approximate method. 

The true radius r, could be calculated exactly from Eq. (146) if we knew 
the value of 4,, which is naturally different from 4) we obtain from the curves 
of Fig. 11. Solving Eq. (146) for r and expressing it in microns while the velo- 
city v is expressed in mi/hr we obtain for the exact value 

rp = 41.2 (A,/v)? (177) 
Our problem then is to determine the value of 4,. 

First Approximation Based on Stokes’ Law. If we ignore the effects of the 
deviations from Stokes’ Law we can replace 4, in Eq. (177) by 4) from Col. 8 
of Table XXIII. This will give us an approximate value of r defined by 

r = 41.2 (A)/v)!? (178) 
The approximate values of radius obtained in this way from the data of Table 
XXIII are given in Col. 2 of Table XXIV. 

Second Approximation, i.e. Considering Deviations from Stokes’ Law. For 
this second approximation we may assume that the value of 4) which is to 
be defined as the value obtained from the curves of Fig. 11 is actually the 
value of C at which K, = 1. In Eq. (170) we may therefore put Ky = 1 so 
that 


K, = 1/8 +(7/8)(49,/4). (179) 
In Eq. (168) we can put C=C, =A, and thus we have 
A, = K,Ay. (180) 
By dividing Eq. (177) by Eq. (178) we obtain: 
rz = 1K}. (181) 


From this equation it is possible to develop a simple method of determining 
the value of rz; when the approximate value of 7 is known. The relationship 
between r, and r is given in Fig. 12 for any one of a series of wind velocities 
expressed in mi/hr. The method of obtaining one of these curves is as follows: 
For any of the values of rv in Col. 5 of Table XIX we get 4,/A from Cols. 6 
and 7 and by Eq. (179) calculate the corresponding value of K,. The value 
of ry in the product rv given in Col. 5 is the true radius which we denote by 
7, We now choose any wind velocity in mi/hr such as 50 mi/hr and get the 
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corresponding value in cm/sec. For each of the tabulated values of rgv and the 
chosen value of v we obtain a value of rg. These, when divided by K,"?, 
in accordance with Eq. (181) give the corresponding values of the approximate 
radius r. Each of the curves in Fig. 12 was constructed in this way. 

The values of rz in Col. 3 of Table XXIV were obtained from the approximate 
values of r in Col. 2 by interpolation between the curves of Fig. 12 for the 
wind velocities given in Col. 4 of Table XXIII. 

Before discussing the significance of these values of droplet radius calculated 
from the riming data we shall describe the calculation of the various other 
quantities listed in Table XXIV. 

Droplet Concentration n. If the droplet radius is expressed in microns, 
and the liquid-water content w in g/m’, Eq. (38) becomes 

n = 2.39 x 105e/r8 (182) 
where n is the number of droplets per cm*. The values of n in Col. 4 of Table 
XXIV were calculated from the data of Col. 3 of this table and Col. 10 of 
Table XXIII. In Col. 5 of Table XXIV 1/v is obtained by dividing n by the 
wind velocity (in mi/hr). 

Calculation of the Droplet Radius r, from the Time of Rise. In analyzing 
the data of Tables I to IV of Part I, by the method described on p. 226, 
the time of rise was calculated by an equation like Eq. (172), but the average 
slope of the mountain in the direction from which the wind came was determined 
in each case from an examination of a contour map. The slope S of the 
summit cone of Mt. Washington ‘is, however, sufficiently uniform so that 
within the accuracy needed, the S may be taken to be 0.32. This assumption 
greatly facilitates the calculation of r, and does not appreciably affect the 
correlation coefficient between rp and 7,. 

In Eq. (172) we can put 


h = x dh/dx (183) 
x= 0/0, (184) 

We thus find that the time of rise t is given by 
t = (w/v)/So,(dx/dh). (185) 


If w is expressed in g/m® and ov in mi/hr the time of rise ¢ in seconds for 
Mt. Washington (S = 0.32) is conveniently given by 

. t= Aw/v, (186) 
where A is a function of temperature given for each Fahrenheit temperature 
(to the nearest degree) from —40° to +32° by Table XXVI. The numerical 
value of A, as may be found by comparing Eqs. (185) and (186), is equal 
to 700 times the quantities listed in Col. 9 of Table X. The values of ¢ in 
Col. 6 of Table XXIV were calculated by Eq. (186) from w, v, and the 
temperature. 
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TaBLe XXVI 


Table of Values of A used to calculate time-of-rise on Mt. Washington 
teec = A(g/m*)/(mi/hr) 
°F 0 1 | 2 3 {| 4 | 5 | 6 





n 


7 | 8 | 9 





30 | 4860| 4774| 4690 | 

20 | s930| 5800| s6go|} ss70/ 5460| 5350| s240| 5140! so40| 4960 
10 | 7590| 7390] 7190| 7000| 6820| 6650; 6490| 6340' 6200} 6060 
0 | 10,140 9830] 9540] 9260| 9000} 8740| 8490| 8260; 8020| 7800 





— 0 | 10,140 | 10,460 | 10,800 | 11,160 | 11,530 | 11.940 | 12,360 | 12,810 13,270 | 13,750 
—10 | 14,260 | 14,780 | 15,330 | 15,900 | 16,480 | 17,090 | 17,720 | 18,400! 19,850 | 20,640 
—20 | 20,640 | 21,480 | 22,360 | 23,340 | 24,370 | 25,440 | 26,570 | 27,750 | 28,970 | 30,260 
—30 — | 31,610 | 33,020 | 34,500 | 36,050 | 37,680 | 39,380 | 41,110 | 43,000 | 44,930 | 46,960 
































The values of r, in Col. 7 were obtained from ¢ and the temperature by 
multiplying the radii in Table IX by the factor 1.25 which corresponds to 
6 = 0.51. This was chosen to make the ALML for 7, the same as for rg 
as shown in Table XXIV. 

The 8th column of Table XXIV gives the radius in microns estimated by 
the Mt. Washington observers from microscopic examination of the droplets 
deposited on a vaseline coated slide as described on p. 239. The next column 
represents a value of radius ry calculated from M and wv by an empirical equation 
which will be described later. 

The 10th column is the estimated visibility in feet, while Col. 11 contains 
a value calculated from rg and w by a semi-empirical equation to be described 
later, (Eq. (211)). 

The Correlation between r, and r,. (Observations 1 to 12 only) A comparison 
of the values of r, in Col. 7 with those of r, in Col. 3 shows that they are 
in close agreement. The correlation coefficient (LCC) between the logarithms 
of these quantities is found by Eq. (83), to be 


LCC(rq, 7) = +0.955. (187) 


This correlation is even higher than the value +0.921 obtained on page 235 
from the much less accurate data of Tables I to IV. 

In analyzing the significance of the LCC evidence for the ‘‘aging theory 
of droplet growth” we must consider that: 

1. The LCC between two variables x and y is a measure of the accuracy 
with which the relationship between them can be represented by an equation 


x = Ay’, (188) 


where A and n are unspecified constants. 
2. The exponent 2 is called a regression coefficient. It can be calculated by 
Eq. (84) which is termed a regression equation. : 
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3. The constant A in Eq. (188) can be determined by the relation 
A = xy/(Yu)" (189) 


where xy and y, are mean values of the type that we have used in Table 
XXIII and XXIV which are denoted by ALML. 

If the aging theory is applicable to the growth of fog droplets we should 
have not only a high positive value for the LCC between r, and r, but both 
the exponent 2 and the constant A should be approximately unity. A departure 
of A from unity is, however, equivalent to a change in the value of the B 
in the time of rise theory. 

On page 282 we discussed several factors that could cause an apparent 
increase in B. Thus, within reasonable limits we can so choose f that A 
is made equal to unity. 

It was shown on page 236 that the old data for r, and 7, led to a regression 
coefficient of n = 0.755, that is, the data indicated that (r,)°-755 varied in 
proportion to r,. But this value of m did not differ from unity sufficiently 
to be very insignificant with the relatively low accuracy of the 1943 data. 

It is therefore of particular interest to calculate the corresponding regression 
equation from the new values of rz, and 7, in Table XXIV. Application of 
Eq. (84) gives 

Fear = 0.90 (rs (190) 


The regression coefficient 1.06 is much closer to unity than was the previous 
value 0.755. Over the range in the values of 7, extending from 3.1 to 8.3 
microns in Table XXIV, 1,,, given by Eq. (190) differs from r, by not 
more than 3 per cent, a quantity too small to be significant. 

The higher regression coefficient from the newer data is a result of the 
new method of calculation by which deviations from Stokes’ Law are taken 
into account and the assumption is no longer made that there is 100 per cent 
deposition efficiency for the smallest collector. This has been proved by 
some calculations in which old data were reanalyzed by the new method. 

According to the theory of correlation (see for example, Handbuch der 
Physik Vol. 3, pp. 479-492 (1928) we may calculate from the correlation 
coefficient the degree of accuracy with which a variable can be represented 
by a regression equation. 

Consider that we have a number of values of a variable x, and corres- 
ponding values of a second variable x,. Let C be the correlation coefficient 
between the x, and x, values. The range in the values of x, is measured by 
a quantity s, which is defined as the root-mean-square of the differences 
between the x, values and the mean value of all of them. Similarly s, measures 
the variation of x. 

The quantities denoted SD or SDNL in Tables XXIII and XXIV are 
values of s which are consistent with the foregoing definition. 
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If we let X, and X, be the deviations of the values of x, and x, from the 
corresponding means we can express the two regression equations by: 


Xicat it bX, (191) 
Xen = 1X1 (192) 


Here 5, and 6b, are the regression coefficients. 
If we choose a series of values of x, and from them get X, we can calculate 
a corresponding set of values of X1,..,; by Eq. (191). It is a property of 
the regression equation that the values of Xj,., will give the best fit with the 
values of X, i.e. the sum of the squares of (Xj,4;—X;) will be a minimum. 
The root-mean-square of these differences we shall represent by o, (or 02 
for the Xz...—X, differences). Theory gives 
a, = s,(1—C*)? (193) 
and a similar equation for ay. 
The quantity o, is a measure of that part of the variation of x, which is 
not dependent on x,, including errors and all causes of variation other than xz. 
The regression coefficients b, and b, may be calculated by Eqs. (84) or (85), 
or more conveniently can be found from the correlation coefficient and the 
values of s, and sq by the equations 
by = (8,/s,)C - (194) 
and 
by = (s1/s_°C. (195) 


For the correlation between Inr, and Inrg (corresponding to x, and x,) 
C= +0.955 and from Table XXIV, s, = 0.313 and s, = 0.348. From Eq. (194) 
b, = +1.06 in agreement with Eq. (190). From Eq. (193) we have a, = 0.103. 
Thus the variability of rz is reduced from sz +0.348 to 0.103 when we subtract 
from rz the part that is dependent on r,. In other words, if we calculate 
the droplet radius from r,, as given by the time of rise theory, by using the 
regression equation, Eq. (190), we get values which differ on the average 
by only 10.3 per cent from rg obtained from the riming data. 

If, on the other hand, we assume that the time of rise theory is correct 
so that b, = 1 we have 7,,, =7,. A direct determination of the r.m.s. of the 
differences between rg and r, given in Table XXIV shows that ¢ = 0.106 which 
is only 3 per cent more than that calculated by Eq. (193), a difference which 
is of no significance. 

The residual variation of 10.6 per cent in the values of rg is no more than 
is to be expected from various extraneous factors (such as uncertainties of 
wind velocity etc.) and therefore these results offer strong support for the 
correctness of the aging theory of droplet growth. 

This residual difference of 0.106 between 7, and 7, is to be compared to 
the value 0.226 (i.e. 2.303 x 0.098) found on p. 236 from the early values of 
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r, and r, in Cols. 7 and 8 of Table III. With the greater accuracy of the 1944 
data the residual errors have decreased to less than half their former values. 

Accuracy of Correlation Coefficients. In evaluating the significance of cor- 
relation coefficients, especially when we have as few as 12 observations we 
need to know the uncertainty in the value of the correlation coefficient. If 
we have a correlation coefficient C derived from n sets of observations, the SD 
of the value of C (from the mean of a large number of such determinations 
of C) is approximately 


$, = (1—C*)/n"2, (196A) 
Thus with 12 sets of observations we find for 
C=0.0 04 06 0.7 08 0.90 0.95 
$, = 0.29 0.24 0.185 0.147 0.104 0.055 0.028 


A correlation coefficient of 0.3 is not of great significance but with a coef- 
ficient of 0.8 it is probable that further determinations of C will give values 
that lie between 0.7 and 0.9. A more useful criteria for the reality of a given 
correlation coefficient is obtained by specifying the number of times that 
a correlation of the same sign will be found in subsequent determinations 
of C for each time that one of the opposite sign is found. With 12 sets of ob- 
servations this chance is 


for C= The chance that the sign of C is correct is: 
0.20 2:1 
0.33 20:1 
0.44 100:1 
0.60 5000:1 
0.83 10?2:1 


With n = 12 a correlation of 0.3 is significant, but the chance that a corre- 
lation as high as 0.5 is accidental is extremely remote. 

Multiple Correlation between Temperature T, Wind Velocity v, Droplet 
Radius tz and Liquid Water Content w. The time of rise theory permits a value 
of r, to be calculated from 7, v and w. Since r, is closely related to r, it seems 
possible that some other function of the three variables 7, v and w might 
show an even greater correlation with rz. A problem of this kind can be solved 
by the general theory of correlation between several variables. In the present 
case we have to consider four variables T, v, rz and w. For each of the six 
pairs of variables we can determine the correlation coefficient, defined by 
Eq. (83), which will now be called total correlation coefficients. 

Whenever we have to consider n interrelated variables where n is greater 
than 2, we need to distinguish between total and partial correlation coeffic- 
ients. The partial coefficient between two variables is the correlation that 
would be found if all the other n—2 variables were kept constant. By methods 
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involving determinants the partial correlation coefficients can be calculated 
if all the total coefficients are known. It is also possible to obtain a regression 
equation by which, from any set of values of n—1 variables, a function can 
be calculated which gives the best possible fit with the values of the one re- 
maining variable. 

For the four variables T, v, r, and w in Tables XXIII and XXIV the total 
correlation coefficients are given in the form of a determinant by 








T v Tr w i 
| 1 +.126 +.370 +.261 T 1 
_ | +.126 1 —.459 —.234 v 2 
pe | +.370 —.459 1 +.909 r, 3 Ph208) 
| +.261 —.234 +.909 1 w 4 
j= 1 2 3 4 


For example, the total correlation coefficient between r, and w is + 0.909 
while that between r, and v is —0.459. The numerical value of the determin- 
ant D is 0.0616. We now form the ist minors of this determinant by leaving 
out certain rows and columns. Let i denote the row and j the column; then 
(—1)'*’x D,, is the ‘determinant formed from D by omitting the ith row 
and the jth column. 

In terms of these determinants we then have for the partial correlation 
coefficients y (we use Greek letters for partial, italic for total quantities) 


¥y = —Dy/(DyX Dy)” (197) 

d By = —(5,/5)) (Dy/Du) (198) 
an 

a, = s,(D/D,,)? (199) 


Here £,, is the regression coefficient for the term containing x, in an expres- 
sion used to calculate a quantity which gives the best fit with x,. For example 
we wish to calculate from 7, v and w, which correspond to x, %, and x, 
a quantity 7,., which will best represent the observed values of rp (i.e. 3). 
The regression equation will then be (¢ = 3, 7 = 1, 2 and 4) 


Xsca1 = Bsi%1 +Bs%2 +P aXe (200) 
From the determinant D we find 
Dy, = +0.1035; Dy = +0.1443; Dyg = +0.8458; Dy = +0.5937 
Ds, = —0.1715; Dsg = +0.2543; Dg, = —0.6645 
Vis = +0.580; yes = —0.728; yx, = +0.938 
5S, = 6.7°; 5, = 0.291; ss = 0.348; 54 = 0.672 
Bs: = +0.01050; Bs, = —0.360; By = +0.406 
0, = 5.2°; ag = 0.1898; o3 = 0.0939; o, = 0.216. 


(201) 
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By Eq. (200) we obtain for the regression equation 
In(7,.4:/5.7) = 0.0105 (T—16)—0.360 In (v/47) +0.406 In(w/.305) (202) 


In this equation r,,; is in microns, T in °F, v in miles/hr and w in g/m’. 
An equivalent but more convenient form of the regression equation (in 
the same units) is 


79 :) (w/0.305)°-408 (203) 


(Tea1/5-7) = ("iF OLD ae 


An appropriate measure of the degree to which the variation of a function 
can be explained by its dependence upon other related variables is given by 
a?/s*, From the data of Eq. (201) o/s? has the value 0.600 for temperature, 
0.425 for v, 0.073 for rz and 0.103 for w. Thus only a small part of the tem- 
perature variation is explained by the other factors while the wind velocity 
is slightly more closely related to the other variables. The variation of the 
droplet radius, rz, results very largely from its dependence on the other vari- 
ables. 

The logarithmic correlation coefficient C,, between 7,., calculated by 
Eq. (203) and rz of Table XXIV can be obtained from Eq. (193) by introducing 
into it the value (a3/s)? = 0.073, from Eq. (201). This gives C., = +0.963. 
An actual calculation of the r,,, values and a determination of the LCC gives 
Cys = +0.957 and co, = 0.103. The LCC between r,,, and », is +0.994 with 
a residual variability of only ¢ = 0.041. We shall see that this exceptionally 
high correlation results from the fact that the regression equation, Eq. (203), 
which we have deduced from total correlation coefficients in Eq. (196B), is 
nearly identical with the relation between r, and 7, v and w which we derived 
from the time of rise theory. 


Comparison of the Regression Equation with the Time of Rise Theory (T.R.T.) 


In applying the TRT to calculate r, we first get the time of rise ¢ from 
Eq. (186). This involves only a knowledge of temperature T and the ratio w/v. 
To get r, by Table IX from t requires only a knowledge of T and v. 

It is thus a strong confirmation of the TRT that in the regression equation, 
Eq. (203), the exponents 0.406 in the numerator and 0.360 in the denominator 
are equal within the probable experimental error. The internal evidence, 
from the experimental data on T, v rg and w, thus indicates (without any 
appeal to the TRT) that 7, is dependent on T and on w/v and that no ap- 
preciable increase in the correlation can be obtained by assuming a dependence 
upon w and v separately. : 

Instead of considering the multiple correlation between four variables 
as we did in Eq. (196B) we may more conveniently use only the three vari- 
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ables T, r,, and w/v. By calculating w/v and determining the total correlation 
coefficients we find: 























T Tr w/v t 
1 +0.370 +40.173 |T 1 
D= | +0.370 1 +0.939 |r, 2 | (204A) 
+0.173  +0.939 1 w/v 3 
j= 1 2 3 
The values of D,, are given by: 
1 2 3 
1| +0.1183 —0.2076 +0.1744 
2 | —0.2076 +0.9701 +0870 | (204B) 
3 | +0.1744 —0.8750 +0.8631 
The partial correlation coefficients y, are: 
1 2 3 
1 1 +0.613 —0.546 
2| +0.613 1 +0.956 | (204C) 
3 | —0.546 +0.956 1 
We have also: 
T Tr w/v 
(1) (2) (3) 
s= 67° 0.348 0.793 
o= 5.33° 0.0946 0.2286 (204D) 


(o/s)? = 0.630 0.074 0.083 
Ba = +0.0111; Bas = +0.396 
The regression coefficient ,3 is the exponent of w/v which occurs in the 
regression equation. Without appreciable loss of accuracy we can replace 
0.396 by 0.40 and so obtain calculated values of the droplet radius which will 
give the best fit with the values of rz: 


74+ a) some" (205) 





90 v 


The LCC between r,,, and rg is +0.952. By using the simpler Eq. (205) 
in place of Eq. (203) we have raised the value of the residual variability o for 
rz from 0.0939 to 0.0946. The smallness of this change proves that the ex- 
ponents of w and 1/v in the regression equation are in fact equal within the 
experimental error. : 

We may how inquire whether other features of Eq. (205), such as the tem- 
perature coefficient of r,,, and the exponent of (t/v) are in accord with the TRT. 

Examinations of Eqs. (70), (71), (49) and (56) which were used in calculat- 
ing data for the Table IX shows that the diffusion coefficient D, the surface 


Tou = 2.69( 
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tension y and the vapor pressure of water e,, are involved. The fact that the 
expression for 7,3, Eq. (70), involves the product txIn ¢ means that in general 
we cannot expect linear relations between the variables or even between their 
logarithms. It is therefore not practicable to derive a general relation between 
7,, T and w/v in a form that can be directly compared with Eq. (205). 

The temperatures covered by the first 12 observations of Table XXIII ranged 
from +6° to +29°F with a mean of 16° while 1000 w/n ranged from about 1 
to a little less than 19 with a mean of 6.5. To calculate 7, by the TRT we first 
get A from Table XXVI for each of the 3 temperatures and the time of rise 
by Eq. (186). Then by Table IX we get f,, using the factor 1.25, In this way 
we obtain the following values of ¢ and 1,. 





t (seconds) 7, (microns) 
Temp.= 6° 16° 29° 6° 16° 29° 
1000 w/n 
=1 8.5 6.5 5.0 2.65 2.81 3.12 
=65 55.2 42.2 32.2 5.40 5.75 631 (206) 


=19 ~~ 161. 123.3 94.2 7.95 8.58 9.38 





Examination of these data shows that the fractional increase in 7, caused 
by a given change in w/n is the same at all three temperatures. It follows that, 
within the range covered, 7, can be expressed as a product of two terms, one 
involving temperature alone and the other w/v. This agrees with the form 
of the regression equation (205). 

If the 7, values for any temperature are plotted on double logarithmic 
paper against w/n the points lie accurately on a straight line of slope 0.379. 
This is very close to the value of the regression coefficient B,, = 0.396 in Eqs. 
(204D) which led to the approximate exponent 0.40 in Eq. (205). 

The values of 7,, for any one of the three values of w/n, were plotted against 
T. The line was slightly curved. The temperature coefficients (slope at any 
point divided by value of 7, at 16°F) was found to be: 


Temp. = 6°F 16°F 29° 
Temp. Coef. 
from (206) +0.0055 +0.0060 +0.0087 (207) 


from (205) +0.0111 +0.0110 +0.0110 


The temperature coefficient is positive and increases appreciably with 
temperature. The average value is lower than that given by the regression 
equation (205) but in view of the relatively small range (s = 6.7°) in tem- 
perature and the relatively large residual variability of temperature (o = 5.33°) 
a closer agreement is probably not to be expected. 

A better test of the TRT or particularly of the theory of droplet growth 
which led to Table IX, can be had by choosing as variables the quantities 7, 
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In rg and In t where t is the time of rise given in Col. 6 of Table XXIV. It should 
be noted that ¢ was calculated from T and w/v by Eq. (186) and Table XX VI 
but that no assumptions were made regarding the validity of our relations 
between rg, t and 7. This analysis allows us, by means of a regression equa- 
tion, to deduce the relation, if any, that exists between rg, T and ¢ and in this 
way we can test the theory of particle growth by comparing the regression 
equation with the theoretical relation expressed in Table IX. Since, at con- 
stant temperature, ¢ varies in proportion to w/v by Eq. (185) the regression 
coefficient f,, is the same (-++-0.396) as the value of f,3 of Eq. (204D). As before 
we may take 0.40 as close enough and thus obtain for our regression equation 





57.5 


The temperature coefficient (at constant ¢) is naturally much larger than 
that expressed in Eq. (207) (where w/v was constant) since t decreases as 
the temperature is raised. A calculation of the partial correlation coefficient y,7 
gives +0.749 which is considerably larger than the value +0.613 given in 
Eq: (204a). This means that the temperature coefficient of Eq. (208) is relative- 
ly much more accurate than that of Eq. (205). 

Actually we find by trial that the value of 7,4, calculated by Eq. (208) 
from T and t in Tables XXIII and XXIV, agree with very high accuracy 
(a = 0.027) with values of r, calculated from the same values of T and t by 
Table IX. The correlation coefficient between r,,, and r, is +0.9970 which 
proves that, within the range covered by the 6-Collector data, the empirical 
relation between rp, T and t expressed by Eq. (208) is practically identical 
with the purely theoretical relationships previously deduced as incorporated 
in Table IX. 

“Effective Nucleus” Theory (E.N.T.) of Droplet Growth. O1 pages 278 and 
281 we have discussed the orthodox theory according to which the number 
of droplets in a growing fog or cloud is determined by the number of effective 
nuclei originally present in the air mass. Let us examine the values of n in Col. 4 
of Table XXIV to see whether they support such a theory. Since the nuclei consist 
presumably of minute salt particles it is to be expected that the number of 
effective nuclei depends mainly on the-type of air mass, (continental or mari- 
time) and consequently should be related to the wind direction. There is no 
obvious reason for the number of nuclei to be dependent on the wind velocity. 

If we could take samples of rising fog at different heights above the cloud 
base we should find by the E.N.T. that 2 remains constant although the 
volume of the droplets and therefore r? would increase linearly with height. 
There would thus be no correlation between n and r. 

Because of the exact relation between nr? and w given by Eq. (182) we do 
not increase the number of independent variables when we introduce 2. In 
considering the correlation of to the other variables we must select 3 from 


Toa == 1.27 (4 Tou (208) 
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the 4 we have previously considered. If we should choose to express n in terms 
of T, v and rz we have the disadvantage that the partial correlation between 
n and r, (while T and v remain constant) does not correspond to any easily 
realizable condition. We would have to consider that a change in rz is ac- 
companied by a change in w as well in . Since at a given temperature the 
height of the cloud base is determined by w it is easier to visualize the condi- 
tions if we take w instead of rz, as an independent variable. 

The total and partial correlation coefficients have therefore been calculated 
for the four variables Inn, T, In v and In w. The regression coefficient for n is: 


Moa, = 8.6( as *) oh-06/(10e0)0-28 (209) 





The correlation between n,,, and n is +0.85. The partial correlation co- 
efficient between and v is +0.69; n and w —0.42; n and T—0.46. Let us 
apply Eq. (209) to two cases that afford tests of the relative merits of the E.N.T. 
and TRT. Col. 5 of Table XXIV contains values of n/v. According to the 
TRT this ratio should be a function of rz and T. With these three variables 
the regression equation is: 


(/P)ear = 27.7/ Oe \ (r,y-o78 (209A) 





and the correlation between (n/v),4 and n/v is +0.791. This is a somewhat 
lower correlation than the 0.85 that we found between n,,, and n in Eq. (209) 
because a considerable part of the correlation between these last two resulted 
upon their relation to v, which is eliminated in (209A). 

1, Dependence of n on v while T and w are held constant. Eq. (209) indicates 
that increases in proportion to v', Since w and T are constant the cloud 
base is at the same distance below the mountain summit no matter what the 
wind velocity may be. 

According to the TRT the droplets are continually decreasing in number 
and therefore the shorter the time of rise, that is the higher the wind velocity, 
the larger the number of droplets. The TRT accounts for the observed pro- 
portionality between m and a power of v slightly greater than unity. 

The increase in n with increasing wind strength seems to be incompatible 
with the idea that the number of droplets is determined by the number of 
effective nuclei already present in the air mass. 

2. Dependence of n on w while T and v are held constant. Eq. (209) indicates 
that n varies as w~°*?, In this case the height of the observation point above 
the cloud base increases in proportion to w. The time of rise increases because 
of the greater distance the air travels from the cloud base. 

These data afford definite proof that the number of particles decreases 
as the fog rises up into the cloud or along the mountain slope in spite of the 
fact that the w and r, continually increase. 
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The Abnormal Cases Among the 6-collector Data. Observations 13 to 17 
in Tables XXIII and XXIV were set aside for a separate consideration of 
the correlation coefficients because for these observations, the values of 7, are 
far lower than the 7, values and the discussion on pages 281 to 284 had given 
reasons for believing that discrepancies of this kind are caused by peculiar 
conditions which bring fog masses from the upper parts of a cloud into contact 
with the mountain summit. 

Examination of Table XXIV shows that in the 5 abnormal cases (No. 13 to 
17), the average radius r, is more than twice the average value of r,. On the 
other hand if we consider the only cases (No. 2, 5, 6 and 10) for which r, is 
less than r, we find that the average deficiency is only 12 per cent. Thus the 
cases 13-17 are abnormal not merely because of the fact that rz is less than 7, 
but most strikingly because of the very large differences between r, and 7;. 

Quite apart from the TRT we may define the type of abnormality that 
characterizes Obs. 13 to 17. The observations are those for which the radii, 
calculated by the regression equation (205) are far smaller than 7. Low values 
of (1000 w/v), and low temperatures without correspondingly low values 
of r, mark the abnormal cases. We see in fact that the mean value of 1000 w/v 
for Obs. 13 to 17 is 2.1 as compared to 6.4 for the normal observations; the 
average temperature for Obs. 13 to 17 is —2°F while it is +16° for the normal 
ones and yet the average radius rp, is larger (617) for the abnormal than for 
the normal cases (5.7). All these differences are explainable by the factors 
that discussed on pages 281 to 284. 

The correlation (LCC) between r, and 7, for all 17 sets of observations 
is +0.53 as compared to +0.955 for the first 12. If on the other hand we get 
the correlation (LCC) between 7, and 7, for the 5 abnormal cases (13 to 17) 
we find + 0.76. Although this is based on only 5 observations, the chance 
that correlation is not positive is only 1 in 1500. 

Microscopic Estimates of Droplet Radius M. The estimated radii M given 
in Col. M are far larger than the values r,. The correlation between In (M/v) 
and In (r,) for the first 12 observations was determined. The regression equation 

Ty = (280M/v)-** (210) 
corresponding to Eq. (99) gives calculated radii 7, which best fit the values 
of rz. The LCC between ry and r, is +0.87. For the ‘‘abnormal” cases, 13 
to 17, the values of ry agree considerably better with the r, than they do with 7,. 

Relation between Visibility V, w and rz. In Part I, on pages 237 to 239, a value 
of radius, r, was calculated from Eq. (96) which was found to show a LCC 
of +0.93 with r,. This represents the LCC between Vw and r, with a re- 
gression coefficient of +-0.47. A similar calculation with the data of Table XXIV 
gives LCC = +0.86 and a regression coefficient of +0.48. 

However, more careful consideration of the partial correlation coefficients 
shows that the total correlation coefficient of +-0.86 results from the partial 
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correlation of +0.91 between rz and w and not from a correlation with V the 
visibility. The implication in Part I, that the high correlation between r, and 
7, lends support to the correctness of 7, is an error due to failure to distin- 
guish between total and partial correlations. 
This difficulty may be avoided by attempting to calculate the correlation 
between 7, and V,,, defined by 
Vou = 1.2373,/. (211) 


This form of equation was suggested by Eq. (99), and the numerical coef- 
ficient was chosen to make the mean value of V,,, the same as that of Vy. 
The LCC between V,,, and V,,, is found to be —0.07, which is not signific- 
antly different from zero. We shall see that the 2-Collector and the 7-Col- 
lector data give small but significant positive correlations. 

The visibility data, probably on account of the influence of uncontrolled 
variations in the character of illumination of the fog, are not accurate enough 
to afford a useful measure of droplet radius. 

Accurate determinations of the scattering coefficient of the fog would, 
however, probably be satisfactory for this purpose. 


2-Collector Data 


These data were selected by Victor Clark from several hundred sets of 
observations because they represented a wide range of typical conditions. 
Unfortunately, in many observations taken on Mt. Washington (perhaps 
15 per cent) the droplet radius is so small that no rime deposits on the 2 inch 
diameter cylinder even though a good deposit occurs on the small one 
(0.072 inch). These observations could thus not be used to determine the 
droplet radius. The average radius of droplets found from the 2-Collector 
data is therefore somewhat higher than it would be if all observations could 
be used. 

Table XXVII gives a summary of the 2-Collector data. Tables XXVIII 
and XXIX contain the derived quantities obtained by our calculations. The 
wind velocities range from 24 to 110 miles per hour (s = 0.45 as compared to 
0.29 in Table XXIII). The temperatures range from —25°F to +27°F 
(s = 16.6° as compared to 6.7° in Table XXIII). The liquid water content 
w ranges from 0.14 to 1.13 (s = 0.68 vs. 0.67). 

Two of the sets of observations, Nos. 14 and 15 (designated also by w and 
c), were taken simultaneously on Whiteface Mountain (4870 ft, 130 miles 
due west of Mt. Washington) and on Cannon Mountain (4100 ft, 22 miles 
WSW of Mt. Washington). The observations given in No. 13 of Tables XXIII 
and XXIV were taken on Mt. Washington at the same time. 

Only 2 out of the 17 sets of obsérvations have been set aside as abnormal 
because of low values of 7, as compared to rg (See Table XXIX, Cols. 2 
and 9). For these two cases the average rp is 1.38 times the average of the 7. 
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The two sets of observations which give the lowest value of rz/r, are No. 2 
and 9 and these are only 15 per cent low. 

In Table XXVII, D, in Col. 8 is the diameter in inches of the rime deposit 
collected in At minutes on the small collector which has a diameter D, = 0.072 
inches. The weights of rime in grams, W, and W,, for a 10 cm length or the 
small and large collectors as given in Cols. 9 and 10. 


Taste XXVII 
2-Collector Data. Rotating collectors 0.072 and 2.0 inches in diameter 
































1 2 3 ry 5 6 7 8 9 | 10 
Day Hr |Temp.| Wind . ww| a |p| mlm 
No. 1944 of | Y Dir. 4 | min | in 
mi/hr . & & 
1 | 2/23 | 10P | +11] 70 | NW 15 | 0.524 | 11.90 | 19.85 
2 | 3/726 | 7A | +21 | 55 w 9 | 0425 | 7.83 | 15.98 
3 | 319 | 14 | -25] 68 | WNW 15 | 0.168 | 080 | 0 
4 | 26 | 4a | -16| 64 | WNW | 45 | 0.247 | 1.69 | 1.09 
s | 20] 7A | -19| 62 | NW 15 | 0291 | 1.95 | 0.64 
6 | 3/9 | 4p | -6 58 Ww | 22 | 0.212 | 1.35 | 0.60 
7 | 4no | 10P | +15 | s2 | NW | 45 | 0.270 | 245 | 245 
s | 40 | 7 | +19| 49 | NW '. 15 | 0.322 | 3.88 | 7.84 
9 | as | 10a | +4 | 110 | wNw ! 39 15 | 0.354 | 4.80 | 1.61 
10 | 3/24 | 7A | +20] 82 | w 6 | 0.306 | 4.03 | 10.42 
1 | 3/31 | 7a | 412 | 25 w 15s | 0.307 | 3.74 | 8.70 
12 | 3/1 4a | +2] 25 | NW | 72,83 18 | 0.343 | 5.04 | 12.15 
13 | 2/27 | 4p | +26| 24] Ww | 15 | 0.224 | 2.44 | 6.07 
14w | 1/27 | 2P | +25 | 26 | NW 30 | 0.450'| 8.84 | 14.52 
1sc | 1/27 | 2P | +27] 32 | WNw |! 60 | 0.302 | 2.75 | 1.10 
Av. or ALML +8° 49 
SD or SDNL 16.6° | 0.45 
3a | 30 | 14 | -20|] 59 Ww 30 | 0340 | 240] 1.15 
124 | 3/24] 1A | +25] 58 | wsw | 71,77] 15 | 0.406 | 7.35 | 24.52 
| +2.5| 58.5 
































39 Heavy storm of drifting snow 

46 Fog, sky not discernible, continuous 
71 Intermittent, light snow 

77 Snow and fog 

83 Showers of light or moderate snow. 


Table XXVIII contains data that are derived from the observations of 
Table XXVII. Col. 2 gives C, the average radius in cm of the rime on the 
small collector. The diameter of the largé collector (2 inches) was not meas- 
ured after the rime deposition; since the rime thickness in any case is small 
on this collector, the average radius C, of the large collector is assumed to be 
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Taste XXVIII 
1 | 2 3 4] 5 | 6]|7 8 9 10 | 11 
H c H 2 | Ro i w r 
1 rT, n 
No. | em vil | Oy | aie = os sag Mi. | cm-3| 7/8 
! i 1 

1 | 0378 | 0.248 | 134] 0.78| 81 | om| 3 76 | 390| 5.55 
2 0316 | 0.254 | 1.40! 082/101 | 113] 66 8.7 | 410] 7.50 
3 | 0.152 | 0.00 | 013| 0.66! 1.6 | 015] 28 3.4 | 880] 13.0 
4 ; 0.203 | 0.051 | 0.63| 0.75 | 2.22] 022] 4. 5.2 | 366| 5.73 
5 | 0.251 | 0.030 | 0.52| 0.67] 252] 0.25| 3.8 47 | 580) 9.40 
6 | 0180 | 0.027 | 0.48| 0.72] 142| 015) 3.8 4.7 | 350) 7.60 
7 | 0.217 | 0.075 | 0.70| 0.76] 2.96| 035| 4.8 6.0 | 393| 6.35 
8 | 0.252 | 0199 | 1.22| 083] 3.72} 047| 6.5 8.4 | 228] 4.65 
9 | 0.270 | 0.036 | 0.52] 0.64| s.55| 031] 28 3.7 | 1480 | 13.4 
10 | 0.240 | 0.244 | 143 | 0.86 | 9.70 | 0.74] 5.4 74 | 435) 5.30 
11 | 0.241 | 0.221 | 1.32| 0.85] 3.62] 0.90) 95 | 11.8 | 131] 5.25 
12 | 0.264 | 0.250 | 145] 083| 3.74] 066/ 84 | 105 137 | 3.90 
13 | 0.188 | 0.184 | 1.20] 0.87| 3.00] 0.78) 9.2 | 11.4 | 126] 5.25 
14w} 0.332 | 0.214 | 1.21| 0.78| 3.42] o81| 8.9 11.1 142 | 5.70 
15C | 0.237 | 0.037 | 0.52| 0.68 | 0.86| 017| 5.3 6.3 160 | 5.00 
ALML | 0.42 ;} 6.85 | 339| 6.47 
SDNL 0.68 0.396 | 0.68] 0.35 
3a | 0.262 | 0.049 | 0.59] 0.68 | 1.35| 014] 4.1 8.1 256 | 435 
12A | 0,304 | 0.415 | 2.28] 0.89| 5.45| 058] 82 | 114 84] 1.62 








2.54 cm. Col. 3 contains y,/y,, the ratio of the deposition efficiency on the 
large and on the small collector. This is calculated directly from the weights 
W,, W, and the radii by: 

daly = (We/W,)/(C,/C3). (212) 


The droplet range 4) given in Col. 4 was obtained by means of the curves 
of Fig. 14 from the values of y,/y, and D,. 

These curves were obtained by choosing values of D, (in inches), getting 
the corresponding value C, = 0.635 (D,+0.072) and thus arbitrarily choos- 
ng a series of values of K, from Eq. (169) then 


4 = K,C, = 2.54K, (213) 


and 


K, = K,(C,/C,) = 2.54K,/C,. (214) 


From the selected values of K, and the values of K, given by Eq. (214) ,, 
Ya, and y,/y, were obtained from y, of Table VI, Eqs. (22) or (23). The upper- 
most curve in Fig. 14 corresponds to the case C, = 0, y, = 1.00. 

If, for given values of D, and y,/y, we find 4, by Fig. 14 and then for the 
same value of Ay read off yy we get the value of y,. Dividing this by y,/y, gives 91. 
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A more convenient and more accurate method for calculating y,, (given 
in Col. 5 of Table XXVIII) is to get K, from 
Ky = A/C (215) 
and from this obtain y, by the plot of y in Fig. 1. 
The rate of riming R, in Col. 6 is calculated from W,, L, C, At and y, 
and y, by Eqs. (173) and (176); and w in Col. 7 is given by Eq. (175). Eq. (178) 
gives r (Col. 8) from A, and v, while the corrected radius rz is obtained from r 


and wv by Fig. 12. The values of m in Col. 10 are calculated from w and rp, by 
Eq. (182). 








le 
Yr Yo /y, 
Fic. 14. Plot of droplet range A as a function of Y;/Y; for collectors of 0.072” 


and 2” diameter. D, is the final diameter in inches of the rime on the smaller 
collector. 


The values of r, in Col. 4 Table XXIX are calculated from w/v and T by 
the same method that was used for r, in Table XXIV i.e. the values given by 
Table IX were multiplied by 1.25 which corresponds to 8 = 0.51. 

It is seen that the average value of t,(6.12) is distinctly lower than the average 
(6.85) of the values of rz. By multiplying 7, by 1.12 as in Col. 9 the average 
becomes equal to that of r,; this corresponds to the use of a factor 1.40 or 
8 = 0.365. We shall see later that this change in the factor probably results 
from the different method of calculation that we have used for rz. 
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Taste XXIX 
2-Collector Data (Continued) 

1 2 3 4 5 6 7 8 9 10 

No. TR t Te | M rm | Vovs. | Veatc.| 1-12 r¢ Tw 

: mic. sec mic. mic. mic. ft ft mic. mic. 

1 7.6 76 6.5 12 5.9 70 90 7.3 7.3 

2 8.7 119 9.0 49 9.9 | 140 74 10.1 9.8 

3 3.4 54 3.1 9 5.4 | 225 85 3.5 3.9 

4 5.2 61 3.8 4.2 4.3 95 | 136 4.3 4.7 

5 4.7 82 4.0 8.7 5.5 4.5 5.1 

6 4.7 58 3.6 4.5 4.6 | 140 162 4.0 4,2 

7 6.0 44 6.1 5 4.9 | 180 | 114 6.8 6.3 

8 8.4 59 6.7 20 7.7 | 180 | 165 15 7.2 

9 3.7 26 3.9 28 6.7 70 48 4.4 4.4 

10 74 66 7.0 56 9.3 70 82 78 7.0 

11 11.8 322 11.2 52 12.7 | 120 170 12.5 12.3 

12 10.5 181 7.7 18 9.2 | 140 | 185 8.6 9.5 

13 11.4 171 10.7 18 9.3 75 | 182 12.0 11.8 

14W 11.1 164 10.7 12.0 11.6 

15C 6.3 27 6.0 | 6.7 5.9 
ALML 6.85 6.12 6.85 6.85 
SDNL 0.396 0.417 0.417 0.39 

3A 5.1 50 3.3 9 5.7 | 200 | 205 3.7 4.0 

12A 11.4 54 7.3 | 30 8.4 | 210 | 250 8.2 7.2 

ALML | 7.6 | 4.9 6.9 | 205 | 225 5.5 5.4 
































The Correlation between rz and r,, A comparison of r, and 7, in Cols. 2 and 4 
of Table XXIX gives for the regression equation 


Toa = 1.31(r,)*% (216) 


The LCC between r, and r,, which is also that between 7,,, and rp is +0.961, 
slightly higher than we found for the 6-Collector data. The regression coef- 
ficient +0.91 is a little less than unity whereas from the 6-Collector data we 
had +1.06. The average of the two +0.985 is very close to unity. All of these 
agree within the probable experimental error with the theoretical value of 
1.00 if the TRT is to give values of r, identical with rz. The residual varia- 
bility o calculated by Eq. (193) is 0.109 as compared to 0.103 for the 6-Col- 
lector data. 


Correlation between T, rz, and w/v. A preliminary: calculation using all 
four variables T, v, rz and w gave an equation like (203) except that the re- 
gression coefficients for f,,, and B,, were +0.326 and —0.364, instead of the 
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former values +0.406 and —0.360. As before we are justified in using w/v 
as a single variable and we then get for the regression equation 


48247 (2000 Moos 
490 v 


The LCC between r,,, and rp is +0.969. The partial correlation between 
Inr, and In(w/n) is +0.937. The correlation between Inrz and T is only 
+0.244. Since the S.D. of this value of C for 15 observations is only 0.24 
it is not surprising that the temperature coefficient given by Eq. (217) is only 
about 1/3 of that given by the TRT. If we neglect the temperature coefficient 
entirely and consider only the two variables In(rg) and In(w/v), we find the 
regression equation 





Toa = 2.99 (217) 


Tea, = 2.84 (1000 00/0) 0-2 (218) 


The correlation between In(r,.,) and In(rg) is +0.967. only very slightly 
lower than the +0.969 found for Eq. (217). The residual variability o is 0.1010 
for (218) and 0.0978 for (217). 

Comparing these values of C, 8 and o with those found for the 6-Collector 
data, Eq. (205), we see that the agreement is very good. 

The value of LCC (7,4, 7x) for the 2-Collector data is 0.969 for Eq. (217) 
as compared to 0.952 for the 6-Collector data (Eq. 205); the residual varia- 
bility o, (0.0978 for Eq. (217) and 0.0946 for Eq. (205)) is practically un- 
changed. ; 

The values of radius calculated by Eq. (218) and designated as 7,, are given 
in Col. 10 of Table XXIX. They should be compared to the adjusted values of 
r, in Col. 9 and the values of rz in Col. 2. The LCC between 7,, and 7, is 0.983. 
If Eq. (217) is used in place of (218) to calculate 7,, the value of LCC is raised 
to 0.990 and the residual variability is o = 0.058. 

From the 2-Collector data we conform our conclusion that the regression 
equation which best represents the relations between the variables T, v, rp 
and w agrees extremely closely with the relation derived from the TRT. 

Droplet Concentration n. The droplet concentration in Col. 10 of 
Table XXVIII shows as before a marked tendency to increase with wind 
velocity and to decrease as the droplet radius increases. The partial correlation 
coefficient between n/v and T is found to be very small but that between 
In (n/v) and In (rg) is —0.793. The regression equation is 

(1/®)ear = 25.0 (rg)? (219) 
Except for the lack of temperature coefficient this equation is nearly the same 
as the Eq. (209A) that we obtained for the 6-Collector Data. 

Abnormal Cases. There are only two such cases in Tables XXVII, ¥XVIII 
and XXIX and they differ only moderately from the normal cases. Their 
inclusion would only slightly decrease the correlation coefficients. As in the 
6-Collector Data it is to be noted that these abnormal cases are characterized 
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by low values of 1000 w/v, (average is 2.4 instead of 8.6 for the normal ones), 
low temperatures (+2.5 instead of 8) and yet an average value of rz above the 
normal (7.6 instead of 5.1). 

Microscopic Data. The microscopic estimates of droplet radius M, of Col. 5 
in Table XXIX, fit a regression equation: 


Ty = (1650M/v)°2 (220) 
with a LCC of +0.74, as compared to 0.85 found from the 6-Collector data 
from Eq. (210) 

Visibility. Values of visibility calculated from the empirical equation 


Vea = 1.11(rg)*/0, (221) 


are given in Col. 8 of Table XXIX. When compared to the observed values of 
Col. 7, they show an LCC of +0.46, high enough to have some significance 
(only one chance in about 400 that it is not greater than zero). Eq. (221) was 
chosen because it makes rg a function of V,, in accord with the discussion 
which led to Eq. (94). 

Without bringing in any optical theory we may consider directly the cor- 
relations between the three variables V, rz and w. For the 14 sets of observa- 
tions containing data on visibility we find 


y(V, rz) = +0.426 
y(V, w) = —0.532 
y (rg, @) = +0.859 
The regression equation for V is: 
Vay = 73. 17°-78/199-00 (222) 


where V is in feet, r in microns, w in (g/m*). The LCC between these values 
of V,,, and V,,, is +0.54. The residual variability is rather large o = 0.36. 


7-Collector Data 


On April 22, 1944 Robert M. Cunningham sent from the Deicing Laboratory 
(MIT, Boston) data obtained on Mt. Washington in Jan., Feb. and March, 
1943 using two sets of rotating collectors. 

One set of 7 more collectors was on the tower of the Observatory and another 
set was 4-6 feet above the ground about 150 feet away in a SE direction. In 
each case the smallest collector (0.072 diameter) was attached to the cup 
anemometer used to record the wind velocity and all the larger collectors 
were on a single long vertical shaft about three feet away turned by another 
anemometer not used for the wind measurement. Since a 10 cm length of 
rime was weighed from each of 6 or 7 cylinders the total length of the shaft 
must have been about 100 cm. 
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Taste XXX 
7-Collector Data 
— + : 
1 2 3 4 5 6 7 8 9 10 
Wind w 
No. Der. an Temp. v Dir. wy Bed Sy g 
mi/hr cm® hr m 
1 1/15 | 3:10P +10° 64 Ww 0.28 2.21 0.214 
2 1/16 | 3:00P +18 49 WsSw 0.83 4.25 0.54 
3 1/31 | 2:20P +15 36 w 0.51 1.86 0.32 
4 1/31 | 3:15P +13 32 Ww 0.64 1.10 0.213 
5 2/2 9:20A -—8 64 | W 0.305 1.96 0.192 
6 2/2 12:10P -5 53 ; W 0.344 1.18 0.140 
7 2/2 3:20P -—5 52 Ww 0.66 2.02 0.240 
8 2/2 6:00P -8 46 Ww 0.473 1.75 0.236 
9 2/4 6:30P +26 4 Ww 1.02 3.50 0.50 
10 2/5 9:30A +12 54 WwW 0.58 3.3 0.377 
11 3/24 | 6:30A +17 56 WwW 0.82 7.2 0.80 
12 3/24 | 12:40P +18 54 Ww 77 0.41 2.35 0.27 
13 3/25 | 9:40A +14 57 Ww 83 0.71 3.9 0.43 
14 3/25 | 12:35P +13 56 Ww | 0.33 1.54 0.17 
Av. or ALML + 9° 50 0.52 2.54 0.294 
SD or SDNL 10.5° 0.190 0.40 0.51 0.477 
Www 


46 Steady fog (for all observations) 
77 Snow and fog 
83 Showers of light or moderate snow. 


Mr. Clark told me recently that at low wind velocities the shaft often would 
not turn and at high velocities trouble was caused by whipping of the shaft. 
Probably for this reason the variability of the wind (Col. 5 of Table XXX) is 
low, o = 0.19, only 42 per cent of that of the 2-Collector data. 

Table XXX gives only the data obtained on the tower. Eleven sets of data 
(simultaneous with observations on the tower) were taken at the ground station. 
For these 11 sets the average wind recorded on the tower was 49.6 mi/hr and 
on the ground 33.5. The ratio between wind on tower to that on the ground 
averaged 1.48 but this ratio was quite variable, ¢ = 0.18, probably due to 
effects of nearby buildings in shielding the ground station from the wind. 

In spite of this difference in wind which caused considerably lower riming 
rates at the ground station there was good agreement between the measure- 
ments of droplet radius rz at the two stations. Thus on the ground the mean 
(ALML) was 7.0 while on the tower it was 6.5. The LCC between these values 
of rz on ground and on tower was +0.978. The correlation between the values 
of w at the two stations was, however, only +0.75 and the average value of 
on the ground was about 20 per cent lower than on the tower. 
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Fig. 15, which was prepared from the data by the same methods as those 
used for Fig. 11, shows that the agreement of the experimental points with 
the Glauert curve is in many cases as good as it was for the 6-Collector data. 

The data from several other sets of observations did not fit quite so well 
giving points that were on a line of too low curvature. In such cases the curves 
were fitted to the upper rather than to the lower points. 


| TN ATT wana 
CTI TN 





Fic. 15. 7-Collector data Mt. Washington Jan. 15, to Mar. 25, 1943. 


The data given in Table XXX were calculated by the methods used for 
the 6-Collector Data (Tables XXV and XXIV). The average values of the 
rp, values, 5.18, is practically the same as that of the 7, although no adjustment 
of the factor applied to Table IX was made; the same factor 1.25 (6 = 0.51) 
was used as for the 6-Collector Data. The LCC between r, and 7, is +0.800 
and the regression equation is 


Toa = 1.20 (7,)88 (223) 
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The residual variability is o = 0.130 as compared to 0.103 for the 6-Col- 
lector data. The lower value of the correlation coefficient, 0.800, compared 
to the +0.952 and 0.961 of the other data, is in part due to the smaller range 
covered by v and w in these measurements. The residual variability (experi- 
mental errors etc.) is only 25 per cent greater. 




















TaBLe XXXI 
7-Collector Data 
(ConcLuDED) 

1 2 3 4 | 5 6 7 8 9 10 | 11 
r TR n t " M Tu Vows. | Veaic. 

No. App. nlo 
Mic. Mic. cm sec Mic. Mic. Mic. ft ft 
1 | 27 3.2 1560 244 | 25 | 42 100 59 
2] 54 6.8 419 8.6 | 69 | 7.0 80 | 105 
3 | 49 5.9 370 | 103 | 59 | 63 200 | 134 
4 | 6.0 7.4 126 39 | 47 | 56 | 165 | 315 
5 | 285 | 3.4 | 1180 204 | 41 | 3.8 10 4.2 | 160 14 
6 | 33 4.0 520 9.8 | 32 | 3.4 5 3.5 | 140 | 141 
7 | 4.6 5.8 290 56 | 55 | 45 18 5.7 | 140 | 172 
8 | 4.2 5.4 425 9.2 | 69 | 46 15 5.6 | 125 | 135 
9 | 63 8.0 240 5.4 | 62 | 7.6 35 7.8 75 | 152 
10 | 43 5.3 605 11.2 | 50 | 5.6 15 5.2 80 1 
1 | 49 6.3 765 13.7 | 92 | 7.8 8 4.1 | 150 61 
12 | 3.6 44 760 141 | 31 | 5.2 16 5.4 | 100 86 
13 | 46 5.8 530 93 | 42 | 5.9 16 5.2 | 100 96 
14 | 3.2 3.8 740 13.2 | 22 | 41 8 4.1 | 150 | 104 
5.18 | sos | 5.26 120 | 112 
0.27 0.62 | 0.25 0.30 | 0.45 



































As these 7-Collector data are less accurate the correlation with temperature 
has been neglected. Taking as variables In v, In r, and In w we find for the 
regression equation 

Tear = 139 (1010)?-¢/094 (224) 
with the corresponding LCC = +0.925. The exponent of w (+-0.36) is close 
to that which we found for the other two sets of data, but the exponent of 
v(—0.94) is very different from the former values —0.36 and —0.364. If, 
in accord with the TRT we seek the correlation between r, and w/v we find 
LCC = +0.855 with the regression equation 


Tea, = 2.33(100020/0)°-48 (225) 


The decrease in the LCC when we use w/v, Eq. (225), is probably associated 
with the unusually low range of the wind velocities and the relatively low 
accuracy of the measurements of v. 
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Droplet Concentration n. The LCC between n and rp is —0.81. The LCC 
between n/v and rz is —0.82 and the corresponding regression equation 


(2). = 108.(r,) (226) 


Microscopic Data. The values of ry in Col. 8 Table XXXI were calculated 
by Eq. (210); the same equation used for the 6-Collector Data. The LCC 
between ry and rz is +0.71. 

Visibility Data. The values of V,,, in Col. 11 were calculated by Eq. (211). 
Comparison with V,,, in Col. 10 shows LCC = +0.24. The correlations 
between V, rz and w give a regression equation. 


Vea: = 130(rq)°28 (1000)--%2 (227) 
This gives a LCC of +0.44. Comparing the various equations that we have 
used for V, Eqs. (211), (221), (222) and (227) we see that the exponents of 


Tp are positive and those of w are negative, but otherwise show wide variations. 
The visibility data are evidently of low accuracy. 


Comparison of the Results from the 3 Sets of Data 


The correlations that have been found between the fundamental variables 
‘T, v, rz and w are substantially the same for the 3 sets of data except for minor 
differences. The accuracy of the 7-Collector data is much lower than the 
others. The 2-Collector data show the highest correlations and the best agree- 
ment with the TRT mostly because the observations were purposely selected 
to cover a wide range in the values of the variables so that experimental errors 
become of less relative significance. , 

We have noted that for the 2-Collector data we had to multiply 7, by 1.12 
to get best agreement with r,. To determine the cause of this difference the 
6-Collector Data were reanalyzed employing the method used for the 2-Col- 
lectors. Thus 7, and 7, were calculated from the 6-Collector Data by using 
only W, and W, the weights of the rime on the 0.072” and 2” collectors and 
the diameter D, of the rime on the smallest collector. Unfortunately, the data 
from Observations 3, 5, 7, 10 and 11 could not be used for this purpose as 
no rime was deposited on the 2” collectors in these cases. 

The average value of rz as given in Table XXIV for the remaining cases was 
7.0. But when new values of rz were calculated using only 2 out of the 6 col- 
lectors the average of these was raised to 8.3—an 18 per cent increase. Although 
in these calculations new values of w as well as r, were obtained and therefore 
the individual values of r, were changed, the average value of 7, was not ap- 
preciably changed. This study (with only 7 observations) indicated that the 
change in rz produced by the new method of calculation was mainly due to 
‘the different method of fitting the data to the Glauert curve. Thus in Fig. 11, 
the points for the largest collectors were allowed to fall above the curve in 
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order to get a better fit for the 4 smaller cylinders. When the data for only 
2 collectors were used, however, the curve was automatically made to pass 
exactly through these two points. Another difference is that in the 6-Collector 
data the diameter of the rime on the 2” collector was measured to get C whereas 
the 2-Collector Data thickness of the rime on this collector was neglected. 
Examination of Fig. 11 for example shows that the 5th point on most of the 
curves lies at values of C slightly greater than 2.54 (for curve 13 it comes at 
about 2.9). 

The foregoing analysis makes it clear that the 2-Collector method as used 
in Table ¥ XIII and XXIV gives values of ry that average about 12 per cent 
too high and that the values of 7, are close to the true radius. The proper 
value of the factor to apply to Table IX is therefore 1.25 corresponding to 
B=0.51. 


Effect of Size Distribution Among Droplets 


It was mentioned on p. 287 that the experimental curves of R as a function C, 
like those plotted in Figs. 11 and 15, often showed positive departures from 
the theoretical curve for the points obtained with the collectors of largest 
diameter. This effect would be expected if the droplets are of non-uniform 
size since the largest droplet could reach the largest collector while those of 
average size could not. 

The Glauert data are applicable to heterogenous fog’ if we know the dis- 
tribution of sizes and calculate separately the contribution of each group. 
I have, therefore, considered quantitatively the effects to be expected from 
reasonable types of size distribution. 

In our analysis (pages 264-265 of Part I) of the Houghton and Radford data 
on size distribution it was concluded that their measurements were correct 
when the covering fraction a was less than 0.1. In their paper they give a “volume 
distribution curve” (Fig. 7), based on the microphotograph of the Fig. 4 for 
which a = 0.072. As ordinates they plot the relative volumes (liquid water 
content, Mw) of the droplets for equal increments of droplet radius. 

Curves B and C of Fig. 13 represent the effects of two specified size dis- 
tributions on the logarithmic R vs C plot. 

The assumed distributions are described in Table XXXII. The droplets 
were divided into seven groups representing a symmetrical subdivision of the 
area under the volume-distribution curve. The B distribution in Table XXXII 
used also for Curve B in Fig. 13, was obtained from the H and R curve by 
determining the average radius of the droplets in each of the 7 sub-divisions. 
On this basis the unit of radius is the ‘‘volume median” i.e. a radius such that 
half of the liquid water content of the fog is in droplets of larger radius and the 
other half in droplets of smaller radius. The fraction of the total number of 
droplets that lie within each group is given in the 3rd column. 
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Taste XXXII 
Two Assumed Distributions of Droplet Size 
B Cc 
Liquid Water Content 
ae Pee cen Eoik Radius | Number] Radius | Number 

% % % % 

5 56 21 42 34 

10 72 20 60 22 

20 84 24 77 22 

30 100 22 100 15 

20 117 9 126 5 
10 132 3 151 1.5 
5 149 1 181 0.5 














The distribution given under C in Table XXXI, and used for Curve C of 
Fig. 13, represents a wider spread of droplet sizes, obtained by choosing 
relative radii for the seven groups values equal to the 1.5th power of those 
of the B distribution. 

The curve marked A in Fig. 13 is the normal Glauert curve, tabulated 
as yy vs 1/K in Table VI. The curves B and C were calculated by replacing 
the uniform droplets by 7 groups of droplets having the same volume-median 
radius, but having the size distribution given under B or C in Table XXXII. 
These calculations were made by applying the Glauert data separately to 
each of the 7 groups and adding their contributions to the value of R. 

It is seen that the H and R distribution (Curve B) produces only a relatively 
small change in the shape of the curve. For that reason the effect of an ar- 
bitrarily wider size distribution C was tried. 

Curve D, a dotted line which practically coincides with C up to about 
C/A = 3, is the result of fitting the A curve, by parallel displacement, to the 
C curve. 

The D curve gives a value of A, about 26 per cent too high, while the value 
of Ro is about 15 per cent too low. With this relatively great spread in droplet 
size, much greater than found by H and R, the values of rz are about 12 per 
cent greater than the true ‘‘volume-median radius” and values of w are 15 per 
cent too low. 

This decrease in w would decrease t and by Table IX this would decrease r,. 
According to Eq. (208) 7, would be decreased about 5 per cent. 

The greatest positive deviations for large values of C in the C(R) curves 
were found for observations 12, 2, 9, 4, 8, 6, and 1 in the order of decreasing 
deviations. 

It may thus be presumed that in these cases there was a wider range of 
droplet sizes. In 5 out of these 7 cases the value of 7, averaged about 10 per 
cent lower than rp. The 4 curves, out of the 12 normal observations, which 
gave the best fit gave an average of r, which was 6 per cent higher than that of rp. 
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A moderate spread in droplet size, such as that of the H and R data thus 
does not materially affect the applicability of the Glauert data if we define 
the droplet radius rz calculated from the riming data as the volume-median 
radius. Larger spreads in droplet radius cause r8 to increase moderately above 
the median value and give a decrease in r, 0.4 as large. These larger spreads 
in droplet size also can often be detected by positive deviations in the R(C) 
curves for large cylinder diameters. 

Comparison of the Exact and the Approximate Methods of Calculating rp. 
A method of obtaining rz to any desired accuracy by a series of approximation 
was outlined on pp. 287-288. This method was applied to the data of Obser- 
vations 11, 13 and 15 of Table XXIII and XXIV. The ‘‘exact’’ values of rz 
were found to be 3.2, 9.9 and 5.1 in place of the r, values 3.4, 10.6 and 5.5 
given in Col. 3 of Table XXIV which were derived by the 2nd Approximation 
method. Thus we may conclude that the exact method gives in general 
values that are about 6 per cent lower than the rg values we have previously 
calculated. 

Probably the average effect of the distribution of sizes of the droplets has 
been to raise the rg values roughly 4 per cent. 

Taking into account all these factors that we have considered, deviations 
from Stokes’ Law, average effect of non-uniformity of droplet size, and er- 
rors due to approximate nature of our calculations, we conclude that the true 
‘‘volume-median” radius is about 10 per cent lower than the values given by 
the 6- or 7-Collector data and about 20 per cent lower than the r, values 
given by the 2-Collector data. 

The effect of such corrections in rz would be to reduce the factor to apply 
to Table IX from 1.25 to 1.125 which would mean that the true value of 8 
to apply in the TRT for Mt. Washington conditions is 8 = 0.70. 

The high values of the correlation coefficients we have obtained indicate 
that the corrections discussed above are substantially constant under a wide 
variety of conditions. 

For most purposes we are not particularly concerned with the exact absolute 
value of the droplet radius, but are interested mainly in tracing relationships 
between 7 and other qualities such as rate of icing, rate of droplet growth, etc. 
Therefore in the remainder of this report we will continue to use the values 
of rz as given by the 6- or 7-Collector Data as the droplet radius. Where neces- 
sary the values of rz given by the 2-Collector data will be reduced by 12 per 
cent to bring them into accord with the other data. 


Densities of Rime on Rotating Collectors 


The 6-Collector Data contain measurements of the densities of rime on 
each of the 6-Cylinders. One set of typical data is given in Col. 7, Table XXV. 
As the collector radius increases from 0.268 to 3.86 cm the density decreases 
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from 0.66 to 0.05. The two factors upon which this decrease may conceivably 
depend are: 

1. The velocity v, with which the droplets strike the cylinder decrease 
as C increases and finally, according to Eq. (17) becomes zero when C = 84,. 

2. The rate R at which droplets arrive at the surface decreases as C increases, 
as seen by Col. 6 of Table XXV. At temperatures only slightly below freezing 
the surface of the rime may be seen to be wet indicating that the supercooled 
drops arrive at the surface faster than they can freeze. At lower temperatures 
however, each droplet freezes in contact with the cold rime before it is struck 
by the next impinging droplet. We shall see that the data give no evidence 
that the density of the rime depends on R. 

Let us therefore examine the data on the hypothesis that for a given tem- 
perature and droplet radius the rime density depends only upon the impact 
velocity v9. 

Calculation of the Impact Velocity vy. Although Glauert’s data must have 
involved a calculation of the velocity at points along the trajectory including 
the final velocity of impact, these data are not included in the Glauert report. 
The impact velocity must depend on the angle 0, as defined on p. 213. 

For our present purpose we need only approximate values and will be 
content to estimate only the velocities of droplets which move along the X-axis 
until they reach the cylinder at 6 = 0. Let us assume that the frictional force 
acting on the droplet is given by Stokes’ Law, Eq. (3), in terms of the velocity 
of the droplet with respect to the surrounding gas. The velocity of the air 
along the X-axis near a cylinder is 


u = U(1—C*/x) (228) 


where U is the velocity (wind velocity) at a large distance from the cylinder. 
Under these conditions the equation of motion of the droplet is given by 


(v—1)dV/dB +» = (B/B)*, (229) 
where 
v= 1—v/U (230) 
B= —x/2, (231) 
B=C/, (232) 


and A, is the Stoke’s Law range given by Eq. (10) calculated for a particle of 
initial velocity U. 

A general integration of Eq. (229) does not seem possible. Over the greater 
part of the trajectory, however, the velocity v is only slightly less than U so 
that we can neglect » in the factor »—1. The equation then becomes linear 
and its solution in terms of the exponential integral Ei, is 


» = B[+1/ +exp(6) -Ei(—8)] (233) 


As long as » is small this equation may be applied to calculate the impact 
velocity v by putting x = —C in Eq. (231) so that B = B. 
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The 2nd column of Table XXXIII gives V, calculated for selected values 
of B =B by Eq. (233). These should be accurate when V is small but there 
must be increasing positive deviations as V approaches unity. 

However, we know by Eq. (17) that v = 0 and therefore U = 1 at B = 8. 
Furthermore some numerical step-by-step calculations have shown that U 
approaches 1 at B = 8 with a horizontal tangent. Plotting U against B on 
double logarithmic paper gives a curve which is nearly a straight line at low B 
but at higher values where U is 0.4 or more the slope rapidly decreases and, 
at B = 8, Uis only 0.82 instead of unity. By continuing the curve above U = 0.3 
with a more gradual decrease of slope and making the curve approach U = 1 
with a horizontal tangent at B = 8 gives a reasonable correction for effect 
of the neglect of U in the first term of Eq. (233). 


Taste XXXIII 


Impact Velocity v, of Droplets on a Cylinder of Radius C, 
ina wind of Velocity U 




















1 2 3 4 
B U U % 
Clay by Eq. (233)| estimated UU 
0.01 0.0096 0.010 0.99 
0.02 0.0186 0.019 0.981 
0.05 0.0435 0.044 0.954 
0.10 0.080 0.080 0.92 
0.2 0.140 0.140 0.86 
0.5 0.269 0.28 0.72 
1.0 | 0.404 0.43 0.57 
2 | 0.555 0.63 0.37 
3 0.64 0.76 0.24 
5 0.74 0.92 0.08 
8 0.82 1.00 | 0.00 


\ i 1 





Values read from this ‘‘estimated” curve are given in Col. 3 of 
Table XXXIII. The fourth column gives the impact velocity vp as a fraction 
(1—U) of the initial velocity. 

Col. 8 of Table XXV contains the impact velocity v9 for the droplets striking 
each of the 6 collectors used in Obs. No. 15 of Table XXIII and XXIV. 
These were calculated from U = 70 mi/hr and B = C/A,, where A, = 0.75 cm, 
from a curve prepared from Col. 4 of Table XXXIII. It was considered 
better to use A, (the actual range) rather than the Stokes’ law range A, = 1.22 
(ratio A,/Ay = (rp/Tapp.)*)- This is justified by our discussion of the effect of 
deviations from Stokes’ Law on pp. 275-276. 

Relations of Rime Density to Droplet Impact Velocity, Droplet Radius and 
Temperature. By plotting g as given in Col. 7 of Table XXV against vp of Col. 8 
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on double logarithmic paper, the points are found to lie very close to a straight 
line of slope 1.24. The line corresponds to 


Goa = 0.0046(09)*# (234) 


Values given in Col. 9 are calculated by this equation. The residual varia- 
bility ¢ = 0.070 (sq. root of 1/4 of sum of squares of Ing,,,/0.q:) is to be com- 
pared to s = 1.04 (sq. root of 1/5 of sum of squares of deviations of Ing,,,. 
from the mean). From (o/s)* we can then calculate from Eq. (193) the LCC = 
0.9977. 

Similar calculations of @ and v, have been made for all other 16 sets of 
observations summarized in Tables XXIII and XXIV. In general, logarithmic 
plots of @ as a function of v gave fairly straight lines, nine of them fitting the 
straight line as well as in the case of Obs. 15 already discussed. Those curves 
that gave densities reaching above 0.7 usually showed a slight flatting of the 
curve as the density approached 0.91 (pure ice). The slopes of the curves 
ranged from about 0.7 to 1.4. All these straight lines, if extended upward, 
seemed to converge to a common point (or small area) in the neighborhood of 
e@ = 1.5. vu), = 100. Thus the lower curves had the steeper slopes. 

The lower curves were usually those of observations at low temperatures. 
There seemed also to be a distinct relation to the droplet radius: larger radii 
tending to give higher densities. If our theory is correct, the effect of wind 
velocity is already taken into account when we calculate v,. Actually the posi- 
tions of the g, uv» lines did not seem to depend on the wind velocity nor on 
the riming rate Ry. 

To study in more detail the effect of temperature and droplet radius, the 
density g, at a selected impact velocity of vy = 85 mi/hr was taken from each 
of the straight lines drawn through the 0, v» points. These are given in Col. 2 
of Table XXXIV. 

A preliminary study of the correlations between g), T and rz, for all 17 
sets of observations, showed a correlation C(o, T) of +0.59 and the correla- 
tion between g and a value calculated from a regression equation involving 
and rp, was only +0.63. Examination showed that Obs. No. 13 was entirely 
out of line with the others. In Table XXXIV, No. 13 has therefore been separa- 
ted on a line at the bottom of the table. The remaining 16 observations give 
C(eo, T) = +0.68 and C(g, Inr,) = +0.54. The regression equation is then 


0, = 0.2944 0.01247 +0.35 In (r2/5.7) (235) 


The value of C(go, @;) is +0.82 and the residual variability in go is 0.136 while 
the corresponding s is 0.235. 

The values of g, are tabulated in Col. 5. A comparison with o, shows that 
the deviations or errors are not distributed at all according to the usual error 
function, for Obs. 2, 6, 7, 9 show very large deviations compared to the others- 
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Taste XXXIV 


6-Collector Data 
Effect of Temperature and Droplet Radius on Rime 
Density. Q5 is Density at Impact Velocity of 25 Miles 



































per Hour 
1 2 3 | 4 5 6 7 
No. | eo ES TR @ @ beh 
1 | 0.52 +12 7.8 0.49 0.55 +0.03 
2 | 0.92 +19 6.8 0.55 0.63 (—0.29) 
3 | 0.50 +15 5.4 0.47 0.51 +0.01 
4 | 0.62 +8 7.3 0.43 0.39 —0.23 
5 | 0.39 +10 5.0 0.40 0.42 +0.03, 
6 | 0.27 +20 3.8 0.48 0.51 (+0.24) 
7 | 0.28 +21 3.3 0.47 0.48 (40.20) 
8 | 0.71 +24 9.6 0.67 0.78 +0.08 
9 | 0.32 +19 7.5 0.57 0.47 (40.15) 
10 | 0.49 +10 4.7 0.39 0.41 +0.08 
11 | 0.23 +6 3.4 0.29 0.27 +0.04 
12 | 0.78 +29 8.0 0.70 0.81 +0.03 
14 | 0.35 0 7A 0.33 0.35 0 
15 | 0.25 -5 5.5 0.23 0.22 —0.03 
16 | 0.06 —10 5.7 0.17 0.15 +0.09 
17 | 0.10 —13 5.9 0.13 0.12 +0.02 
13 | O11 +18 | 10.4 0.61 | 0.71 (+0.60) 
@: by Eq. (235); @: by Eq. (236) 
C(@o@1) = 0.63 17 obs. 
C(Qoe:1) = +0.82 16 obs. 
C(@o0x) = +0.959 12 obs. 


Although normally it is not good practice to discard observations that do not 
fit a theory it is interesting to calculate the regression equation determined 
from the remaining 12 observations. It is 


0, = 0.136+40.01497+-0.222 In (r2/6.05). (236) 


The correlation between g, and go is C(0, @2) = +0.959 and the residual 
variability of 99 is only 0.065 g/cm®. The partial correlations are y(g9, T) = 
+0.936 and y(g, Inrz)= +0.662. The values of 0, are given in Col. 6. The 
differences 0,—@, are contained in Col. 7, those for the observations exclude 
in deriving Eq. (236) being put in parenthesis. 

The radical improvement in the correlation obtained by excluding 5 ob- 
servations seems to indicate that some undetermined factor occasionally causes 
large deviations in the density. Let us examine the 0, v data of these excluded 
observations to see if we can determine the cause. 
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The logarithmic @, v) curve for No. 7 was quite abnormal: the velocity 
v, ranged from 34 to 55 and did not have the normal slope—the 3 values of 
@ being all close to 0.40. The value of 0.28 was obtained by extrapolation from 
the point at v, = 34 by using the normal slope. The data for No. 2 also re- 
quired extrapolation in this case upward from v = 19, 9 = 0.76. The line, 
however, was straight and of nearly normal slope. 

These were the only curves that required extrapolation to get a point at 
UV = 25. The curves for 6, 9 and 13 were all nearly straight and showed no 
apparent abnormalities. The rejection of Obs. 2 and 7 is thus justified, but 
there is no apparent explanation of the other discrepancies. 

From the foregoing analysis of the rimes density data we can arrive at the 
following concept of the curves that determine the density. 

When a supercooled droplet strikes a cold surface of rime with an impact 
velocity vo, the droplet while still liquid, tends to be drawn by capillary action 
into any pores of the rime. This penetration is aided by a high impact velocity 
of the droplet which causes the drop to splash into smaller fragments. It also 
increases with the initial droplet radius since the splashing effects are more 
pronounced with larger drops. The higher the temperature the longer the 
time that elapses before freezing is complete and thus the greater the ease 
of penetration into any available pores. The rate of deposition, R, does not 
seem to be a factor of any importance. 

It would be noted that the droplet radius is particularly important for 
its effect is of two kinds. One effect of larger drop size is to increase the im- 
pact velocity because of the increased range A, and the other is the direct effect 
indicated by the term containing rg in Eq. (236). 

This theory of the rime density furnishes the following procedure for cal- 
culating the density of rime deposited on cylinders under specified condi- 
tions. Let us assume the data given are v, T, r, and the cylinder radius C. 
By Eq. (236), from 7 and rz, calculate 9,, which is equal to the density 0, 
of the rime that would form on a cylinder of any size if the impact velocity 
were 25 mi/hr. From r, and v calculate the Stokes’ radius r, by Fig. 12. From 
this calculate 4, by Eq. (178). Then from B= C/A, and v by means of 
Table XXXIII get the impact velocity uv). The actual density of the rime formed 
on the cylinder of radius C is given by the equation 


log e = A+D log w%, (237) 

where A = —0.40+3.33 log 05 (238) 
and 

D = +0.29—1.67 log go. (239) 


Here the parameters A and D have been so chosen that 9 = Q, at 
UV = 25 mi/hr and 9 = 1.5 at v= 100 mi/hr, in accord with the empirical 
observation of a common convergent point previously discussed. 
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To test this method, the densities were calculated for all the 74 cases in 
which the rime density was measured in the 6-Collector data. Using at first 
only the 52 cases for the 12 sets of observations (excluding 2, 6, 7, 9 and 13), 
the root-mean-square residual variability ¢ was found to be 0.15 g/cm? although 
the observed densities were spread through the range from 0.03 to 0.92. If 
all 69 observations (excluding only No. 13) are used ¢ = 0.16, while if No. 13 
is not excluded a = 0.22. The greatest source of error in all these calculated 
values of 0 is the failure of the slopes of the @, v, lines to conform fully to 
the D values given by Eq. (239). 

It is probable that this method of calculating rime densities should be 
applicable to airfoil sections replacing the leading edge by a cylinder of equi- 
valent radius. However, the data that we have considered are based on 
observations on rotating cylinders. Some modification will probably be needed 
for non-rotating collectors. 

Thickness and Character of Rime on Stationary Collectors. When the 17 
sets of observations were made with the 6-Rotating Collectors (Tables XXIII 
and XXIV) simultaneous measurements were made of the rime that deposited 
on a near-by set of 6 similar collectors that did not rotate so that the rime 
deposited only on the windward side. The weight, thickness, and width on 
each collector were measured, a sketch was made of the cross-section and 
there are notes as to the character of the rime. 

Several types of rime cross section were observed. 

Ridged Type R. In this type the leading edge of the rime formed a sharp 
ridge usually forming a dihedral angle of about 90° (70° to 100°). Consider 
for example the rime which deposited in Obs. No. 1 on the collector of 0.072” 
diam. The maximum rime thickness, in a direction facing the wind, was 0.453’. 
The width (perpendicular to wind and to the axis of the collector) was 0.250" 
at a distance about 3/4 of the way from the collector to the leading edge. 

The outline of the cross section consisted of four straight lines. One line 
started from each end of the collector diameter and extended to the line of 
maximum width. The other two bounding lines started at the line of maximum 
width and met at the leading edge (‘‘the ridge’). The ridge formed an angle 
of a = 92°, while the laterial boundaries, if extended back to their meeting 
point, formed an angle B = 36°. 

As the collector diameter increased the angle a increased while 6 decreased, 
the laterial boundaries becoming more nearly parallel. 

Flat Type F. In some cases even with the smallest collector the leading 
edge became a plane surface perpendicular to the wind. This case can be 
derived from the Ridged Case by making a = 180°, so that the cross section 
is bounded by 3 instead of by 4 lines. The flat type was very common on the 
collector of 1” and more in diameter when a considerable thickness of rime 
had collected. 
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Curved Type C. On the larger collectors, especially if the deposit was thin, 
the thickness was often rather uniform over a definite width so that the surface 
facing the wind was a concave surface. There were still definite plane lateral 
boundaries with a negative angle B (i.e. planes which, if extended, would 
meet at the windward side of the collector). 

Grooved Type G. In 4 out of the 17 sets of observations the leading edge 
instead of showing a ridge showed a groove as though the ridge angle were 
greater than 180°. This gave then two ridges, which were sometimes sharp, 
but more often were slightly rounded. 

Character of Rime. The types of rime noted were: 

1. Clear ice 

2. Milky ice 

3. Opaque fiber ice 
4. Feathery rime. 

These four types corresponded usually to differences of density. The fea- 
thery rime was usually of low density and fragile. It was noted, however, in 
connection with Obs. No. 17 (see Table XXXIV) that “the rime clings tenaciously 
to all six collectors” and to remove it was ‘‘like chipping off enamel”. The 
temperature was — 13°F and the rime densities ranged from 0.36 on the smallest 
to 0.033 on the largest collector. 

Fibrous Rime with Ice Core. In several instances a cross section showed 
that the central region (near median plane) consisted of a core of clear ice 
(transparent for the full 10 cm length) covered on each side by fibrous opaque 
rime. Sometimes more than half the cross section was clear ice, but in one 
case (collectors 1, 2 and 3 of Obs. No. 6) the ice was limited to a very thin 
sheet along the median plane. 


Taste XXXV 


6-Collector Data. Frequency of Observation of Various 
Types of Rime on Stationary Collectors 


Factors that Determine the Shape of Rime Cross Section. The Glauert theory 
shows that on a cylinder the thickness of rime deposits at the median plane, 
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and in general the width of the deposit is less than the diameter. Observation 
of the formation of rime on Mt. Washington upon plane surfaces held per- 
pendicular to the wind direction shows that rime deposition is heaviest near 
the edge. For example, on a board facing the wind the rime builds up to a thick- 
ness of an inch or more along the edge with not more than a trace on the centr- 
al part. ; 

Along a line normal to the plane surface at its center the air flow is much 
retarded even at a distance comparable to the half width of the plane and 
therefore particles of short range cannot reach the central part of the plane. 
Near the edges the flow lines are crowded together and are sharply curved 
so that some particles suffer only a small lateral displacement and can penetrate 
to the surface near the edge. If we consider now a much narrower plane band 
or ribbon (width comparable to or less than the range 4) the particles are no 
longer prevented from reaching the center of the band. Ultimately on such 
a narrow band a ridge will be built up. Along the ridge the deposition effi- 
ciency is high but is decreased on the sides because of the lateral deflections 
of many particles. 

On large cylinders the deposit probably first begins in accord with the 
Glauert theory, but the roughening of the surface at the leading edge soon 
causes increasing departures from stream line flow and the turbulence some 
distance back of the leading edge causes deposition of particles that would 
otherwise not deposit. When, in this way an increased thickness at larger 
6 has occurred, giving a flat type at cross section, the distortion from the cy- 
lindrical shape becomes increasingly important. If the particles are small 
enough (so that A is small comparéd to the width of the rime deposit) then, 
as in the case of the flat board, the deposition may be much greater at the 
edges than at the center and the grooved type of cross section results. 

It is evident that a small droplet range 4, a large collector radius and a large 
thickness of rime deposit, will favor the formation of the grooved type. If, 
however, the collector radius is too large the thickness will decrease toward 
zero. There is thus an optimum collector radius favoring the formation of 
the groove. 

The data are in good accord with this theory. The only cases in which 
the grooved type of rime (G) occurred were the sets Nos. 2, 6, 3, 5, 7 arranged 
in the order of the values of 4), Table XXIII decreasing from 0.53 to 0.32. For 
No. 2 G was found only with the Collectors 4, 5, and 6 (the largest ones). 
As A decreased G was observed on the 3rd and finally on the 2nd collector. 
The only other sets with A, below 0.5 were Nos. 10 and 11, but with these 
two the thickness of rime deposited on Collector No. 1 was only 0.154 and 
0.083’ respectively as compared to thicknesses of 0.180 to 0.460 on the others. 
Note that 4txR, in Table XXIII is also very low for Nos. 10 and 11. 
Undoubtedly if the time of deposition had been increased the groove would 
have developed in these cases too. 
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The sets of observation giving high values of A, (1.00 or more) give the 
ridge type rime on the 3 smaller collectors while on the 3 larger collectors 
the rime was either of the curved or flat type depending on the amount of 
rime collected. 

Examination failed to reveal any dependence of the shape of the cross 
section upon temperature. : 

Causes of the Occurrence of Fibrous Rime with a Central Core of Clear Ice. 
This type is of such well defined structure and differs so markedly from the 
ordinary type which is of nearly a uniform density that it seemed desirable 
to attempt to determine the causes which lead to its formation. 

The cases in which this type was observed are No. 2, 9, 4, 8, and 6 arranged 
in the order of decreasing proportions of clear ice within the lateral layers 
of opaque fibrous ice. An examination of the data of Tables XXIII, XXIV 
and XXXIV failed to show any common characteristic of these 5 sets of 
observations. The values of A, range from 0.40 to 1.40, the temperatures 
from 8° to 24° and the rime densities on the 1st collector from 0.54 to 0.81. 

Other sets of observations in these same ranges showed no such structure. 
Finally an examination was made of the curves of R as a function of such 
as those shown in Fig. 11. Particular attention was paid to the positive de- 
partures of the points for the 2’’ and 3” collector which should serve to measure 
any lack of uniformity of the droplet sizes. 

For this purpose the average departure of the two ordinates of the 2 and 
3 inch collectors on the logarithmic plots from the curves were measured 
and multiplied by 2.3 to convert to natural logarithms. This quantitative 
measure of the non-uniformity we shall designate by H. In Table XXXVI the 
values of H are given for all those cases which show measurable departures 
from the Glauert curve. 


Taste XXXVI 


Relation of Central Ice Core to Lack of 
Uniformity of Droplet Radius 




















T Pp 
Obs. Ice Core H oF No. 
1 coll. 
| 

12 | Wet milky ice 0.78 | +29 | 0.75 
2 | Wide ice core 0.76 | +19 | 0.75 
9 | Moderate ice core 0.74 | +19 | 0.54 
4 7” ae 0.50 | + 8 | 0.81 
8 - a 0.39 | +24 | 0.78 
6 | Very thin median ice sheet | 0.32 | +20 | 0.73 
1 | Clear ice 0.23 | +12 | 0.86 

16 | Opaque uniform fibrous 
rime 0.21 j —10 | 0.31 
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The observations are arranged in order of decreasing values of H. For 
the observations 2, 9, 4, 8 and 6 the width of the ice core decreases with de- 
creasing H. 

For No. 12 with an air temperature of 29°F it was noted that the rime was 
wet and on the two smaller collectors some water flowed to the leeward side 
of the collector before freezing (not on the larger ones). Under these con- 
ditions one would hardly expect a central ice core to form. In No. 1 a clear 
ice core would have been indistinguishable from the rest. With No. 16 H 
was only 0.21, but in any case at a temperature as low as —10°F and a density 
of only 0.31 it is not likely that a clear ice core could form. 


Thickness of nme 
On stationary cylinders 


x * Actual thickness D 
ong 
A, Density of rime 








Cc. cm 


Fic. 16. 6-Collector data run No. 1. Mt. Washington Jan. 27, 1944. Thickness of 
rime on stationary cylinders. X = actual thickness b. O = bg,. 9, = density of rime. 


In the table the last column gives the density on the No. 1 rotating col- 
lector. These results indicate that the clear-cored rime occurs at temperatures 
from 10°F to 25° when the water droplets in the fog are of markedly non- 
uniform size. 

Thickness of Rime on Stationary Collectors. The curve b,/by in Fig. 1 gives 
the maximum thickness of rime as a function of K from the Glauert theory. 
This thickness is expressed in terms of the thickness that would occur if the 
efficiency of deposition were perfect and the density were the same on the 
perfect and the imperfect collectors. The points marked by crosses in Fig. 16 
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are the maximum thicknesses of rime for set No. 1 of the 6-stationary col- 
lector data. The point marked by circles are the produces of these thicknesses 
by the densities of the rime formed on the corresponding rotating collectors. 
The curve A was obtained by preparing a double logarithmic of plot b)/by 
of Fig. 1 or Table VI as a function of 1/K (or c/A) and fitting this curve to 
the circles in Fig. 16. The fit is very good although it was impossible to fit 
the thickness data (crosses). The value of A, = 0.82 given by curve A is to 
be compared to A, = 1.04 for No. 1 in Table XXIII obtained from the weight 
of rime. The curve B is made by getting the best fit consistent with A, = 1.04. 
The points lie a little below this curve. 

The agreement is as good as we should expect in view of the fact that the 
collectors are considerably distorted from their original shape by the un- 
symmetrical rime deposition. Also we have no guarantee that the densities 
are the same on the rotating as on the cylindrical collectors. Similar agreement 
was found in about half the 17 curves. 

We can conclude that the Glauert thickness theory is substantially correct, 
but is only accurately applicable under ideal conditions of very thin deposits 
which do not materially alter the cylindrical cross section of the collector. 


Calculation of Droplet Radius +r, and Liquid Water Content, w from 
a Measurement of Rime on One-Collector 


In our analysis of the 2-Collector Data it was shown that measurement 
of R, and R,, the rate of deposition of rime on two collectors of radii C, and C, 
respectively, enabled us to calculate, from the Glauert theory, the droplet 
radius rz and the liquid-water content, w, of the fog. When rime measure- 
ments were made on more than 2 collectors it was possible not only to get 
rz, and w but to test the accuracy of the Glauert theory. On the other hand 
a measurement of riming rate on only 1-Collector would leave the problem 
essentially indeterminate. An application of the Glauert theory gives at 
most a relation between rz and w but does not give values of rz and w 
separately. 

If, however, there is another independent relation between rg and w we 
then have two equations for the determination of 2-unknowns so both rg and 
w can be found. The TRT or a purely empirical regression equation such 
as Eq. (205) or Eq. (218) can be used in this way to permit the calculation 
of rz and w from a single measurement of rime on the 0.072” collector. 

To test the applicability of this method droplet radii have been calculated 
from the 2-Collector data of Tables XX VII, XXVIII and XXIX, using, however, 
only the data obtained from the measurements of the rime on the small collector 
(0.072 diam). These data for v, C and R, are given in Cols. 2, 3 and 4 of 
Table XXXVII. The rate of deposition, R,, on the small collector was calcu- 
lated by Eq. (173) from the values of W,, At and C, as given in Cols. 9 and 
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7 of Table XXVII and Col. 2 of Table XXVIII. The values of radius rz cal- 
culated from these ‘‘1-Collector Data’ are given in Col. 5. 

The method of calculation is illustrated by the following example. (Obs. 
No. 1). The regression equation Eq. (218) enables us to calculate r if we know 
w/v. By combining Eqs. (175) and (176) and applying the resulting equation 
to the data of the Ist collector we have 

w = 6 21R,/vy, : (240) 


where y,, the deposition efficiency on the small collector, is not yet known. 
By introducing w from Eq. (240) into Eq. (218) we obtain 

7 (Ry) = (2.34/y0-4) -(104R, /v2)o2 (241) 
where we use 7(R,) to designate the values of radius calculated in this way 
from R,. 

We can calculate another value of radius, r(C), from the value of C, by 
using Eq. (168) in the form 4, = K,C,, and introducing this into Eq. (178) 
to get 

7 (Cy) = 0.412(K,)¥? -(104C,/v)!* (242) 
Taste XXXVII 
2-Collector Data 
Calculation of Droplet Radius rz and Liquid- 


Water-Content w from a Measurement of 
rime on the 0.072" Collector 





























1 2 3 | 4 5 6 
| 
No. mi/he a g/em*hr on Bid 
mic 
1 70! 0.378 6.30 75 7.3 
2 55 0.316 8.3 9.8 9.8 
3 68 0.152 1.06 3.8 3.9 
4 64 | 0.203 1.66 4.8 4.7 
5 62 0.231 1.69 5.0 5. 
6 58 0.180 1.02 4.3 4.2 
7 52 0.217 2.25 6.3 6.3 
8 49 0.252 3.08 7.4 7.2 
9 | 110 0.270 3.56 4.2 4.4 
10 82 0.240 8.35 7A 7.0 
11 25 0.241 3.07 12.3 12.3 
12 36 0.264 3.17 9.4 9.5 
13 24 0.188 2.60 11.8 11.8 
14 26 0.332 2.67 11.6 11.6 
15 32 0.237 0.58 | 5.8 5.9 
3A| 59 | 0.262 0.29 4.3 4.0 
12A| 58 0.304 4.85 7.7 ' 7.2 


Super-cooled Water Droplets in Rising Currents of Cold Saturated Air 331 


TaBLeE XXXVIII 


Calculation of Droplet Radius and w from 
1-Collector Data. Observation No. 1 (Table XXXVII) 









































v= 70 C, = 0.378 R, = 6.30 
(10¢R,/v8?-4 = 2.85; (10°C, /v)'" = 7.36 
1 2: 3 | 4 | 5 6 
” K, | ry] CD] ra | rar) 
0.9 8.4 6.98 8.85 | 12.72 +5.74 
0.8 4.0 7.32 6.06 8.25 +0.93 
0.7 2.46 7.75, 4.76 6.23 —1,52 

0.762 | | 7.48 | | | 





This radius r(C,) is an approximate value (1st approximation). From this 
and the wind velocity v, by the curves of Fig. 12, we can get corrected values 
of the radius which we shall designate by 7,, (2nd approximation). The two 
values 7(R,) and 7,, should be equal, but this can occur only if we choose 
the right value of y,. 

Table XX XVIII shows a convenient way of doing this. A series of values of y, 
such as those shown in Col. 1 are selected. For each, the value of K is found 
(Col. 2) from the y, curves of Fig. 1. The data of Cols. 3 and 4 are then cal- 
culated by Eq. (241) and (242); r,, is obtained by Fig. 12 from r(C,). The last 
column gives the difference between 1, and r(R,). By linear interpolation 
we see that the point where 7,,—7(R,) = 0 is 62 per cent of the way from 
y1 = 0.7 to 0.8 i.e. at y, = 0.762. At this point 7(R,) = 714, = 7.48. This 
value has been entered in Col. 5 of Table XXXVII under r, (i.e. the radius 
calculated from the data for Collector No. 1). It is of interest to note that a de- 
crease in y, causes a smaller increase in r(R,) but a relatively large decrease 
r12. Thus even fairly large errors in C, produce only small errors in 7. 

A comparison of the 1-Collector data for radius, 7,, in Col. 5 of 
Table XXXVII shows a close agreement (LCC = +0.988) with the values 
of rz obtained by using the 2-Collector data (Col. 2, Table XXIX). The 
values of r, are, however, almost identical with those of ry (Col. 10 of 
Table XXIX or Col. 6 of Table XXXVII), which were calculated by Eq. (218) 
from values of w obtained by the 2-Collector Data. The LCC between r, 
and ry, is +0.9980 and o = 0.019 (mean difference is only 1.9 per cent). 
This close agreement means merely that the values of y, found by the 1-Collector 
method differ on the average only by 4.6 per cent (o = 0.046 = 0.019/0.41) 
from those given by the 2-Collector method. 

Having determined the value of y, by the 1-Collector method we can then 
calculate w by Eq. (240). These w values differ from those of the 2-Collector 
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method only because of the difference in y, so that for o(twgc¢,w) we also 
have 0.046. 

The two ‘‘abnormal cases” 3A and 12A at the bottom of Table XXXVII 
used in getting LCC) give values of rz, which agree poorly with 1.12 7, or 7,,. 
The 1-Collector values 7, lie between the 7, and rp, values. 

The use of the regression equation thus makes it possible to calculate with 
reasonable accuracy the droplet radii from measurements of rime on a single 
collector. This method may prove: useful to estimate droplet radii for the 
regular Mt. Washington observations where no rime deposited on the 2” 
collector. It must be kept in mind, however, that on another mountain having 
a slope greatly different from the S = 0.32 on Mt. Washington, a different 
regression equation should be used. 


Direct Determination of the Radius of Fog Droplets on Mt. Washington 
by the Use of Sooted-slide Drop Patterns 


On April 10, 1944 Mr. Schaefer exposed some specially prepared soot- 
covered glass plates on the tower of the Mt. Washington Observatory during 
riming conditions. Slide No. 14 was a 1x3 inch microscope slide which was 
held in the hand and swung out of the doorway at the top of the tower for 
about 1/5 of a second, in a place somewhat sheltered from the wind. This 
first slide was made at 2:15 p.m. EST. A second slide, No. 15, was exposed 
in the same manner at 3:15 p.m. and a third slide, No. 17, at 8:50 p.m. This 
last one, however, was a 5X5 millimeter slide exposed for about 5 seconds 
out of the door of the laboratory in a place relatively protected from the wind. 

The method of preparing these slides and photographing them was de- 
scribed in Mr. Schaefer’s report on pages 31 to 34 entitled ‘‘Properties of 
Single Particles of Snow and the Electrical Effects they Produce in Storms”’. 
Since Mr. Schaefer prepared this report the three tracemicrophotographs 
have been enlarged to 450x and the drop patterns on selected areas measured. 


Taste XXXIX 
Mt. Washington, April 10, 1944. Sooted Slide Measurements of Fog Particles 











1 2 3 4 5 6 | 7 | 8 9 10 | 11 12 
| Riming Data | Sooted Slide 
Time | Temp. Wind | — j Vol. 7 
pm. | °F R w TR rt Slide | Med. | 25% 75% a 
| | Rad. 








2:35 | 27 , 38 | 67 } 1.10 | 10.3 | 10. | 9% i 0. 
3:15 | 25 | 35 | 68 | 1.20 9.2 10.9 | 15 | 7.6 | 65 , 9.0 | 0.17 
6:30 | 19 | 49 | 3.7 | 0.47 a 

9:30 | 15 52 | 3.0 | 0.35 6.0 | 
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These three droplet tracings were made by Schaefer simultaneously with 
riming measurements by Victor Clark. Table XXXIX gives a summary of the 
four sets of riming data during the afternoon and evening of April 10. The 
units used for the riming rate R, the liquid water content w, are those that 
were used in other tables. The 6th and 7th columns contain the radius in 
microns from the riming data and from the time-of-rise theory. 

The areas selected for measurement contained from 100 to 300 drops whose 
apparent diameter was measured. The radius of the trace on the soot covered 
surface divided by 1.3 was taken to be the radius of the droplet in the air before 
it struck the surface. The 9th column in Table XXXIX gives the volume-median 
radius in microns. Col. 10, under the heading ‘‘25°/,”, gives a radius such 
that 1/4 of the liquid water content is in droplets smaller than this. The figure 
given in Col. 11 is a radius such that 3/4 of the liquid water content is in drop- 
lets smaller than this. The last column gives a the fraction of the surface co- 
vered by the droplets. In further experiments it is undoubtedly desirable 
to use a shorter time of exposure so that a does not exceed 0.1. However, 
because of the small sizes of the drops and the avoidance of high impact velo- 
cities there is relatively little overlapping of droplets. Mr. Schaefer has con- 
structed and sent to the Mt. Washington Observatory special apparatus in- 
volving the use of sooted surfaces, which is proving satisfactory for the deter- 
mination of drop sizes. 

The foregoing preliminary results have completely confirmed the cor- 
rectness of our conclusions that the water droplets in the fog at Mt. Washington 
are far smaller than the values of M given by the direct microscopic measure- 
ments of droplets on the vaseline-covered slides. A comparison of Cols. 
6, 7 and 9 shows that the sooted-surface method gives values that agree well 
with the riming data. Under properly controlled conditions we believe that the 
sooted-surface method can be made to give accurate determinations of drop 
sizes and the distribution of sizes. 

Part III of this report will contain a discussion of the various factors that 
control the growth of fog particles in a cloud of rising air up to a stage where 
rain forms. It will be shown that the evaporation-condensation theory of 
growth (TRT) which we have developed in Parts I and II is well applicable 
for the growth of droplets up to about 15 microns radius. In the higher levels 
of a cloud, however, where w becomes large and the droplets have increased 
to more than 15 microns in radius other factors need to be taken into account. 
When the drops begin to fall at a rate of more than a few cm per sec the sweep- 
ing of the air past the surface of the droplet increases the rate of evaporation 
and condensation. Turbulence that may exist in some clouds may also increase 
the rate of growth. 

Analysis has shown, however, that a still more important factor contributing 
to the, growth of larger droplets is the deposition of small droplets on the 
large nes by essentially the same mechanism as that which causes rime to 
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form on a small cylinder at low temperatures. This accretion theory of droplet 
growth will be briefly outlined and it will be shown that when certain rather 
critical conditions are reached droplets begin to fall through the cloud faster than 
the rate of rise of the air and that the resulting accretion causes rapid increase 
in radius so that the drops leave the base of the cloud as drizzle or rain. The 
results seem to indicate that a adatisstive theory of rain formation can be 
developed along these lines. 

When the temperature is below freezing, and ice nuclei are present, snow- 
flakes will form and these will grow by vapor condensation and by evaporation 
of fog droplets. When the product nr,/v, (n being the number of snowflakes 
per cm® and r, the effective radius of the snowflake, and v, is the vertical 
component of the velocity) exceeds a definite value, at a given temperature, 
all the fog particles will disappear in spite of the rise of the air. In this case 
all the water vapor made available by the adiabatic cooling has time to diffuse 
to the snowflakes without raising the vapor pressure of water above the satur- 
ation point. It is thus possible to account quantitatively for the absence of 
riming conditions in snowstorms in free air and the simultaneous occurrence 
of riming conditions on Mt. Washington with the more rapid vertical movement 
induced by the moutain slope. 

The development of cross fields in thunderstorms and certain types of 
snowstorms depends, I believe, upon the presence of particles of widely sepa- 
rated size groups. These theories should help in understanding the conditions 
under which these large particles can form. 
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MATHEMATICAL INVESTIGATION OF WATER DROPLET 
TRAJECTORIES 
Report No. RL-224, January (1945). 


The Problem 


IT Is DESIRED to calculate the trajectories of small water droplets (fog) in air 
moving at high velocities across a cylinder. Calculations have previously been 
made (Glauert) for the case of air velocities so low and droplets so small that the 
motion of the droplets through the air conforms to Stokes’ Law according to which 
the force acting on the drop varies in proportion to the velocity through the air. 

With the velocities encountered in airplanes and with droplet sizes fre- 
quently present in clouds, Stokes’ Law does not apply and the force acting 
on the droplet can be determined only from the knowledge of the drag coeffi- 
cient for spheres which can be expressed in terms of the Reynolds number R 
defined by ° 

R= 2aQV|n (1) 
where a is the droplet radius in cm, 0, is the density of air (g/cm*), V is the 
velocity with which the droplet moves through the air (cm/sec) and 7 is the 
viscosity of air in poises (g/cm sec). 

The object in calculating the trajectories, taking into account the variable 
drag coefficient Cp, is to determine the conditions under which the droplets 
strike the surface of the cylinder and the distribution of the deposited water 
over the surface of the cylinder. Such calculations should make possible the 
determination of the conditions necessary for the formation of ice or rime 
on any parts of the surface of an airplane which simulate cylindrical surfaces. 
It thus becomes possible also to predict the rate of ice formation on aircraft 
moving at high speed—such as 300 and 400 mi/hr. 

Another object is to obtain data by which the radii of the droplets that 
occur in clouds can be determined experimentally by measuring the rate of 
deposition of ice on rotating cylinders of various diameters mounted on a plane, 
Or upon a mountain summit such as Mt. Washington. 


The Equations to be Solved 


The differential analyzer of the General Electric Company was used to 
work out the trajectories of the particles. The problem is most conveniently 
handled by reducing the equations of motion of the particles to a dimensionless 
form. These equations are as follows: 


Ko, do, |dx = (CpR/24)(v,—u,) (2) 


(335) 
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Ko, do,|dy = —(CpR/24)(v, —uy) (3) 
dx/dt = —v, (4) 
dy/dt = v, (5) 
(R/RvY = (v:— 4)? +(2, — Hy)? (6) 


All of the quantities in these equations are dimensionless. The equations 
apply to the motion of particles in a plane perpendicular to the axis of the cy- 
linder. The coordinates x and y are measured from the axis of the cylinder 
as origin of coordinates, the radius of the cylinder which we will call C being 
taken as unity. Thus x and y are pure numbers that represent ratios between 
two lengths. The free air velocity at a large distance from the cylinder is taken 
to be u, and the velocity components v, and v,, u, and u, are all expressed 
in terms of U as the unit of velocity. Similarly in Eqs. 4 and 5 the time ¢ (which 
occurs only as differential dt) is expressed in terms of C/U as the unit of time. 
This is the time it takes a particle to move a distance equal to the cylinder 
radius C, if travelling with the velocity U. 

The symbol v is used to designate the velocity of the droplet, v, and v, 
being the x and y components of this velocity. The symbol u is used to denote 
the velocity of the air at any point near the cylinder, u, and u, being the x 
and y components. 

The x-axis is taken to be parallel to the direction of flow of the air at a large 
distance from the cylinder, where the air moves with uniform velocity U. 
The x-axis is naturally also perpendicular to the axis of the cylinder. The 
quantity R, occurring in Eq. (6) is defined by 

Ry = 2a9,U|n, (7) 
that is, it is the Reynolds number that would apply to the droplet of radius a 
moving with velocity U through still air. The Reynolds number R as defined 
by Eq. (6) is thus the Reynolds number that corresponds to the relative 
motion of the droplet with respect to the air around it. 

The coefficient C,R/24 which occurs in Eqs. (2) and (3) measured the 
degree to which the force exerted by the air on the particles is increased be- 
cause of deviations from Stokes’ Law. For the case that Stokes’ Law does apply 
C,R/24 = unity. The quantity K that occurs in Eqs. (2) and (3) measures 
the inertia of the droplet and varies in proportion to the density of the particle 
and increases with its size. It is defined by 


K=1]/C (8) 
where C is the radius of the cylinder and A, is the ‘‘Range” which the droplet 
would have as a projectile released in still air with the velocity U, assuming 
that Stokes’ Law holds. The advantage of using this quantity, which has the 


dimensions of a length, is that it permits us to put the equations into con- 
venient form. 
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The value of A, is given by 
A, = (2/9)e,@°U/n, (9) 


where 9, is the density of the droplet in g/cm*; a is the radius of the droplet 
in cm, U the free air velocity in cm/sec, and 7 the viscosity of the air. 


Presentation of Data 


It is important in planning the work for the differential analyzer to obtain 
families of curves that permit convenient calculation of results of experiments. 
Under given sets of conditions some of the variables that occur in Eqs. (1) 
to (9) can be taken to be constant while others can be considered as variable. 


The Constants 


For a plane flying in air at a given temperature and pressure the density 
of air @, and the viscosity 7 are known and can be considered constant. For 
an illustration of the application of these equations we shall adopt values of 
e, and 7 which represent the average riming conditions at the altitude of Mt. 
Washington (1900 meters elevation). At —10°C 


n = 1.658 x 10 g/cm sec (10) 
and at a temperature of —10°C and 785 mb pressure the density of the air is 
0, = 0.001040 g/cm? (11) 

With these values the Reynolds number given by Eq. (7) is 
Ry = 12.55 aU (12) 


In this equation a must be expressed in cm and U in cm/sec. If it is desired 
to express the radius in microns (a,) and the velocity of the air in mi/hr a 
(U,»,) the equation becomes 

Ry = 0.0561 U,,,4, (13) 


The range A, as defined in Eq. (9) under the Mt. Washington conditions 
becomes 
4; = 1340 aU, (14) 
where a is expressed in cm and U in cm/sec. 
The value of K as used in Eqs. (2) and (3) is therefore 


K = 1340a?U/C (15) 
If we express a in microns and U in mi/hr the equation then becomes 
K = 5.99 x 10-*U,,43/C. (16) 


The values of Ry and K given by Eqs. (13) and (16) will be applicable with 
reasonable accuracy for all conditions of icing on airplanes except at high 
altitudes. For altitudes of 15,000 feet or more the coefficients in Eqs. (13) 
and (16) should be recalculated using the appropriate values of air temperature 
and density. 
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The Drag Coefficient for Spheres Cp 

In order to solve Eqs. (2) to (6) by the differential analyzer it is necessary 
to know the value of C,/R/24 as a function of R. A large scale plot of this 
function was prepared to use with the differential analyzer. The values chosen 
were obtained from two curves given in the Handbuch der Experimental Physik. 
Vol. IV, Part II, page 304 (curve by H. Muttray) and Vol. IV, Part II, page 269 
(curve by L. Schiller). These data are the source of the data given in Goldstein’s 
book Modern Developments of Fluid Dynamics, page 16. In the final report 
the values of C,R/24 as a function of R which were used in these calculations 
will be tabulated. 


CyR/24 = 140.197 R°%+-2.6 x 10-4 U1 (17) 


Although this empirical equation was not used for the differential analyzer 
(D.A.) we shall have occasion to use it for some calculations summarizing 
the results of the data obtained by the D.A. 


The Variables 

There are two types of problems that occur in the applications of data 
presented in this report: ; 

1. Air velocity U, cylinder radius C and particle radius a, are given. It 
is desired to calculate the amount and distribution of ice that forms on the 
cylinder, for given amounts of liqid water content in the air. 

2. Given the air velocity U, the cylinder radius C and the deposition effi- 
ciency of rime on the surface (or its distribution). It is desired to calculate the 
droplet radius. 

In the first type of problem we have all the data necessary to calculate 
both Ry and K by Eqs. (13) and (16), since we know U, C and a. In the second 
type of problem, however, since we do not know a we cannot calculate Ry 
and K. To present the data in such form that this problem as well as that of 
the first type can be conveniently handled, it is desirable to introduce another 
dimensionless parameter which we shall call gy, defined as follows: 


p = Ri/K = 18 eCU/ne, (18) 


For the Mt. Washington conditions (—10°C, 785 mb) this becomes in 
c.g.s. units 


gy = 0.1174 CU (18a) 
or if the free air velocity is in miles per hour, and C in cm, 
gy = 5.249 (18b) 


The advantage of using p as a parameter lies in the fact that it has been 
formed from Ry and K in such a way that the radius a has been eliminated. 
Therefore, in problems of both types, can be calculated directly from the 
available data. 
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The work with the differential analyzer should therefore be planned to 
give families of curves in which the characteristics of the ice deposit, such 
as the amount and distribution etc., are expressed as functions of K and 9. 
The data can thus be presented by curves along which families of curves o 
is constant. Each curve expresses the efficiency of deposition as a function 
of K. Since, however, g is always known, even when a is not, it becomes pos- 
sible to use these curves to calculate either the efficiency for a given value 
of radius or the radius from experimentally measured deposition rates. 


The Variables which Characterize the Amount and Distribution of Rime 

Let us consider first what the distribution of rime would be if the fog droplets 
were so heavy that they travel in practically straight lines instead of being 
deflected by air currents around the cylinder. This case corresponds to K = oo. 
If w represents the liquid water content in the fog (g/cm®) then the total amount 
of water which would deposit on the cylinder per unit of length along the 
axis would be 2UCw. With smaller droplets we must take into account the 
curvature of the trajectories as given by the D.A. data. The amount of water 
that strikes the cylinder must then be less than that corresponding to 2UCw. 
We may thus define the deposition efficiency, E, as the ratio of the amount 
actually deposited per unit of length to the quantity 2UCw. 

Let us also consider the relative thickness of the rime over different portions 
of the cylinder. If the droplets move in straight lines the rate of accumulation 
of water or ice on a small surface perpendicular to the air flow would be Uw 
(expressed in g/cm?). The rate of accumulation of rime on any portion of 
the cylinder can be measured by 8, which represents the rate of accumulation 
per unit area per second at any point on the surface defined by 6, taking Uw 
as unity. The angle 0 is the angle between the radius drawn to a point on the 
surface and the x-axis. Thus we have for the case where K = oo and the par- 
ticles travel in practically straight lines. 

B = cos 6. (19) 
We see then that 6 = 1 at the stagnation point 0 = 0. 

When the particles are smaller, so that we must take into account the cur- 
vature of their trajectories 6 will always be less than given by Eq. (19). 

It will be shown in the final report that no deposition occurs on any part 
of the cylinder with particles so small that K is less than 1/8. For values of K 
slightly larger than 1/8 deposition occurs only along a narrow band near the 
stagnation point. There is thus a value of 6 which we may represent by 0,, 
beyond which no deposition occurs. For any given value of K it is possible 
from the D.A. data to calculate 0,,, and the total efficiency of deposition which 
we shall call Ey. We shall reserve the symbol E to represent the amount of 
rime which deposits between —0 and +40, the unit of deposition being taken 
as 2UCw. The total deposition efficiency Ey is thus the rate of deposition 
between —6y and +6,. 


22° 


Google 


340 Mathematical Investigation of Water Droplet Trajectories 


The quantity 8 which serves as a measure of the thickness of the rime at 
any point characterized by 6 may thus be defined by 


B = dE/d6, (20) 


where 6 must be measured in radians. For the case of K = oo there is uniform 
deposition over the projected area of the cylinder. For this case 


E=Y (21) 


where Y is the coordinate y corresponding to a point on the cylinder at 6. 
Thus we have 


Y=sinO and E=sin@ (22) 


Differentiation of this equation and combination with Eq. (20) gives 8 = cos 0 
as given by Eq. (19). 

In this preliminary report we shall give only the values of 04, Ey and fo, 
where £, is the value of 8 at the stagnation point 6 = 0. 

The D.A. calculations also furnish data for determining the angle of inci- 
dence, a, of the droplets which strike any point of the cylinder and the impact 
velocity, V,, with which the droplets strike the surface at the point 6. There 
will also be data by which B and E can be calculated for any value of 6. 


Outline of Calculations made by Differential Analyzer 

Although this project was undertaken primarily to study the deposition 
of rime on cylinders it was felt desirable, once the differential analyzer was 
set up for operation, to include the calculation of some trajectories for the 
deposition of rime on spheres and on ribbons or bands placed with their sur- 
faces perpendicular to the wind direction. It was possible also to make a few 
calculations for the case of air flowing around a sphere with such low velo- 
cities that the stream function is that characteristic of viscous fluids, as was 
considered by Stokes in his derivation of Stokes’ Law. These results may find 
application in the deposition of fog droplets on falling rain drops where the 
velocities of the rain drops are usually so low that the Reynolds numbers are 
small. For this case one is not justified in applying the ideal fluid theory to 
the flow of the air around the sphere. 

All these four cases, cylinder in ideal fluid, sphere in ideal fluid, sphere 
in viscous fluid and ribbon in ideal fluid, are given by the differential analyzer 
as solutions of Eqs. (2) to (6). The cases differ from one another only in that 
different expressions are used for functions u, and u, that occur in Eqs. (2), 
(3), (5) and (6). 

In the final report the equations that expressed these functions will be 
listed. 

Glauert and Kantrowitz (NACA Technical Note No. 779) started their 
step by step integrations, in handling a problem of this kind, by assuming 
that at a certain distance from the cylinder the droplets in the air were moving 
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with the free air velocity U. Actually it will-always be true that the velocity 
lies somewhere between U and u where u is the local air velocity at the point 
in question. Strictly speaking the integration should be started at x = oo. 

In this work, before the D.A. calculations were started, a theoretical study 
was made of the changes of velocity in the particles that occurred at large 
distances from the cylinder. It was found that for large values of x Eqs. (2) 
to (6) could be integrated by approximate methods with satisfactory accuracy 
and these equations were therefore used to calculate the initial condition at 
x = 4 for the cylinder, and the ribbon, x = 3 for the sphere in the ideal fluid, 
and x = 20 for the sphere in the viscous fluid. It was necessary in each case 
to determine the ‘‘starting” values of y, v,, and v, at x = 3 or x = 4 for tra- 
jectories which started at x = o with selected initial values of y which'we 
call yo. 

The differential analyzer was used to work out trajectories for values of 
x lower than these starting values and carrying them through to points where 
the trajectory entered the cylinder or missed it. 

In all, 125 trajectories were determined, 78 for the cylinder in ideal fluid, 
19 for the sphere in ideal fluid, 25 for the ribbon in ideal fluid and 3 for the 
sphere in viscous fluid. 


Results for Cylinders in Ideal Fluid 


Trajectories were calculated which corresponded to selected values of 
as defined by Eq. (18). The values of » chosen for these curves were 0, 100, 
1000, 104, 10° and 10*. For each value of gy several values of K were selected 
that gave values of E,, which well covered the range from 0.1 to 0.9. 

For each set of conditions defined by p and K it was then necessary to select 
several initial values y, which would give trajectories that were nearly tangent 
to the surface of the cylinder or sphere. One or more lower values of yy were 
also taken to give information in regard to the angles of incidence and the 
distribution 6 down to By. Methods of interpolation were developed so that 
from two trajectories giving approximately the maximum deposition efficiency 
Ey, it was possible to interpolate very accurately for the true value. These 
methods of interpolation will be described in detail in the final report, but 
a brief mention of them will be given as an appendix to this report. 


y = 0, Stokes’ Law Applies 
Six values of K ranging from 0.3 to 16 gave data which fit within the ex- 


perimental area with the following equations: 
For K in the range from 0.125 to 1.1: 


Ey = 0.466 (logy) 8K)?. (23) 
For values of K above 1.1: 
Ey = K/(K+2/2). (24) 
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The values of 6,, which define the maximum width of the band on which 
deposition occurs, are given by: 
For values of K from K = 0.125 up to K = 10; 


tan6y = 1.70(K—1/8)°76 (25) 
For all values of K above 10: 
tan6, = K. (26) 


The relative deposition efficiency at the stagnation point defined by A, 
is given by: 
For values of K from 0.125 to 7.5, By can be found from: 


Bo/(1=Bo) = 1.40(K—1/8)°%, (27) 
or, if P is the value of the second member of this equation, we have 
Bo = P/(P+1) (28) 
For all values of K above 7.5: 
Bo = K/(K+1) (29) 
Tasre I 


Comparison of Glauert Data with the New Results from 
the Differential Analyzer (D.A.) Calculations 
1 








Ey | tan 0 | Bo 
K Glauert | D.A. | Glauert D.A. | Glauert | D.A. 

0.125 | 0.0 0.0 0.0 0.0 0.0 0.0 

0.25 0.04 0.042 | 0.404 0.350 | 0.13 0.196 
0.50 0.175 0.169 | 0.949 0.807 | 0.36 0.380 
1.0 0.41 0.380 | 1.632 1.536 | 0.615 0.556 
2.0 0.65 0.560 | 2.90 2.74 0.77 0.704 
4.0 | 0.80 0.718 4.92 4.76 0.86 0.814 





Table I gives a comparison of the Glauert data (Restricted British report) 
with the new data from the D.A. as expressed by Eqs. (23) to (29). No claim 
for high accuracy was made for the Glauert calculations. The discrepancies 
are of the magnitude to be expected from Glauert’s assumption that the droplets 
have the free stream velocity at the point where the step by step integration 
was started. This error is larger for the higher values of 


Higher values of 


The final report will contain a table of the values of Ey, 0, and By actually 
found for particular values of g and K. All the results were found to be in 
good agreement with values calculated by the following method. From the 
actual values of K calculate Ky as defined by the equation 


(Ko—1/8) = (4/4,) (K—1/8). (30) 
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Here A, is the Stokes’ Law range given by Eqs. (9) or (14) and 2 is the true 
range for a droplet of radius a projected into still air with the velocity U. The 
ratio 4/4, can be calculated from Ry by the equation 


A/a, = (1/Ry) f dR/(C)R/24). (31) 


A full table of values of 4/4, will be given in the final report. Table II gives 
a shorter table of values of C)R/24 and A/A,. 





Tasie II 
Values of C)R/24 and-i/2, 
Ru CpR/24 Alas 
0 1.0 1.0 

1 1.176 0.920 
5 1.513 0.7734 

10 1.782 0.690 
20 2.291 0.590 
50 3.327 0.4505 
100 4.59 0.3524 
200 6.52 0.2668 
500 11.46 0.1752 
1000 18.62 0.1215 
2000 32.7 0.0809 
5000 80.0 0.0439 
10,000 116.3 0.0262 











Having found K, by Eq. (30) and the data of Table II, we then calculate 
Ey, by Eq. (23) using Ky as the value of K. This method of calculation was 
given as a semi empirical method in my report “Super Cooled Water Droplets 
in Rising Currents of Cold Saturated Air”, Part I, page 275, sent to Materiel 
Command, Wright Field. 

The new data are found to conform to this method for values of Ey up 
to about 0.5. 

Calculation of Ey for higher Values of K, giving Ey >0.5 

A theoretical equation has been derived (method will be given in final 
report (which should be accurately applicable for very high values of K. It 
is found empirically that it is satisfactory for all values of K which give Ey > 0.5. 
The equation is: 

Ey = K/(K+H,) (32) 

where H, is defined by 
H, = 1+0.5708 (C,R/24)—0.73 x 10-*(Ry)** (33) 
The value of Ry is given by Eq. (7) and C,R/24 by Table II or by Eq. (17). 
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These equations may be used for all values of g or R,. Thus for example 
when » = 0, Ry = 0 and Eq. (33) gives H, = 1.5708 = 2/2 and Eq. (32) 
reduces to Eq. (24) 

Calculation of tan 04 for low values of K 
After having calculated Ky by Eq. (30) get Kg from the following equation 
(Ke—1/8) = 0.85(K,—1/8). (34) 

Then from K, get tan 0 by Eq. (25) using K, in place of K in that equation. 
Calculation of tan 0 for Large Values of K 

From a theoretical equation valid for large values of K we have 


tan 6 = K/H, (35) 
where H, is given by 


H, = 0.385 +0.615(C, R/24)—0.51 x 10-4(R,)#88 (36) 
For g = 0, H, = 1.0 and Eq. (35) reduces to Eq. (26). 
Calculation of B, for Low Values of K : 
After having calculated Ky by Eq. (30) we get K, from 
(K,—1/8) = 0.94(K,—1/8) (37) 
Then from K, we get 8, from Eq. (27) using K, in place of K. 
Calculation of By for Large Values of K 
A theoretical equation valid for large values of K gives 
Bo = K/(K+H,) (38) 


Hg = 0.728 +0.272(CpR/24)—0.42 x 10-4(Ry)** (39) 
For the case y = 0, H, = 1 and Eq. (39) reduces to Eq. (29). 
The foregoing equations from Eq. (23) to (39) make it possible to calculate 
Ey, 9 and By for all values of K and R,. It will be shown in the final report 
that results calculated in this way agree well with all the D.A. data. 


where 


Results for Sphere in Ideal Fluid 


For the case of y = 0, (Stokes’ Law for the droplets), the results are given 
with satisfactory accuracy by 


Ey/(1—Fy) = 0.82(K—1/12)'% (40) 
tan 0, = 2.8(K—1/12)°" (41) 

and 
Bo/(1—Bo) = 1.83(K—1/12)°? (42) 


Here Ey is the deposition efficiency expressed as the ratio of the actual 
rate of deposition to the maximum possible rate (for K = 00) which is 7S*Uw 
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where S is the radius of the sphere. The deposition efficiency at the stagnation 
point £, is the ratio of rate of deposition at 6 = 0, in g/cm? sec, to the maximum 
possible rate (for K = 00) which is Uw. 

Two sets of trajectories were obtained for the sphere with y = 1000. The 
results justify the use of Eqs. (30), (34) and (37) to calculate Ky, K, and Ky 
and the calculation of E,,, tan 0, and B, from these by Eqs. (40), (41) and (42). 
Ribbon in Ideal Fluid py = 0 

We take the half width 5 of the ribbon as the unit of length for x and y. 
For K =o the total rate of deposition is 2Ubw and this we use as unit for 
measuring Ey. The thickness index, 8, as before is expressed in terms of Uw 
as unit. For large droplets giving high values of K, Ey = 1 and the thickness 
is uniform, 6 = 1, over the whole surface. 

With smaller droplets the thickness of the droplet is a minimum near the 
central line with a maximum occurring at points near y = 0.8. 

The critical condition for deposition along the central line is K = 1/4, 
for lower values no deposition occurs at y = 0. However, at points on the 
ribbon corresponding to larger values of y deposition does occur down to 
values of K even as low as K = 1/8, the maximum thickness apparently oc- 
curring near y = 0.8. 

With K = 0.2 the total deposition efficiency is approximately 0.05. With 
K = 0.25 deposition just begins at y = 0 and the total deposition over the 
whole surface corresponds to Ey = 0.10. 

With K = 0.40 the total deposition rises to Ey = 0.35 and at the central 
line By = 0.16. At y = 0.8 approximately # = 1.0, falling to 0 at the edge 
of the ribbon. 


Sphere in Viscous Fluid 
The critical limit below which no deposition occurs appears to be close 


to K = 1.0. At K= 10, and y= 0 the deposition efficiency is Ey = 0.64 
and at the stagnation point fy = 0.68. 


Appendix 

On the basis of empirical observations of the trajectories given by the D.A. 
I have found two theorems that seem to be fulfilled with high accuracy (within 
the probable experimental error) for all values of g and K and for the cylinder 
and both spherical cases. 


Theorem I 
If tangents be drawn to all the trajectories (for a given velue of K and ¢) 
at the points where these meet the cylinder (or sphere), these tangents have 
a common point of intersection which lies on the x-axis at a distance x, from 
the origin. Thus x, is independent of 9, but it does depend on K and on 9. 
The value of x, can be calculated simply from 


x, = 1/cos0y = secOy (43) 
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It is thus possible by a simple geometric construction to determine the 
angle of incidence a at which the droplets strike the cylinder or sphere. The 
angle a is given for any point 6 by 


tan (a—6) = sin6/(sec6,,—cos@) (44) 


Theorem IT 

Along each of the tangents which meet at x, (as described in Theorem I) 
place a point at an ordinate y9, which is the ordinate of the corresponding 
trajectory at x = oo. It is found that these points all lie on the arc of a circle 
whose center lies on the x-axis at a point at x, which lies within the cylinder 
(or sphere). Let x, be the point where this circular arc meets the x-axis. 

This theorem can be used to calculate E corresponding to any value of 6. 
One draws from the point at 6 on the cylinder or sphere a line to the point 
at x,. Where this meets the circular arc about the center at x) one measures 
the ordinate y). Then for the cylinder 


E=y (45) 
while for the spherical cases 
E=y¥ (46) 
Similarly one finds for the cylinder 
Bo = (%s—*3)/(*4—1) (47) 
while for the spherical cases 
Bo = (%4—%5)*/(%4—1?* (48) 


By this theorem from the values of Ey, 04, and fy given in the report for 
any values of K and 9 it is possible to calculate x,, x, and x,. From these 
we can then calculate E and # as a function of 0. 


ABSTRACT 


Calculations are given of the trajectories of small water droplets in air moving at high veloci- 
ties across a cylinder. The calculations were made by means of a differential analyzer (D.A.). 
A few calculations are also given for the case of a sphere and a ribbon. 

With the velocities encountered in airplanes and with droplet sizes frequently present in clouds, 
Stokes’ Law does not apply. In order to determine the force acting on the droplet we must then 
make use of the drag coefficient, which can be expressed in terms of the Reynolds number. Dif- 
ferential equations are given for the motion of a particle as determined by these two quantities 
and by the air velocity, air viscosity and density, particle velocity, particle size and density, cylinder 
radius. Under given sets of conditions some of these quantities can be taken to be constant while 
others can be considered variable. 

The 61 trajectories made by the D.A. for the case of cylinders were analyzed and the values 
of the four following quantities were tabulated: the maximum total efficiency Ey of deposition 
of particles on a cylinder, the efficiency By of deposition at the stagnation point, the angle O04 
beyond which no deposition occurs on the cylinder, the velocity vy with which a particle strikes 
the cylinder at 64. Values were also tabulated for the efficiency of deposition and velocity of 
impact of particles which strike the cylinder at angles less than the limiting angle Oy. 
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Curves are given for the quantities Ex, By, 9¢, 0 which cover a wide range of conditions. 
They are plotted as a function of K, for a series of values of 9, where K and 9 are two dimension- 
less parameters. Equations are given for these quantities, calculated from theoretical considerations. 
The equations are found to fit the D.A. data quite well. 

Each D.A. trajectory represents the motion of a single particle. The theoretical curves for 
the efficiency of deposition of very large numbers of particles were derived from the D.A. data 
on the assumption that all the particles in a given fog were of uniform size. 

The theoretical curves can be used to analyze experimental data. For example, if measurements 
are made of the rate of rime deposition on two or more cylinders under the same fog conditions, 
the cylinders having different radii, a comparison of these data with the theoretical curves pro- 
vides a method of calculating the size of the particles that were collected and the liquid water 
content of the fog. 

It is known, however, that in general the particles in fogs are not of uniform size. The effect 
which a distribution of particle size has on the results became apparent when measurements 
made with three or more cylinders having different radii were compared with the theoretical 
data. It was usually found that the curvature of the experimental plot was not quite the same 
as that of the theoretical curve. A method was devised for taking into account certain assumed 
distributions of particle size. It was found that the experimental data fitted the theoretical data 
much better after this had been done. 

An example is given of the analysis of experimental data by means of the theoretical curves. 
It is shown that when three or more cylinders are used it is possible to estimate the distribution 
of particle size by graphical methods. The experimental data used in the example were obtained 
by R.M. Cunningham in an airplane. The application of the method is given for the case of data 
taken under other conditions, such as those at the attitude of Mt. Washington. 
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Report No. RL-224, December (1944)—July (1945). 


IT IS DESIRED to calculate the trajectories of small water droplets (fog) in air 
moving at high velocities across a cylinder. The water droplets in any one 
fog are assumed to be of uniform size. Calculations have previously been 
made (Glauert) for the case of air velocities so low and droplets so small that the 
motion of the droplets through the air conforms to Stokes’ Law according 
to which the force acting on the drop varies in proportion to the velocity through 
the air. The Stokes’ Law equation is 
Sf = 6xnva, 

where f is the force acting on the drop, 7 the viscosity of air in poises (g/cm 
sec), v the velocity with which the droplet moves through the air (cm/sec), 
and a the droplet radius (cm). 

With the velocities encountered in airplanes and with droplet sizes fre- 
quently present in clouds, Stokes’ Law does not apply and the force acting 
on the droplet can be determined only from the knowledge of the drag coef- 
ficient C, for spheres which can be expressed in terms of the Reynolds num- 
ber R defined by 


R= 2a0,0/ Ny (2) 
where @, is the density of air (g/cm*). The coefficient Cp is given by 
CpR/24 = f/6xnva. (3) 


Therefore when Stokes’ Law is obeyed, C,R/24 = 1. Under other conditions 
the value of C,R/24 is greater than unity, and measures the degree to which 
the force exerted by the air on the particles is increased because of deviations 
from Stokes’ Law. 

The object in calculating the trajectories, taking into account the variable 
drag coefficient C,, is to determine the conditions under which the droplets 
strike the surface of the cylinder. Such calculations should make possible 
the determination of the conditions necessary for the formation of ice or rime 
any parts of the surface on an airplane which simulate cylindrical surfaces. 
It thus becomes possible also to predict the rate of ice formation on aircraft 
moving at high speed—such as 300 and 400 mi/hr. 


[348] 
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Another object is to obtain data by which the radii of the droplets that 
occur in clouds can be determined experimentally by measuring the rate of 
deposition of ice on rotating cylinders of various diameters mounted on a plane, 
or upon a mountain summit such as Mt. Washington. 


The Equations to be Solved 


The differential analyzer of the General Electric Company was used to 
work out the trajectories of the particles. The problem is most conveniently 
handled by reducing the equations of motion of the particles to a dimensionless 
form. These equations are as follows: 


Ko,do,/dx = (CpR/24) (0,—u,) (4) 
Ko, do, /dy = —(CpR/24) (v,—u,) (5) 
dx/dt = —0, (6) 

dy/dt =v, (7) 

(R/Rv)? = (¥,—43)?+ (2-4). (8) 


All of the quantities in these equations are dimensionless. The equations 
apply to the motion of particles in a plane perpendicular to the axis of the 
cylinder. The coordinates x and y are measured from the axis of the cylinder 
as origin of coordinates, the radius of the cylinder which we will call C being 
taken as unity. Thus x and y are pure numbers that represent ratios between 
two lengths. The symbol wv is used to designate the velocity of the droplet, 
v, and v, being the x and y components of this velocity. The symbol u is used 
to denote the velocity of the air at any point near the cylinder, uv, and u, being 
the x and y components. The free air velocity at a large distance from the 
cylinder is taken to be U, and the velocity components v, and v,, u, and u, 
are all expressed in terms of U as the unit of velocity. Similarly in Eqs. (6) 
and (7) the time ¢ (which occurs only as differential dt) is expressed in terms 
of C/U as the unit of time. This is the time it takes a particle to move a dis- 
tance equal to the cylinder radius C, if travelling with the velocity U. 

The x-axis is taken to be parallel to the direction of flow of the air at a large 
distance from the cylinder, where the air moves with uniform velocity U. 
The x-axis is naturally also perpendicular to the axis of the cylinder. The 
quantity R, occuring in Eq. (8) is defined by: 


Ry = 2a9,U/n, (9) 


that is, it is the Reynolds number that would apply to the droplet of radius 
a moving with velocity U through still air. The Reynolds number R, as defined 
by Eq. (3) is thus the Reynolds number that corresponds to the relative motion 
of the droplet with respect to the air around it. 
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The quantity K that occurs in Eqs. (4) and (5) measures the inertia of the 
droplet and varies in proportion to the density of the particle and increases 
with its size. It is defined by 


K=A/C, (10) 


where C is the radius of the cylinder and 4, is the ‘‘Range” which the droplet 
would have as a projectile released in still air with the velocity U, assuming 
that Stokes’ law holds. The advantage of using this quantity, which has the 
dimensions of a length, is that it permits us to put the equations into con- 
venient form. 

The value of A, is given by 


4, = (2/9)o,*U/n, (11) 


where g, is the density of the droplet in g/cm and U the free air velocity in 
cm/sec. Therefore K is given by 


K = 29,a°U/97C. (12) 
Presentation of Data 


It is important in planning the work for the differential analyzer to obtain 
families of curves that permit convenient calculation of results of experiments. 
Under given sets of conditions some of the quantities that occur in Eqs. (1) 
to (12) can be taken to be constant while others can be considered as variable. 
The Constants 


For a plane flying in air at a given temperature and pressure the density 
of air g, and the viscosity 7 are known and can be considered constant. For 
an illustration of the application of these equations we shall adopt values of 
e, and 7 which represent the average riming conditions at the altitude of Mt. 
Washington (1900 meters elevation). The viscosity 1 is given by 


n = 2.48 x 10-®T*754g/cm sec (13) 


At —10°C 
71 = 1.658 x 10-4g/cm sec (14) 


The density of the air is given by 
0, = 0.3484 x 10-*p/T, (15) 
and at a temperature of —10°C and 785 mb pressure the density of the air is 
0, = 0.001040 g/cm’. (16) 
With these values the Reynolds number given by Eq. (9) is 
Ry = 12.55 aU. (17) 
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In this equation a must be expressed in cm and U in cm/sec. If it is desired 
to express the radius in microns (a,) and the velocity of the air in mi/hr (Uy) 
the equation becomes 
Ry = 0.0561 Unna,- (18) 
The range A, as defined in Eq. (11) under the Mt. Washington conditions 
becomes 
4, = 1340 aU, (19) 
where a is expressed in cm and U in cm/sec. 
The value of K as used in Eqs. (4) and (5) is therefore 


K = 1340 a@U/C. (20) 
If we express @ in microns and U in mi/hr the equation then becomes 
K =5.99xX10-4U,,,43/C. (21) 


The values of Ry and K given by Eqs. (18) and (21) will be applicable 
with reasonable accuracy for all conditions of icing on airplanes except at 
high altitudes. For altitudes of 15,000 feet or more the coefficients in Eqs. (18) 
and (21) should be recalculated using the appropriate values of air temperature 
and density. 


Variables 
The Drag Coefficient for Spheres Cp. 

In order to solve Eqs. (4) to (8) by the differential analyzer it was necessary 
to know the value of C,R/24 as a function of R. Table I gives the values of 
C,R/24 as a function of R. A large scale plot of this function was prepared 
to use with the differential analyzer. The values chosen were obtained from 
two curves given in the Handbuch der Experimental Physik, Vol. IV, Part II, 
page 304 (curve by H. Muttray), and Vol. IV, Part II, page 269 (curve by 
L. Schiller). These data are the source of the data given in Goldstein’s book 
Modern Developments of Fluid Dynamics, page 16. 

An empirical equation which fits these data very well is the following: 

Cp R/24 = 1+0.197R°* 42.6 x 10-4 R88 (22) 


Although this empirical equation was not used for the differential analyzer 
(D.A.) we shall have occasion to use it for some calculations summarizing 
the results of the data obtained by the D.A. 


Air Velocity for the case of Cylinders 


The velocity of the air is a variable, and the x and yy components v, and v, 
are given by 


u, = 14(y8—28)/(8 +, (23) 
uy = 2xy/(at-+y*)% (24) 


1S. L. Green’s Hydro-and-Aero-Dynamics (Pitman and Sons, 1937), p. 26. 
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Tasie I 


Values of C,R/24 and 2/1, as Functions of R. The values of C,R/24 calc. were 
obtained by means of Eq. (22) 

















R Cor/24 | CBR/24 | Ais R CoR/ | CPRPA ang, 
0.00 1.00 1.00 1.00 200 6.52 6.94 | 0.2668 
0.05 | 1.009 0.9956 || 250 7.38 0.2424 
O41 1.018 0.9911 300 8.26 0.2234 
0.2 1.037 1.071 0.9832 || 350 9.00 0.2080 
0.4 1.073 0.9652 400 9.82 0.1953 
0.6 1.108 1.143 | 0.9493 500 11.46 12.26 | 0.1752 
0.8 1.142 0.9342 600 12.97 0.1597 
1.0 1.176 1.197 | 0.9200 800 15.81 0.1373 
1.2 1.201 0.9068 1000 18,62 19.88 | 0.1215 
1.4 1.225 0.8950 1200 21.3 0.1097 
1.6 1.248 0.8842 1400 24.0 0.1003 
1.8 1,267 0.8744 1600 26.9 0.0927 
2.0 1.285 1.306 | 0.8653 1800 29.8 0.0863 
2.5 1.332 0.8452 2000 32.7 34.0 0.0809 
3.0 1.374 0.8273 2500 40.4 0.0703 
3.5 1.412 0.8120 3000 47.8 | 0.0624 
4 1.447 0.7978 3500 55.6 0.0562 
5 1.513 1.545 0.7734 4000 63.7 0.0513 
6 1.572 0.7527 5000 80.0 76.2 0.0439 
8 1.678 0.7185 6000 96.8 0.0385 
10 1.782 1.846 | 0.6905 8000 130.6 0.0311 
12 1.901 0.6660 10,000 166.3 152.3 0.0262 
14 2.009 0.6440 12,000 204 

16 2.109 0.6242 14,000 243 

18 2.198 0.6065 16,000 285 

20 2.291 2.317 | 0.5904 |! 18,000 325 

25 2.489 0.5562 || 20,000 365 326 

30 2.673 0.5281 25,000 470 

35 2.851 0.5045 30,000 574 

40 3.013 0.4840 35,000 674 

50 3.327 3.375 0.4505 40,000 778 

60 3.60 0.4237 50,000 980 974 

80 4.11 0.3829 60,000 1175 

100 4.59 | 4.74 0.3524 80,000 1552 

120. | 5.01 0.3285 |, 10° 1905 2344 

140 5.40 0.3090 1.2x10* | 2234 

160 5.76 0.2928 | 1.4x108 | 2549 

180 | 6.16 0.2789 || 1.6x10° | 2851 


























A family of curves was plotted that gave u, as a function of x for values of y 
from 0.1 to 1.0 at intervals of 0.1, plotted from x = 0 to x = 4, and a similar 
family was plotted for u,. These equations have solutions for values of x and 
y that correspond to points lying inside the cylinder. Therefore, when the 
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trajectories were worked out by the D.A. and these two sets of curves were 
used to supply the values of u, and u, in Eqs. (4) and (5), the trajectories were 
carried across the boundary into the inside of the cylinder. The parts inside 
the cylinder were used as well as the parts outside when the data were analyzed. 
Parameter 9 

There are two types of problems that occur in the applications of data 
presented in this report: 

1. Air velocity U, cylinder radius C, and the particle radius a, are given. 
It is desired to calculate the amount and distribution of ice that forms on 
the cylinder, for given amounts of liquid water content in the air. 
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Fic. 1. Efficiency of rime deposition on cylinders with ideal fluid flow. 
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2. Given the air velocity U, the cylinder radius C and the deposition ef- 
ficiency of rime on the surface, (or its distribution). It is desired to calculate 
the droplet radius. 

In the first type of problem we have all the data necessary to calculate 
both R, and K by Eqs. (9) and (12), since we know U, C and a. In the second 
type of problem, however, since we do not know a we cannot calculate R, 
and K. To present the data in such form that this problem as well as that 
of the first type can be conveniently handled, it is desirable to introduce another 
dimensionless parameter which we shall call y, defined as follows: 


y = Ri /K = 189;CU/np,. (25) 
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Taste Il : 
Values of Ey, By, and Oy as functions of » and K that are plotted 
in Figs. (1) to (5) 
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k p=0 g=10 y = 1000 y = 10° 
Eu | Bo | O« | Ew | Bo Ox | Ex | Bo | Ow | Ew | Bo | Om 
0.144 | 0.002 | 0.048! 4.8 | 0.002 | 0.044 4.4 | 0.001 | 0.048} 3.5 | 0.0002) 0.019) 2.1 
0.196 | 0.018 | 0.132) 12.8 | 0.015 | 0.121 | 11.8 | 0.009 | 0.095) 9.2 | 0.002 | 0.054; 5.3 
0.256 | 0.045 | 0.202} 20. | 0.038 | 0.186 | 18.3 | 0.022 | 0.146} 14.2 | 0.006 | 0.083/ 8.1 
0.4 0.129 | 0.321} 32.5 | 0.106 | 0.295 | 29.7 | 0.062 | 0.233) 23.1 | 0.019 | 0.135) 13.2 
0.625 | 0.253 | 0.439) 45.1 | 0.214 | 0.404) 41.5 | 0.127 | 0.323) (32.3) | 0.040 | 0.192) 18.8 
0.9- 0.358 | 0.531) 54.5 | 0.314 | 0.491 | 50.5 | 0.203 | 0.398] (39.4) | 0.067 | 0.243/(23.9) 
1.6 0.506 | 0.660] 66.4 | 0.468 | 0.616 | 62.5 | 0.340 |(.513)} (50.1) | 0.135 | 0.330/(32.3) 
3.6 0.696 | 0.799) 77.3 | 0.655 | 0.759 | 74.2 | 0.542 | 0.680) (64.0) | 0.276 | 0.476/(44.5) 
6.4 0.803 | 0.868] (81.6) | 0.766 | 0.844 | 79.4 | 0.659 | 0.778] (71.6) | 0.388 | 0.582/(52.4) 
10 0.864 | 0.909! (84.3) | 0.832 | 0.892 | (82.2)| 0.737 | 0.837] (76.1) | 0.475 | 0.657|(53.0) 
19.6 0.926 | 0.952, 87.1 | 0.901 | 0.939 | (85.3) | 0.830 | 0.901) (80.8) | 0.597 | 0.756|(65.4) 
32.4 0.954 | 0.970) 88.2 | 0.935 | 0.961] 86.9 | 0.880 | 0.932) (83.4) | 0.673 | 0.811}(69.9) 
62.5 0.976 | 0.984) 89.1 | 0.963 | 0.978 | 88.2 | 0.925 | 0.959) (85.9) | 0.753 | 0.866/(74.7) 
90 0.983 | 0.989) 89.4 | 0.973 | 0.984 | 88.7 | 0.942 | 0.969} 87.0 | 0.792 | 0.890)(77.0) 
160 0.990 | 0.994) 89.6 | 0.983 | 0.991 | 89.2 | 0.962 | 0.980} 87.8 | 0.840 | 0.919)(79.8) 
360 0.996 | 0.997} 89.9 | 0.992 | 0.995 | 89.6 | 0.979 | 0.989) 88.7 | 0.890 | 0.947/(83.0) 
640 0.998 | 0.998) 89.9 | 0.995 | 0.997 | 89.7 | 0.986 | 0.993) 89.1 | 0.917 | 0.961/(84.6) 
1000 0.998 | 0.999} 89.9 | 0.996 | 0.998 | 89.8 | 0.989 | 0.995] 89.4 | 0.933 | 0.969/(85.5) 
Tasie II (Part 2) 
y = 100 y= 10 y= 10° 
K : — a = < 
Ex Bo On Ex Bo Ou Eu Bo Om 
0.16 0.004 | 0.065 6.4 0.001 | 0.044 4.4 0.0002} 0.021 2.2 
0.25 0.029 | 0.164 16.2 0.012 | 0.111 10.8 0.002 | 0.054 5.3 
0.36 0.068 | 0.246 24.5 0.030 | 0.168 16.4 0.006 0.082 8.0 
0.64 0.181 0.378 38.6 0.080 | 0.264 26.3 0.018 | (0.122) 12.8 
1.00 0.294 | 0.478 49.2 0.148 | 0.343 34.0 0.033 | (0.161) (17.0) 
1.96 0.475 | (0.617) 62.6 0.280 | 0.476 (45.6) | 0.074 | (0.236) (23.4) 
3.24 0.591 | (0.705) 70.1 0.394 | 0.580 (54.0) | 0.123 | (0.301) (28.6) 
6.25 0.721 0.817 77.0 0.546 | 0.702 (63.4) | 0.215 | (0.393) (36.2) 
9 0.781 | 0.861 79.7 0.620 | 0.759 (67.7) | 0.271 | (0.448) (40.5) 
16 0.855 | 0.912 (82.9) | 0.717 | 0.832 (73.7) | 0.354 | 0.531 (47.4) 
36 0.922 | 0.955 (86.0) | 0.820 | 0.901 (79.5) | 0.460 | 0.641 (56.5) 
64 0.951 | 0.972 87.4 0.873 | 0.933 (82.4) | 0.528 0.711 (62.3) 
100 0.966 | 0.981 88.2 0.904 | 0.951 (84.2) | 0.582 | 0.757 (66.2) 
196 0.980 | 0.989 88.9 0.937 | 0.969 (85.9) | 0.659 | 0.814 (71.1) 
324 0.987 | 0.993 89.2 0.954 | 0.977 87.0 0.710 | 0.849 (74.4) 
625 0.992 | 0.996 89.5 0.968 | 0.985 87.9 0.773 | 0.887 (77.6) 
900 0.994 | 0.997 89.7 0.974 | 0.988 88.3 0.821 | 0.906 (79.1) 
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For the Mt. Washington conditions (—10°C, 785 mb) this becomes in 
c.g.s. units 


gy = 0.1174 CU, (25a) 
or if the free air velocity is in miles per hour, and C in cm, 
p = 5.249 CU ny. (25b) 


The advantage of using y as a parameter lies in the fact that it has been 
formed from Ry, and K in such a way that the radius a has been eliminated. 
Therefore, in problems of both types, g can be calculated directly from the 
available data. 

The work with the differential analyzer was therefore planned to give 
families of curves in which the characteristics of the ice deposit, such as the 
amount and distribution etc., are expressed as functions of K and 9. 
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Fic. 4. Deposition efficiency f) at stagnation point, 8 = 0, on cylinders with ideal 


fluid flow. 
Ka 2ete 9 18¢acv 
qe 10s 


These curves are given in Figs. 1-5 and the data from which they are made 
in Table II. The ordinates of these curves represent three quantities, the total 
efficiency Ey, of rime deposition, the efficiency B, of deposition at the stagna- 
tion point, and the angle 0, beyond which deposition does not occur on the 
cylinder. The method of deriving these quantities will be given. Each graph 
is a family of curves along which ¢ is constant, the curves being plotted as 
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a function of K. Since in any given set of experimental conditions we usually 
know C and U, and therefore gy, it becomes possible to use these curves to 
calculate either the efficiency for a given value of radius or the radius from 
experimentally measured deposition rates. 


The Variables which Characterize the Amount and Distribution of Rime 


Let us consider first what the distribution of rime would be if the fog drop- 
lets were so heavy that they travel in practically straight lines instead of being 
deflected by air currents around the cylinder. This case corresponds to K = oo. 
If w represents the liquid water content in the fog (g/cm®) then the total amount 
of water which would deposit on the cylinder per unit of length along the 
axis would be 2UCw. With smaller droplets we must take into account the 





































































































Fic. 5. Angle 03; beyond which no rime deposition occurs. 


curvature of the trajectories as given by the D.A. data. The amount of water 
that strikes the cylinder must then be less than that corresponding to 2UCw. 
We may thus define the deposition efficiency, E, as the ratio of the amount 
actually deposited per unit of length to the quantity 2 UCw. 

Let us also consider the relative thickness of the rime over different por- 
tions of the cylinder. If the droplets move in straight lines the rate of accumula- 
tion of water or ice on a small surface perpendicular to the air flow would 
be Uw (expressed in g/cm). The rate of accumulation of rime of any portion 
of the cylinder can be measured by £, which represents the rate of accumula- 
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tion per unit area per second at any point on the surface defined. by 0, taking 
Uw as unity. The angle @ is the angle between the radius drawn to a point 
on the surface and the x-axis. Thus we have for the case where K = o and 
the particles travel in practically straight lines. 

B = cos 6. (26) 
We see then that 8 = 1 at the stagnation point 0 = 0. 

When the particles are smaller so that we must take into account the cur- 
vature of their trajectories 8 will always be less than given by Eq. (26). 

Tt will be shown in Appendix A that no deposition occurs on any part of 
the cylinder with particles so small that K is less than 1/8. For values of K 
slightly larger than 1/8 deposition occurs only along a narrow band near the 
stagnation point. There is thus a value of 6 which we may represent by 6,, 
beyond which no deposition occurs. For any given value of K it is possible 
from the D.A. data to calculate 6,,, and the total efficiency of deposition which 
we shall call E,,. We shall reserve the symbol E to represent the amount of 
rime which deposits between —6 and +6, the unit of deposition being taken 
as 2 UCw. The total deposition efficiency Ey is thus the rate of deposition 
between —0y and +6,. 

The quantity 6 which serves as a measure of the thickness of the rime at 
any point characterized by 6 may thus be defined by 


B = dE/db, (27) 


where 6 must be measured in radians. For the case of K = oo there is uniform 
deposition over the projected area of the cylinder. For this case 


E=Y, (28) 


where Y is the coordinate y corresponding to a point on the cylinder at 6. 
Thus we have 


Y=sin@ and E=sin6. (29) 


Differentiation of this equation and combination with Eq. (27) gives B = cos 6 
as given by Eq. (26). 

In this report we shall give the values of 04, Ey, and Bo, where fy is the 
value of 6 at the stagnation point 6 = 0. 

The D.A. calculations also furnish data for determining the angle of inci- 
dence, a, of the droplets which strike the surface at the point 6. There will 
also be data by which f and E can be calculated for any value of 0. 


Outline of Calculations Made by Differential Analyzer 

Although this project was undertaken primarily to study the deposition 
of rime on cylinders it was felt desirable, once the differential analyzer was 
set up for operation, to include the calculation of some trajectories for the 
deposition of rime on spheres and on ribbons or bands placed with their sur- 
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faces perpendicular to the wind direction. It was possible also to make a few 
calculations for the case of air flowing around a sphere with such low veloc- 
ities that the stream function is that characteristic of viscous fluids, as was 
considered by Stokes in his derivation of Stokes’ Law. These results may find 
application in the deposition of fog droplets on falling rain drops where the 
velocities of the rain drops are usually so low that the Reynolds numbers are 
small. For this case one is not justified in applying the ideal fluid theory to 
the flow of the air around the sphere. 

All these four cases, cylinder in ideal fluid, sphere in ideal fluid, sphere 
in viscous fluid and ribbon in ideal fluid, are given by the differential analyzer 
as solutions of Eqs. (4) to (8). The cases differ from one another only in that 
different expressions are used for functions u, and u, that occur in Eqs. (4), 
(5), (6) and (8). 

Glauert and Kantrowitz (NACA Technical Note No. 779) started their 
step by step integrations, in handling a problem of this kind, by assuming 
that at a certain distance from the cylinder the droplets in the air were moving 
with the free air velocity U. Actually it will always be true that the velocity 
lies somewhere between U and u where u is the local air velocity at the point 
in question. Strictly speaking the integration should be started at x = o. 

In this work, before the D.A. calculations were started, a theoretical study 
was made of the changes in velocity in the particles that occurred at large 
distances from the cylinder. The equations are given in Appendix B. It was 
found that for large values of x Eqs. (4) to (8) could be integrated by approxi- 
mate methods with satisfactory accuracy and these equations were therefore 
used to calculate the initial condition at x = 4 for the cylinder, and the ribbon, 
x = 3 for the sphere in the ideal fluid, and x = 20 for the sphere in the vis- 
cous fluid. It was necessary in each case to determine the ‘‘starting values” 
of y, v,, and v, at x = 3 or x = 4 for trajectories which started at x = co 
with selected initial values of y which we call yo. 

The differential analyzer was used to work out trajectories for values of x 
lower than these starting values and carry them through to points where the 
trajectory entered the cylinder or missed it. 


Data Obtained With the D.A. 


The following procedure was used to trace trajectories of the paths of drop- 
lets by means of the D.A. The trajectories were made in sets of three or four, 
all the curves in a set corresponding to the same value of K and of g. Values 
were chosen for R, and g and the value of K was calculated from K = R,*/p 
by Eq. (25). The machine calculated the variable R from Eq. (8) as the integra- 
tion progressed using the values of the variables u, and u, that were supplied 
by the two large scale plots of these quantities as functions of x. These plots 
were calculated by means of Eqs. (23) and (24). Similarly the values of C,R/2+ 
in Eqs. (4) and (5) were supplied to the machine by a plot of this quantity 
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against R. The integrations were started at x = 4 from the axis of the cylinder, 
and in some cases at x = 8. The plotting of the curves began when it reached 
x = 2. The machine made three simultaneous plots; it plotted the path of 
the droplet on one sheet of paper, and the values of v, and v, at each point 
along the path on a second sheet. All were plotted as functions of x. 

A more detailed account of the operation of the D.A. is given in Appendix C. 
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Fic. 6. Trajectories of rime particles deposited on cylinder AC drawn by differential 
analyzer. 


Fig. 6 shows the set of trajectories that were traced for K=1, p = 0. 
The curve AC represents the boundary of a quarter section of a cylinder of 
radius C. Three trajectories GD, HE and JF were worked out. They cor- 
respond to three different values of yy which we shall call y,, y, and yg. The 
symbol yo is the value of y at x =o. The trajectory GD passed outside the 
cylinder, the other two met it at H and J, and their paths were traced for a short 
distance inside the cylinder. 


Calculation of Ey and Oy 

In order to calculate the deposition efficiency FE, and the angle 6, beyond 
which no deposition occurs, it is necessary to know the position of the point P 
on the curve AC which is the point of tangency of the particular trajectory 
which just reaches AC. A series of trajectories could have been drawn lying 
between GD and HE until the particular one was found which was tangent 
to the curve AC; the dotted line KL represents this tangent trajectory. In 
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order to shorten the work done by the D.A., the point of tangency P was found 
by calculation from the other curves, and a set of three or four curves was 
found to be sufficient for this purpose. The point of tangency marks the extreme 
edge of the area on which rime should be deposited with the particular values 
of K and 9 that were used in drawing these curves. The calculation was made 
by the two following methods, which gave results that agreed well with each 
other. 

(a) Interpolation. The points M and N were determined graphically on 
the two trajectories GD and NE; they were the points at which lines drawn 
from the axis O of the cylinder were perpendicular to tangents to these curves. 
The straight line MN intersected the boundary at P. The point P is the point 
at which the tangent trajectory would meet the cylinder, since this trajectory 
is perpendicular to OP. 

(b) The following theorem, which is given more fully in Appendix D as 
Theorem I was used. If lines are drawn tangent to the trajectories at the points 
of intersection I, J, with the cylinder, these lines meet at a common point X, 
on the X-axis. These tangents can be drawn graphically, or their slope can 
be calculated from the ratio of the values for v, and v, that are given by the 
D.A. curves. Since the tangents meet at a common point, a line drawn from X, 
tangent to the cylinder meets the cylinder at the point of tangency P of the 
limiting curve KL which is the same as the point P determined by the first 
method. 

The total efficiency E, is the same as the value of y, for the tangent tra- 
jectory KL. This is calculated by making an interpolation between y, and y, 
in proportion to the ratio of MP to MN. Another method will be given under 
Theorem II (Appendix D). The angle POC is the angle beyond which no 
deposition occurs, and this by definition is Oy. 

Theorem I in Appendix D also leads to a derivation for the value of the 
angle of incidence a of rime particles on a cylinder. 


Calculation of By 


This was done by means of Theorem II in Appendix D. The value of Ay, 
the deposition efficiency at 6 = 0, was found in the following way. The points, 
Q, R and S were marked on the lines PX,, IX, and JX,; they are the points 
for which the values of y were respectively y,, yz and y,. It was found that 
these points fall on the arc of a circle with its center at the point X, on the 
X-axis. The arc intersected the X-axis at the point X,. The deposition effi- 
ciency B, is measured by the ratio SX,/JC when the angle JX,C is small. 
Therefore, from the geometry of similar triangles, By = X,X,/CX,. 

Theorem II can be used to determine the value of y, which is the same 
as yy for the tangent trajectory. The arc of the circle that has just been de- 
scribed is then drawn in a similar way but is drawn only through the points R 
and S that correspond to the curves HE and JF. This arc intersects the line PX, 
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at point Q, and the ordinate of Q is then the value of y» for the curve KL. 
Values determined by this method were found to be in good agreement with 
those obtained by Theorem I. : 


Velocity of impact of particles 

We have said that the x- and y-components of velocity of a particle along 
its trajectory were plotted in the D.A. graphs. The velocity v, at the point 
of impact with the cylinder could therefore be obtained from these data. 





ae oO-4 


Ribbon on 
1 2 


(3) 


Fic. 7. Flow lines around (1) cylinder (2) sphere (3) ribbon. 


The values of v, and v, were tabulated for all the trajectories, for the case 
of a cylinder. We shall give the results that were obtained for the reason that 
any future detailed study of the density of rime or ice collection will need 
the data on velocity v and angle of incidence a. Another application is in pre- 
cipitation static where the charge delivered to a surface by the impact of snow 
depends on v and a. For the case of snow flakes the value of y are very large, 
y > 10. 
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The data for v, and wv, are given in Cols. (7) and (8) of Table III. The 
values for the velocity of impact vy given by vy = (v2+v3)"*, are in Col. (8). 
The value of v, for the case of the limiting trajectory was calculated in each 
case by the same type of interpolation that was used to calculate Ey. The 
data in Col. (8) were plotted against cos for each set of trajectories, and the 
points were found to lie on straight lines for all values of K > 1. These lines 
were used to make an extrapolation to cos 9 = 1, that is, to the point on the 
cylinder at x = 1, cos 6 = 1. The value of the velocity at this point will be 
called 2. : 
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Fic. 8. Velocity v, at 0= 0, X= 1 for cylinders with ideal flow. 


The data for v, were plotted on semi-log paper against K, for the various 
values of p given in Table III. The graphs in Figs. (8) and (9) give the family 
of curves that was derived from these data. The curves were plotted for p = 0, 
100, 1000, 104, 10°. The curve for ¢ = 0 was drawn through the experimental 
points and the point v, = 0 at K = 0.125. The data for the other values of p 
were obtained from the curve for p = 0 by a procedure similar to that which 
was used to calculate Ey. Values of Ky corresponding to K were obtained 
from Eq. (40); then the values of v, at Ky were read from the curve for p = 0 
and plotted against K. A theoretical equation was derived for the upper parts 
of the curves, at K > 10, by a method similar to the methods used for Ey, 
By and 6x, given in Appendix (E). The experimental curves for g = 100 and 
1000 met the theoretical curves at K < 100. In the case of 10¢ and 10® the 
experimental and theoretical curves did not meet till they reached K > 1000, 
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Tasie III 


Record of Results Obtained from the Differential Analyzer Data for Cylinders 
in an Ideal Fluid 














(1) 2 | @ | « (5) (6) (7) (8) (9) (10) | (11) 
Run Qe K Yo 6 Ux vy ve Ex Bo Ou 
122 0 0.3 | 0.060 18.3 0.212 0.408 0.460 

121 0.067 22.0 0.206 0.478 0.520 

L 0.070 24.8 0.247 0.533 0.587 0.070 | 0.250 24.8 
45 0 0.5 | 0.08 12.7 0.294 | 0.206 0.359 

44 0.15 26.7 0.396 0.439 0.591 

42 0.18 34.3 0.468 0.560 0.730 

L 0.186 39.4 0.523 0.635 0.823 0.186 | 0.376 39.4 
43 0.20 _ _- _ _ 

37 0 1 0.20 21.7 0.560 0.234 | 0.607 

36 0.35 43.9 0.708 0.452 0.840 

L 0.380 56.8 0.827 0.542 0.989 0.380 | 0.557 56.8 
35 0.411 _ _- _ _- 

47 0 1.7 | 0.25 22.2 0.692 0.166 0.712 

48 0.50 54.6 0.858 0.354 | 0.928 

L 0.524 66.3 0.935 0.410 1.021 | 0.524 | 0.675 66.3 
46 ~ | 0.605 _ _ - _ 

40 0 4 0.35 25.6 0.843 0.091 0.848 

39 0.70 65.0 0.967 0.196 0.987 

L 0.722 78.2 1.008 0.211 1.030 0.722 | 0.815 78.2 
4 0.725 | — _ _ —- | 

38 0.80 - _ _- _ 

51 0 | 16 0.40 25.6 0.950 0.028 0.950 

50 0.90 79.0 0.994 0.054 0.995 

L 0.909 86.9 1.002 0.055 1.004 | 0.909 | 0.930 86.9 
49 0.947 _- _ _ _ 

73 | 100 1 0.10 11.9 0.428 0.278 0.510 

71 0.25 33.0 0.544 0.736 0.915 

L 0.296 49.1 0.915 0.793 1.210 0.296 | 0.482 49.1 
72 0.30 _ _ _ —- | 

76 =| 100 4 0.30 23.3 0.764 0.132 0.775 

75 0.60 56.5 0.906 0.283 0.949 

L 0.639 71.8 0.993 0.326 1.045 0.639 | 0.771 71.8 
74 0.650 _ _ _ —_- 

14 | 1000 0.4 | 0.040 17.3 0.132 0.308 0.335 

13 0.060 23.3 0.194 9.440 0.481 

L 0.0615} 24.2 0.240 0.534 0.586 0.0615} 0.240 24.2 
7 0.064 
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Taste III (cont’d.) 
ol/al@loalealo}lal » | () | do | qty 
Run ? K Yo 6 Or vy ve Ex o Ou 
11 = 1000 2.5} 0.10 79.8 0.548 0.112 0.559 
10 0.40 48.4 0.768 0.488 0.910 
L 0.434 | 58.2 | 0.921 | 0.571 | 1.084 | 0.434 | 0.564 | 58.2 
9 0.482 _ _ _ _ 
3 | 1000 10 | 0.10 7.6 0.828 0.032 0.829 
4 0.30 22.0 0.828 0.102 0.834 
5 0.50 37.7 0.870 0.162 0.885 
2 0.70 63.6 0.968 0.236 0.996 
L 0.728 76.1 1.038 0.257 1.069 [0.728 | 0.763 76.1 
1 0.78 = _ _ _ 
19 10 1 0.07 11.7 0.216 0.206 0.298 
18 0.142 27.0 0.464 0.452 0.648 
L 0.156 34.2 0.494 0.725 0.877 0.156 | 0.348 34.2 
20 0.20 _— _ _ _ 
23 10¢ 4 | 0.20 18.3 0.584 0.416 0.620 
22 0.40 42.7 0.730 0.876 0.851 
L 0.441 57.1 0.877 0.567 1.044 0.441 | 0.643 57.1 
21 0.472 _ _- _ _ 
25 10*| 16 | 0.30 ,21.5 0.794 0.109 0.801 
29 0.60 48.5 0.893 0.233 0.923 
28 0.70 66.6 0.993 0.289 1.034 
L 0.71 73.7 1.039 0.304 1.083 0.710 | 0.824 73.7 
24 0.76 _ _ _ _ 
27 0.80 _ _ _ _ 
26 0.85 _ _ _ _- 
32 10*| 36 | 0.40 271 0.885 0.086 0.889 
31 0.80 69.2 1.006 0.174 1.021 
L 0.819 79.8 1.056 0.193 1.074 0.819 | 0.885 79.8 
30 0.86 _ _ _ _ 
70 10*| 256 | 0.40 24.9 0.962 0.026 0.962 
68 0.90 70.8 1.006 0.054 1.007 
69 0.94 | 82.9 | 1.026 | 0.056 | 1.028 | 9.943 | 0,950 | 86.1 
L 0.943 86.1 1.030 0.057 1.032 
63 10°); 10 | 0.2 17.8 0.568 0.192 0.600 
62 0.450 47.8 0.80 0.474 0.939 
L 0.462 58.3 0.902 0.557 1.060 0.462 | 0.658 58.3 
61 0.526 _— _ _ _ 
66 10*| 64 | 0.25 19.9 0.638 0.192 0.666 
67 0.50 45.1 0.812 0.404 0.907 
L 0.564 62.3 0.894 0.468 1.009 0.564 | 0.745 62.3 
65 0.60 _ _ _ _ 
64 0.664 _ _- _ = 
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and therefore a smooth curve was drawn to unite them in the region between 
K = 10 and K = 1000. 

The analysis which has just been given led to the following method for 
calculating the velocity of impact v of a particle at any point on a cylinder 
from 0 = 0 to 0 = 0, for given values of K and gy. The value of v, that cor- 
responds to K and ¢ is obtained from Figs. (8) and (9). Then a linear plot 
of v as a function of x is made by drawing a straight line between v = 2, at 
x= 1 and v= 1.05 at x = cos@,. The mean value v at x = cos Oy, which 
we shall call v,,, was found to be 1.046 for the twelve sets of data in Table III 
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Fic. 9. Velocity v,; at = 0, X= 1 for cylinders with ideal flow. 


for which K >1; the values ranged from 1.004 to 1.084. Therefore we can 
adopt the value of v = 1.05 for the purpose of making linear plots of v and 
obtain results that are reasonably accurate. The value of v for any value x 
between x = cos 9, and 1 can be read from this plot. The separate com- 
ponents v, and v, can then be calculated from the equation for tan y which is 
given in Appendix (D) where y is the angle which the tangent to a trajectory 
at the point of intersection with the cylinder makes with the x-axis. The equa- 
tion is 


tan y = sin 6/(sec 0,,—cos 6). (30) 

We therefore obtain 
v, = v(sec O4,—cos 6)/(sec? 0,,—2 sec Oy, cos 0+-1)¥? (31) 
v, = v sin 0/(sec* 6,,—2 sec 0,, cos 0-+-1)¥? (32) 
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Results for Cylinders in Ideal Fluid 

The results that were obtained for the 61 trajectories made for cylinders 
are given in Table III. Trajectories were made which corresponded to selected 
values of p as defined by Eq. (25). The values of y chosen for these curves 
were 0, 100, 1000, 104, 10° and 10°. For each value of » several values of K were 
selected that gave values of Ey, which well covered the range from 0.1 to 0.9. 

In Col. (1), Table III, Run ‘‘L” refers to the limiting trajectory for each 
set of data (KL in Fig. 6). The values of yo in Col. (4) are the values of y at 
x = 00. In Col. (5) 6 is the value of 6 at which the trajectory reaches the cylinder 
(angles IOC and JOC for trajectories IE and JF in Fig. (6). In Cols. (6) and (7), 
v, and v, are the x- and y-components of the velocity of impact v, of a particle 
on the cylinder at an angle 0. Col. (8) gives v,. In Col. (9) Ey is the value of 
yo for the limiting trajectory L. The values of B, and 0, in Cols. (10) and (11) 
also refer to the limiting trajeetory and were determined: by the method de- 
scribed in the preceding section. 

The equations that were used to calculate the data of Figs. 1-5 and Table II 
will now be given. 


g = 0. Stokes’ Law Applies 
Six values of K ranging from 0.3 to 16 gave data which fit within the ex- 


perimental error with the following equations: _ 
For K in the range from 0.125 to 1.1; 


Ey, = 0.466 (logy) 8K)? (33) 
For values of K above 1.1: 
Ey = K/(K+2/2) (34) 


The values of 6,, which define the maximum width of the band on which 
deposition occurs, are given by: 
For all values of K from K = 0.125 up to K = 10; 
tan 0, = 1.70(K—1/8)°* (35) 
For all values of K above 10: 
tanOy = K (36) 
The relative deposition efficiency at the stagnation point defined by 8) 
is given by: 
For values of K from 0.125 to 7.5, 8B, can be found from: 


Bo/(1—Bo) = 1.40(K—1/8)°*, (37) 
or, if P is the value of the second member of this equation, we have 
Bo = P/(P+1) (38) 
For all values of K above 7.5: 
By = K/(K +1) (39) 
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Tasie IV 
Comparison of Glauert Data with the new Results from 
the Differential Analyzer (D.A.) Calculations 

















K Ey Ou Bo 
Glauert | D.A. | Glauert | D.A. | Glauert | D.A. 
0.125 0.0 0.0 0 0 0.0 0.0 
0.25 0.04 0.042 22° 19.5° 0.13 | 0.197 
0.50 0.175 0.190 | 43.5 39 0.36 | 0.379 
1.0 0.41 0.386 | 58.5 57 0.615 | 0.557 
2.0 0.65 0.560 | 71 70 0.77. | 0.704 
4.0 0.80 0.718 78.5 78.2 0.86 | 0.812 





Table IV gives a comparison of the Glauert data (Restricted British report) 
with the new data from the D.A. as given in Figs. (1) to (5). No claim for 
high accuracy was made for the Glauert calculations. The discrepancies are 
of the magnitude to be expected from Glauert’s assumption that the droplets 
have the free stream velocity at the point where the step by step integration 
was started. This error is larger for the higher values of K. 

Tasie IV (a) 
Comparison of Kantrovitz Data with the new Results 
from the Differential Analyzer (D.A.) Calculations 








bat ® “ ‘) ) 
—_ K, | Kentrovitz | D.A. | Kantrovitz | D.A 
(mils) i: _— 
0.32 0.125 _ 0.0 _ 0 
0.7 0.619 0.075 0.250 19.0 44.6 
1 1.26 0.200 0.445 33 61.8 
2 5.04 0.520 0.760 55.5 80 
4 20.1 0.780 0.928 71.5 87.2 
6 45.4 0.860 0.966 78.5 88.6 
10 125.9 0.920 0.987 83.5 89.5 
40 2015 0.99 0.999 89.0 89.9 














Table IV (a) gives comparison of the Kantrovitz data (Restricted Report, 
National Advisory Committee for Aeronautics) with the new data from the 
D.A. The Kantrovitz data were calculated for particles travelling at a high 
velocity, v = 8940 cm/sec. They correspond to the case y = 16,000. The 
data from which f, can be calculated were not given in the Kantrovitz Report. 
Higher values of p 


All the results were found to be in good agreement with values calculated 
by the following method. From the actual values of K calculate Ky as defined 
by the equation 

(Ko—1/8) = (4/4,) (K—1/8). (40) 
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Here 4, is the Stokes’ Law range given by Eqs. (11) and (19) and A is the 
true range for a droplet of radius a projected into still air with the velocity U. 
The ratio 4/4, can be calculated from R, by the equation 


Rg 


4/4, = (1/Ry) [ dR/(C>R/24). (41) 


A full table of values of 4/A, was given in Table I. 


Calculation of Ey for low values of K 

Having found K, by Eq. (40) and the data of Table I, we then calculate 
Ey, by Eqn. (33) using Ky as the value of K. This method of calculation was 
given as a semi empirical method in the report, ‘‘Super Cooled Water Droplets 
in Rising Currents of Cold Saturated Air”, Part I, page 275, by I. Langmuir, 
sent to Materiel Command, Wright Field. 

When the D.A. data were compared with the calculated values of Ey, it 
was found that the following small correction would bring the calculated 
values into good agreement with the observed values, for all values of ». The 
correction was therefore included in the procedure for calculating Ey. 


TaBLe V 


Correction applied to values of Ey 
calculated by Eqs. (33) and (40) 





Ex AEy | Ey | AEy 
0.05 0.0 0.3 0.20 
0.1 0.005 || 0.35 0.015 
0.15 0.013 || 0.4 0.010 
0.2 0.02 0.45 0.005 
0.25 0.023 





Calculation of Ey for higher values of K, giving Ey >0.5 
Theoretical equations have been derived for Ey, By and 0, (See Appen- 
dix E) which should be accurately applicable for very high values of K. In 
the case of Ey it is found empirically that it is satisfactory for all values of K 
which give Ey 0.5. The equation is 
Ey = K/(K+H,), (42) 
where H, is defined by 
HA, = 1+0.5708(C,R/24)—0.73 x 10-*(Ry)'* (43) 


The value of Ry is given by Eq. (9) and C,R/24 by Table I or by Eq. (22). 

These equations may be used for all values of g or Ry. Thus, for example, 
when » = 0, Ry = 0 and Eq. (43) gives Hy = 1.5708 = 2/2 and Eq. (42) 
reduces to Eq. (34). 


24 Langmuir Memorial Volume X 
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Calculation of tan Oy for low values of K 

After having calculated K, by Eq. (40) we get tan@ by Eq. (35) using 
K, in place of K in that equation. 
Calculation of tan 0, for large values of K 

From a theoretical equation valid for large values of K we have 


tan 0, = K/H,, (44) 
where H, is given by 
Hy, = 0.385 +0.615(C,R/24)—0.51 x 10-4(Ry)}8. (45) 
For gp =0, H,=1.0 and Eq. (44) reduces to Eq. (36). 


Calculation of By for low values of K 

After having calculated K, by Eq. (40) we get £, from Eq. (37) using K, 
in place of K. 

Due to a rearrangement of the text, Eqs. (46) and (47) have been omitted. 


Calculation of By for large values of K 
A theoretical equation valid for large values of K gives 


Bo = K/(K+H,), (48) 


where 
H, = 0.728+-0.272(C,R/24)—0.42 x 10-*(Ry)***. (49) 


For the case y = 0, H, = 1, and Eq. (48) reduces to Eq. (39). 
The foregoing equations from Eqs. (33) to (49) make it possible to calculate 
Ey, 94 and By for all values of K and R,. 


Calculated values given in Table II 

The equations were found to fit the experimental data over a wider range 
of values of m and K than was to be expected theoretically from the assump- 
tions that were made in their derivation (See Appendix E). Table II gives 
the values of Ey, By and 6,, that are plotted in Figs. (1) to (5). The values that 
are not in parentheses in Table II were calculated by means of Eqs. (33) 
to (49) with the corrections given in Table V for Ey. 

The values in Table II that are in parentheses correspond to interpolations 
made in order to join the end of each curve that was calculated for low K to 
the end calculated for high K. In most cases the interpolated part of each 
curve deviated very little from the two calculated parts. The row of short 
dashes on the curves in Figs. (1) and (2) such as the dash at K = 1.30, 
Ey = 0.47, mark the lower end of the part of each curve that was calculated 
by Eq. (39). The longest range of interpolations was in the case of the curves 
for 6,. The interpolated curves were drawn through the experimentally de- 
termined points wherever this was possible. 
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Taste VI 
Comparison of Observed and Calculated Values of Ey, Bo, 94 











Ey Ey ‘B B Ou Ou 

Sheet ° K | cobs.) | (calc) | (obs.) | (calc) | (obs.) | (calc.) 
37 0 03 | 0.070 | (0.068) | 0.250 | 0.245 | 248 | 243 
17 0 os | 0.186 | (0.190) | 0376 | 0.380 | 39.4 | 389 
15 0 1 0.380 | (0.386) | 0557 | osse | ses | 56.9 
18 0 1.7 | 0524 | (521) | 0675 | 0672 | 663 | 674 
16 0 4 0722 | 0718 | 081s | 0814 | 78.2 | 781 
19 0 16 0.909 | .0.911 | 0930 | 094 | 869 | 864 
25 100 1 | 0.296 | (0.294) | 0.482 | 0478 | 491 | 49.2 
26 100 4 0.639 | 0.635 | o771 | 0.748 | 71.8 | 726 
6 1000 04 | 0.0615 | 0.0609 | 0.240 | 0.233 | 242 | 234 

4 1000 25 | 0.434 | (0.450) | 0564 | 0.606 | 58.2 | (58.4) 

2 1000 | 10. 0.728 | 0.736 | 0.763 | 0837 | 761 | (76.1) 
10 108 1 0.156 | 0.149) | 0348 | 0343 | 342 | 340 
11 108 4 0.441 | (0.442) | 0.643 | 0.621 57.1 57.4 
12 10 | 16 o710 | 0.717 | 0824 | 08932 | 73.7 | 73.7 
13 10° | 36 0819 | 0820 | 0.885 | 0.901 79.8 | 79.5 
24 10 | 256 0.943 | 0.947 | 0.950 | 0974 | 86.1 86.5 
22 10 | 10 0.462 | (0.476) | 0.658 | 0657 | 583 | 58.2 
23 10° | 64 0.564 | (0.528) | 0.745 | 0.711 623 | 624 


























Table VI gives a comparison of the observed values of Ey, By and 0, with 
the values taken from the curves of Figs. (1) to (5) and Table II. They are 
seen to be in good agreement, which justifies the use of these equations and 
the curves that have been constructed from them for calculating values inter- 
mediate between those given by the D.A. 


Results for Sphere in Ideal Fluid 


For the case of y = 0, (Stokes’ Law for the droplets), the results are given 
with satisfactory accuracy by 


Ey/(1—Ey) = 0.82(Ky—1/12)'", (50) 
tan 04 = 2.8(Ky—1/12)*®, (51) 

and 
Bo/(1—Ao) = 1.83 (Ky—1/12)™, (52) 


where Ky is given by 
(Ko—1/12) = 4/2,(K—1/12). (53) 


Here Ey is the deposition efficiency expressed as the ratio of the usual 
rate of deposition to the maximum possible rate (for K = oo) which is xS?Uw 
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Fic. 11. Deposition efficiency f) at stagnation point 8 = 0 on spheres with ideal fluid flow. 
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where S is the radius of the sphere. The actual rate is zy3Uw so we have 
Ey, = yi, since S is taken to be unity. Similarly the deposition rate B, at the 
stagnation point is given by Eq. (8D) in Appendix D, which is 


Bo = (%4—*)*/(%,— 1)? 


Five sets of trajectories were made with the D.A. for y = 0 and a series 
of values of K. For p = 1000 one trajectory was made for each of the two 
cases K = 0.4 and 3.6. The results are given in Table VII. Sets of theoretical 
curves for Ey, By and 6, were calculated from Eqs. (50) to (53) and are given 
in Figs. (10) to (12). The data in Table VII are in fairly good agreement with 
the theoretical curves. 








Tasre VII 
Record of Results Obtained with the Differential Analyzer for Spheres 
Ideal Fluid 
Run | ? K Yo 6 Ur | vy v | Ey | Bo 
94 0] 02 |01 13.3 0.152 0.242 0.286 
L(95) 0.2 32.1 0.346 0.552 0.651 0.04 
96 0.25 _ — _ _ 
88 0; 05 |01 8.5 0.460 0.090 0.469 
85 0.2 17.3 0.454 0.196 0.494 
86 0.3 25.9 0.532 0.276 0.599 
87 0.4 37.0 0.596 0.376 0.705 
89 0.45 45.7 0.672 0.458 0.813 
90 0.47 50.1 0.702 0.488 0.855 
L 0.477 55.6 0.747 0.511 0.905 0.228 | 0.455 
79 o| 1 0.2 14.8 0.670 0.096 0.677 
77 0.4 30.0 0.720 0.192 0.745 
78 0.6 52.0 0.816 0.304 0.871 | 
L 0.66 68.8 0.921 0.357 0.988 0.436 |0.625 | 
80 0.7 _ _ = = | 
83 0| 2 0.2 13.6 0.812 0.048 0.813 
82 0.4 27.5 0.828 0.096 0.834 
84 0.7 56.3 0.898 0.178 0.915 
L 0.78 77.7 0.982 0.213 1.005 0.608 | 0.750 
81 0.8 _- _ _ _ 
92 0; 5 0.4 26.2 0.914 0.044 0.915 
93 0.8 64.7 0.962 0.095 0.967 
L 0.849 83.6 0.992 0.111 0.998 0.721 |0.825 
1 0.86 _ _ _ _ 
123 | 1000 | 0.4 |0.2 21.3 0.322 0.326 0.458 
L 39.2 
124 | 1000 | 3.6 |0.7 57.5 0.898 0.226 0.926 
L 75.1 
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Equations were derived for Ey, By and 6, at high values of K, by a method 
similar to the method used for cylinders, which is given in Appendix E. The 
equations were found to be so complicated in the case of spheres that the 
calculation was not carried through. 


Results for Ribbon in Ideal Fluid 
The following equations were used to calculate Ey and £,. For small values 
of K, 
Ey, = 1.35 (log 8K5)*, (54) 
By = 0.78 log (4K), (55) 
where K, in Eq. (54) is given by Eq. (40). In Eg. (55) Ko is given by 
Eq. (40) after substituting 1/4 for 1/8 on both sides of Eq. (40). For large 
values of K, 


Ey = K/(K+H;), (56) 

where 
H,, = 0.48+0.046 Ro (57) 
Bo = K/(K+H,), (58) 

where 
H, = 1+0.065 Ro* (59) 


Here K is given by Eq. (12), substituting the half width 5 of the ribbon 
for the radius C of the cylinder. Eqs. (57) and (59) were derived by methods 
similar to those used in the case of cylinders (Appendix E). 

Families of curves for Ey, and f, as functions of K, for four values of 9, 
are given in Figs. (13) and (14). Values of are given by Eq. (25), substi- 
tuting b for C. 

For large droplets giving high values of K, Ey, = 1 and the thickness is 
uniform, 8 = 1, over the whole surface. With smaller droplets the thickness 
of the deposit is a minimum near the central line with a maximum occurring 
at points near y = 0.8. 

The angle of incidence is given by the following equations: 


tan ap = yy A/K (60) 

where A = 140.12 R,°+1.1 x 10-4R,38. (61) 
tan a, = H,/K, (62) 

where H, = 1.28 +0.50 R,°® (63) 


Here ap is the angle of incidence for trajectories striking the ribbon near its 
center, y = 0.0 to 0.2, and a, near the edge, y = 0.8 to 1.0. Let ap be the 
point at which a line drawn tangent to a trajectory at the point of incidence 
meets the x-axis, for the case of trajectories which strike the ribbon near its 
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Fic. 13. Efficiency of rime deposition on ribbons with ideal fluid flow. (Note: The lower 
curves are a continuation of the upper.) 
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center. The value of y at the point of incidence is y, and is given by y, = yo/Bpo- 
We then have 


tan ap = y,/Xp, (64) 

%p = Yo/(Bo tan ap). (65) 

In the case of trajectories which strike the edge of the ribbon, y = 1, 
x, = 1/tan a,, (66) 


Values of xp and x,, calculated for four values of gy, are given in Table VII (a). 
These values can be used in the following way to determine the angle of incidence 
of a particle which strikes a ribbon at a point y on the ribbon. We find in the 
Table the value of x, or x; which corresponds to the values of K and » for 
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Fic. 14. Deposition efficiency By at stagnation point 6 = 0 on ribbons with ideal fluid flow 
(Note: The lower curves are a continuation of the upper.) 


the experimental data. A line drawn from x, to any point near the center 
of the ribbon is a tangent to the trajectory which strikes the ribbon at that 
point and similarly x, gives the tangents for points near the edge. The values 
in Table VII (a) are only approximate for small values of K, since Eqs. (60) 
to (63) were derived for large values of K and do not hold accurately for small 
values. * 


Sphere in Viscous Fluid 


The critical limit below which no deposition occurs appears to be close 
to K=1.0. At K= 10, and p=1 the deposition efficiency is Ey = 0.64 
and at the stagnation point fy = 0.68. 
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Tasie VII (a) 
Values of x, and x, as a Function of K for Four Values of y for the Case of 
Ribbons 
K *D | xB *D xB *D | XE K *D *E 
(p= 0) (py = 100) (p = 10) (p = 1000) 
0.25 0.0 0.0 0.0 0.0 0.0 0.0 (0.0) | (0.07) 
0.36 (0.1) (0.3) (0.1) (0.01)| (0.05) 0.324 | (0.03)| (0.12) 
0.64 (0.7) (0.5) (0.5) (0.2) (0.07) 0.625 | (0.3) | (0.16) 
1.00 (1.4) (0.8) (0.9) (0.3) | (0.3) (0.1) 0.90 (0.6) | (0.25) 
1.96 2.8 1.5 (1.8) (0.5) | (0.7) (0.16) 1.6 (1.1) | (0.46) 
3.24 4.2 2.5 2.6 0.74 | (1.1) (0.22) 5.6 (2.0) 0.70 
6.25 7.2 4.9 4.0 1.2 | (1.7) (0.36) 6.4 2.9 0.96 
9 10 7.0 5.2 1.6 | (2.2) (0.46) 10. 3.7 | 1.6 
16 17 12 7.9 25 | 3.0 0.69 19.6 5.8 | 2.2 
36 37 28 14.5 46 | 48 1.2 32.4 8.2 | 3.6 
64 65 50 22 7.0 6.8 1.8 62.5 13 4.6 
100 100 78 31 9.6 9.0 2.5 90 16 6.9 
196 200 150 52 16 14 4.0 160 25 12 
324 320 250 76 22 «| 19 5.6 | 360 43 18 
625 630 490 123 36 | 28 8.9 640 63 | 25 
900 900 700 160 46 34 11 1000 86 




















Flow Lines for Ideal Fluid 


The drawings in Fig. 7 show the lines of flow of an ideal fluid around a cyl- 
inder, a sphere and a ribbon. They were calculated by means of the following 
equations: 


Cylinder: x* = y(y—yo)—9* (67) 
Sphere: x* = [y?/(y*—y,*)]*®7—y? (68) 
Ribbon: x? = y3/(y*—y,%)—y,* (69) 


A comparison of the trajectories in Fig. 6 with the flow lines in the first drawing 
of Fig. 7 for the corresponding values of yo, shows how the paths of the rime 
particles deviate from the flow lines. 

Note: The text of the following section was duplicated before the preceding 
section was written; the number of Eq. (50) in the following section should 
be changed to (70). 


Example of the Application of the D.A. Data to Experimental Data 


In the early work that was done before the D.A. study was made, a method 
was developed for analyzing the experimental data that were obtained at the 
Mt. Washington Observatory. These data were measurements of the ice col- 
lected on two or more rotating cylinders under various conditions. This work 
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has been described in the Report to the A.R.L. ‘‘Super-Cooled Droplets in 
Rising Currents of Cold Saturated Air”, Parts I and II by Irving Langmuir. 
The method has been revised as a result of the work done with the D.A. 
We shall describe the revised method and illustrate its use by analyzing some 
recent data that were obtained by R. M. Cunningham in an airplane. 
By combining Eqs. (12) and (25) we obtain 


Ko = (2¢,Ua/n)? (50) 


Therefore Kg is independent of the cylinder radius. The values of Ky were 
found to be between 13,000 and 6000, for all of Cunningham’s data. 

A curve was prepared in which Ey was plotted against 1/K on double log- 
arithmic paper for a constant value of Kp which was taken to be 104. The 
data for this curve are given in Col. 2, Table VIII. Col. 3 gives similar data 























Taste VIII 
Values of Ey as a Function of 1/K for Six Sets of Assumed 
Conditions 
(1) (2) 3) | (5) (6) (7) 
Eu Ey Ey Eu Ey Eu 
Droplet size uniform Droplet size not uniform 
1/K (A) (A) (B) (C) (D) (E) 
Ko = 10' |Ko= 5000'Kp = 104 Kp=10¢ | Kp = 104Kp = 108 
4 0.009 0.010 0.0125 0.019 0.030 0.043 
2 0.044 0.052 0.054 0.068 0.083 0.104 
1 0.149 0.169 0.155 0.167 0.185 0.203 
0.5 | 0.314 0.346 0.313 0.318 0.327 0.336 
0.2 0.582 0.610 0.556 0.546 0.536 0.532 
0.1 0.736 0.754 0.715 0.700 0.683 0.668 
0.05 0.848 0.861 0.830 0.816 0.799 0.781 
0.02 0.932 0.940 0.921 0.914 0.898 0.880 
0.01 0.965 0.968 

















for Ky = 5000. The two curves have nearly the same shape on double log 
paper, being displaced by an amount (1/K),/(1/K), = about 1.1. The experi- 
mental data are compared with the theoretical curve by superimposing one 
sheet on the other, sliding the upper sheet (with the axis of coordinates parallel 
for the two sheets) until the two curves coincide at the end where C is small. 
A convenient way to illuminate the sheets is to hold them against a window 
pane. In general the two curves do not coincide throughout their length; 
they coincide only in the particular case in which the experimental points 


1 Work done under Army contract W-33-106-sc-65 Precipitation Static Studies October, 
1943, to August, 1944. 
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satisfy Eq. (50) for a constant value of a, that is when the particles in the 
fog have uniform size. The following set of data will illustrate the way the 
analysis is made. 

Amounts of ice Ey w were collected on four cylinders of different diameters, 
each 10 cm in length. The liquid water content of the fog in g/m*® was w. 
The mean value of the initial diameter of a cylinder and the diameter coated 
with ice at the finish of an experiment was 2C. The true speed of the airplane 
was 207 mi/hr, the temperature measured by a thermometer —3°C. 


Taste IX 
Four Assumed Distributions of Droplet Size 


























Liquid Water} g/a, | (a/ay)** | (a/ay)*® | (a/ag)** 
Content 
Per cent B c D E 
5 0.56 0.42 0.31 0.23 
10 0.72 0.61 0.52 0.44 
20 0.84 0.77 0.71 0.65 
30 1.00 1.00 1.00 1.00 
20 1.17 1.26 1,37 1.48 
10 1.32 1.51 1.74 2.00 
5 1.49 1.81 2.22 2.71 
Tasrgs X 
Eyw 2c 

(g) (cm) 

0.118 0.43 

0.0808 2.60 

0.0603 5.09 

0.0250 15 





These were plotted on double log paper and compared with the curve 
for Ky = 104 that had been plotted from the data of Col. 2, Table VIII. It 
was found by sliding one plot on top of the other that there was no position 
in which all four experimental points could be made to lie on the theoretical 
curve. The same result was found, in general, for all the sets of Cunningham’s 
data that we analyzed. 

The experimental curves had higher values of E,, than the theoretical curve 
for the points obtained with the collectors of largest diameter. This effect 
would be expected if the droplets were of non-uniform size, since the largest 
droplets could reach the largest collector while those of average size could 
not. The theory was then modified in the following way by a procedure that 
was largely taken from the earlier Report. 
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Eq. (12) was derived on the assumption that all the particles in the fog 
had a uniform radius a, and similarly the data for Ky = const. in Table VIII 
were based on the same assumption. However, the data for Kp = const. 
are applicable to heterogeneous fogs if we know the distribution of sizes and 
calculate separately the contribution of each group. We have, therefore consid- 
ered quantitatively the effects to be expected from reasonable types of size 
distribution. ; 

A second set of corrections were applied which represent the effects of 
two specified size distributions on the Ey, vs. 1/K plot. The assumed distri- 
butions are tabulated in Table IX. The droplets were divided into seven 
groups representing a symmetrical subdivision of the area under the volume- 
distribution curve. The B distribution in Table IX was obtained by determining 
the average radius of the droplets in each of the 7 sub-divisions. On this basis 
the unit of radius a, is the ‘‘volume-median”, i.e. a radius such that half of 
the liquid water content of the fog is in droplets of larger radius and the other 
half in droplets of smaller radius. The fraction N of the total number of droplets 
that lie within each group can be calculated, since (a/a,)*N is proportional to 
the liquid water content for each group. 

The distribution given under C in Table IX represents a wider spread 
of droplet sizes, obtained by choosing relative radii for the seven groups with 
values equal to the 1.5th power of those of the B distribution. Similarly groups 
D and E were obtained by raising the values of the B distribution to the powers 
2.0 and 2.5. Curves plotted from the data in Cols. 2 and 3 correspond to particles 
of uniform size and are called A-curves. 

Cols 4 to 7 of Table VIII give the values of Ey, that correspond to these 
four distributions. They were calculated by applying the data of Col. 2 sepa- 
rately to each of the 7 groups and adding their contributions to the value of ao. 
It is a good plan in plotting these data to multiply the values of Ey in Cols. 
4 to 7 by the factors 1.2, 1.4, 1.6, 1.8 respectively, in order to separate the 
curves on double log paper. 

Experimental data can be compared with these curves in the same way 
as with the curve Kp = 104. When the set of Cunningham’s data that we 
have given as an example were compared with the curves B, C, D, E it was 
found that all four experimental points lay on curve C if the two sheets 
were superimposed in such a way that the values 2C = 17.0 and Eyw = 0.132 
on the experimental curve coincided respectively with 1/K = 1 and Ey = 1 
on the theoretical curve. 

The value of the radius a of the fog particles was calculated by means of 
Eq. (12), as follows: 

We have from the graphical analysis K = 1 when 2C = 17.0. 

The measured temperature was corrected by an amount —2°C because 
of the dynamic heating of the air. The amount of heating of air by impact 
against a surface travelling with a velocity of 100 mi/hr relative to the air 
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is 1°C, and for 200 mi/hr it is 4°C. In these experiments the velocity was 
approximately 200 mi/hr. Therefore the free air temperature was 4°C below 
the temperature measured by the thermometer. A correction —2°C was 
applied to the temperature measurement which was an assumed mean value 
of the temperature of the air along the path of the trajectory. 
Then 7 = 1.68X 10-4 for T = 268°K, calc. by Eq. (15). 
0, = 1.0 for water droplets. 
U = 207 mi/hr 
U = 9253 cm/sec 


From Eg. (12) we obtain a = 8.33u. 
The value of g was calculated by means of Eq. (25): 
From Eq. (15) eg = 1.101 x 10-* g/cm* 


e, = 1.0 for water droplets 
Substituting 7 = 1.68 x 10-4. U = 9253 cm/sec, C = 8.5 cm we obtain 


gy = 10,200 
The calculations were made for the case 1/K = 1 and therefore 
Kg = 10,200. 


The value of the liquid water content w of the fog was derived from the 
values E,,w = 0.132 when Ey = 1, which were obtained from the graphical 
analysis. We therefore have the result w = 0.132 g/m’. 

The analysis that has just been given was for the case Ky = 10,200. There 
are, however, other experimental conditions for which Kg has widely different 
values. At the Mt. Washington Observatory the value of Kp for the mean 
conditions U = 50 mi/hr, a = 54, T = —5°C, p = 785 mb can be calculated 
from Eqs. (13), (15) and (50) and is Kp = 184. Since Kg is proportional 
to (Ua)* the value is increased 36-fold if U is 100 mi/hr and the mean 
value of a is 15 4; similarly Kp may be much less than 184. Therefore five 
additional sets of curves were prepared corresponding to Ky = 0, 20, 200, 
1000, 3000. The data for these and for Kp = 10¢ are given in Table XI. 

In order to find out which curves to use for a given set of experimental 
data, we use the following procedure. A reasonable estimate of a is made 
before the data are analyzed, and the corresponding value of K@ is calculated 
by Eq. (50). The analysis is then carried through by the method that has been 
described for Cunningham’s data, using the set of curves for which the value 
of Kp is nearest to the value for the data. The actual value of K@ for the experi- 
mental data is obtained from these calculations. If this value differs considerably 
from the value for the Kg-curves that were chosen, a correction is applied to 
the calculated value of a. The amount of the correction can be determined 
from the data in Table XII. We shall give an example to show how the cor- 
rection is made. 
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Taste XI 
Values of Ey as a Function of 1/K for five Values of Kp 
Kp=0 Kp = 20 
1/kK | Eu Ex Ey Eu | Ew | Eu | Ex Ex Ey Ex 
A B Cc D E A B Cc D | E 
n ] 1 * FA 
4.0 | 0.040} 0.059 0.078 0.100 | 0.120 | 0.030 | 0.044 | 0.059 0.077 0.099 
2.0 | 0.187 | 0.192 + 0.202 0.216 | 0.233 | 0.137 | 0.148 | 0.163 0.180 0.201 
1.0 | 0.385 | 0.372 0.372 0.371 | 0.376 | 0.326 | 0.319 | 0.320 0.328 0.336 
0.5 | 0.560] 0.548 0.536 0.530 | 0.523 | 0.522 i 0.505 | 0.494 0.490 0.485 
0.2 | 0.761 | 0.747 0.731 0.716 | 0.699 | 0.729 | 0.714; 0.699 0.682 0.668 
0.1 | 0.864 | 0.852 | 0.837 0.821 | 0.803 | 0.843 | 0.829 | 0.813 0.797 0.779 
0.05 | 0.927 | 0.918 0.906 0.894 | 0.878 | 0.916 | 0.902 | 0.892 0.878 0.861 
0.02 | 0.970 | 0.963 0.959 0.951 | 0.942 | 0.963 | 0.956 | 0.952 0.942 ; 0.933 
0.01 | 0.984 | 0.983 
Ky = 200 Kg = 1000 
1/K | Ea Eu Ey Ey | Ew | Eu | Eu Ey Ey Eu 
A B Cc E Cc D E 
4.0 | 0.021] 0.031 0.044 0.061 | 0.080 | 0.015 | 0.0231) 0.0335 0.0481 | 0.066 
2.0 | 0.101 | 0.116 0.131 0.151 | 0.172 | 0.076 | 0.0906; 0.107 0.124 0.146 
1.0 | 0.271 | 0.272 0.277 0.289 | 0.306 | 0.226 | 0.230 ; 0.237 0.251 0.267 
0.5 | 0.478) 0.460 0.452 0.450 | 0.448 | 0.420 | 0.409 | 0.406 0.409 0.411 
0.2 | 0.694 | 0.679 0.665 0.650 | 0.638 | 0.656 | 0.644 | 0.629 0.615 0.605 
0.1 | 0.822} 0.807 0.791 0.775 | 0.758 | 0.796 | 0.781 | 0.764 0.747 0.729 
0.05 | 0.904] 0.892 0.879 0.865 | 0.846 | 0.886 | 0.873 | 0.860 0.845 0.826 
0.02 | 0.961 | 0.955 0.948 0.938 | 0.925 | 0.951 | 0.943 | 0.937 0.927 0.913 
0.01 | 0.983 0.985 
i 
Kp = 3000 Kp = 10 
1K | Eu Eu Em Ey | Ew | Ew | Eu Eu Ey | Ex 
B Cc D E A B Cc E 
1 
4.0 |0.011] 0.0171 0.0256 | 0.039 | 0.054 | 0.009 | 0.0125) 0.0193 0.0296 | 0.0426 
2.0 | 0.060 | 0.072 0.087 0.105 | 0.131 | 0.044 | 0.0541, 0.0677 0.0833 | 0.1036 
1.0 | 0.186 | 0.193 0.204 | 0.220 | 0.249 | 0.149 | 0.155 ; 0.167 0.185 | 0.203 
0.5 | 0.373 | 0.366 0.365 0.371 | 0.390 | 0.314 |0.313 | 0.318 0.327 | 0.336 
0.2 | 0.624] 0.606 0.593 0.582 | 0.580 | 0.582 | 0.556 0.546 0.536 0.532 
0.1 | 0.767 | 0.751 0.735 0.719 | 0.711 | 0.736 |0.715 | 0.700 0.684 | 0.668 
0.05 | 0.870 | 0.856 0.841 0.826 | 0.807 | 0.848 | 0.830 | 0.816 0.799 | 0.781 
0.02 | 0.943 | 0.935 0.925 0.914 | 0.898 | 0.932 | 0.921 0.914 0.898 0.880 
0.01 | 
































0.971 | | 0.965 
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TaBLe XII 


Corresponding Values of 1/K for Successive Sets of Kp Curves 





Kp =0 | Kp=20 | Kp = 200 | Kp = 1000 | Kg = 3000 | Kp = 10,000 





1.21 1.0 | 
1.20 1.0 | 

1.16 1.0 | 
1.16 | 1.0 
| 1.17 | 1.0 





Consider the case in which the curves for Ky = 1000 were used to analyze 
data for which the value of Kp was found to be 200. If the experimental 
curve is superimposed on the set of curves for Kp = 200 it will fit one of 
these curves and we shall have the result 2C = n when (1/K)y99 = 1, Where 
n is some numerical value. If the same experimental curve is then superimposed 
on the curves for Ky = 1000, it will nearly fit one of them but we shall 
have the different result 2C = 1.162 when (1/K)1o00 = 1. Therefore the 
value of 2C that was obtained by using the curves for Kp = 1000 was too 
large by the factor 1.16. Since the radius a@ is proportional to (C)¥? for 
a constant value of K, we have the result that the radius was too large by the 
factor (1.16)”* = 1.077, and therefore the correction factor that must be 
applied to the value of the radius is 1/1.077, which is —7.1 per cent. 

Now consider the case in which the curves for Kp = 1000 were used to 
analyze data for which the value was found to be 800. By interpolating between 
the values in Table XII, 

1/K = 1.16 “for Kp = 200 
when 1/K=1.0 for Ky = 1000 
so we obtain 1/K = 1.02 for Kp = 800 
using a logarithmic interpolation. Following the procedure of the preceding 
paragraph we find that the correction to be applied to the value of a that 
was calculated using the curves for Kp = 1000 is (1/1.02)/* = 0.99. Thus 
the correction is —1 per cent. 

The data in Table XII show that the average difference in the value of 
(1/K)¥? between two succesive sets of Kp curves is (1.18)”* = 1.086. There- 
fore, the largest correction that will be needed when the set of Kp = curves 
is used for which Kp is the nearest to the value for the experimental data 
is 8.6/2 = 4.3 per cent. 

We shall use Cunningham’s data to show how the correction factor can 
be applied. We found when the curves for Kp = 10‘ were used that these 
data lay on curve C when the values 2C = 17.0 and Eyw = 0.132 on the 
experimental curve coincided respectively with 1/K = 1 and E, = 1 on the 
theoretical curve. If, now, the experimental curve is superimposed on the family 
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of curves for Ky = 3000, we find that the data lie on Curve B (not on 
Curve C as in the first case) when the values 2C = 14.5 and E,.w = 0.130 
coincide with 1/K=1 and E,=1. The value 2C = 17.0 for the first 
case was larger than the value 2C = 14.5 for the second by the factor 1.17 
which is given in Table XII. From these values we can obtain a corrected 
value of a by multiplying the first value by 1/1.17)/* = 0.92. The value 
of Kp for Cunningham’s data was found to be Kp = 10,200, and therefore 
the correction that has been calculated in this paragraph was given only for 
the purpose of illustration and should not be applied to these data. 


Appendix A 
Critical Condition for Rime Deposition at the Stagnation Point 
We shall now find the condition that determines whether or not rime is 
deposited at the stagnation point of the cylinder. 


Near the stagnation point, flow lines are perpendicular to the surface and 
velocities are so low that Stokes’ Law holds. 


Then C,R/24 = 1. (1A) 

and we have from Eq. (4) Ku, dv,/d, = v,—u,. (2A) 

Close to the stagnation point the curves of u,(x), plotted by means of Eq. 
(23) are nearly linear, so we can put 

u, = p(du,/dp)» = Ap, (3A) 

where A = (du,/dp)) is the value of (du,/dp) at p= 0. The distance p is 


measured from the stagnation point and is the distance Cx in terms of the 
range A, as a unit, so that 


p=Cx/A,. (4A) 

From Eqs. (2A) and (3A) we have 
Ku, dv,/dx = v,—Ap (5A) 
This can be solved by putting v, = ap (6A) 
Then dv,/dp = a+pda/dp, (7A) 
—Inp = f ada/(A—a+o?). (8A) 


There are three cases to consider: 

Case I, A = 1/4. Critical Case. The conditions for this case can be found 
by differentiating Eq. (23) with respect to x. This gives the result, when 
the collector is a cylinder, 


du,/dx = 2 at x=1. (9A) 
Then by combining A = du,/ds with Eq. (4A) we have 


A=21/C. (10A) 
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Substituting K = 1,/C from Eq. (10) we obtain the result for the case 
A= 1/4, 
K=1/8 (11A) 

Case II. A < 1/4, K< 1./8. No droplets strike the collector. Case III. 
A> 1/4, K>1/8. Droplets strike the collector at the stagnation point with 
a finite velocity. 

Eq. (5A) holds equally well for collectors of other shapes, such as spheres 
and ribbons in which the stagnation point lies along an axis of symmetry. 
When the collectors have other shapes, the critical case is still given by 
A = 1/4 but the corresponding values of K are not the same as for a cylinder. 


Appendix B 
Calculation of Trajectories for Large Values of x 


It is not practicable with the differential analyzer to start the integration 
of Eqs. (4) to (7) at x = 00, y=ypo. Therefore the integration is done in 
two parts. Equations will be given which are used to carry out the integration 
without the D.A. from x =o to some selected value of x such as x = 4 or 
x = 8; then the integration by the D. A. is started at this point. It is important 
to know the initial values of v,, v,, and y at, say x = 4, which correspond 
to curves that started at x =o, y = yo. Fortunately, the equations for the 
trajectories at large values of x take simple forms which can be integrated by 
usual methods. 

For very large values of x, the velocity components (v,—u,) and (v,—u,) 
become small so if R, is not too large, R given by Eq. (8) is so small that 
C,R/24 in Eqs. (4) and (5) can be replaced by unity. Eqs. (4) and (5) 
thus become, if we use x as the independent variable and replace x by 1/a: 

a?v,dv,/da = —B(v,—u,), (1B) 
av, dv, /da = —B(v,—u,). (2B) 

For large values of x the air flow near a cylinder can be expressed by the 
following series expansions: 


u, = 11/22 3y¥/xt—Syt/a8 (3B) 
u, = 2y/x°—Ay9/x5 + 6y8/x7 (4B) 
Introducing these series expansions into Eqs. (1B) and (2B), using a in 


place of 1/x and integrating, we obtain expressions for v,, v,, and Ay = y—ypo. 


The result, expressed in terms of a new variable 8 which is defined by 8 = x/K 
are 


v, = 1—M(6)/x*+terms of the order 1/Bx4, (5B) 
2% /Yo = [1—M(B)/Kx? + (2/*)(1—2y8), (6B) 
Ay/Yo = M(B)/x*+(1—y6)/24. (7B) 
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where M(§) is given by the semi-convergent series 


M(8) = 1—21/8+31/6*—41/. (8B) 
The function M(f) can be calculated exactly by the equation 
M(6) = B+fe?Ei(—8) (9B) 


where Ei(—) is the exponential integral for which tables are available. 

As an example of the application of these equations, the results that were 
calculated for the case shown in Fig. 6 will be given. For this case we had 
6B =0, K=1. The distance x at which the integration was started by the 
D.A. was taken to be x = 4. Then we have 

B =3/K =4, 
ef = 54.6, 
Ei(—£) = —0.00378. 

From Eq. (9B), M(8) = 0.699. 

Then from Eq. (5B) v, = 0.956. 

A starting value of y, called yo, was chosen for each trajectory. The values 
of yo and the corresponding v, and (y,g+Ay), calculated by means of Eq. 
(6B) and (7B) are given below. 





YotAy 





Trajectory | x | Yo 





Ur | vy | Ay/¥o 
\ 





j 7 
0.35 | 0.956 | 0.00712 | 0.0471 | 0.366 


0.20 | | 0.00413 0.0474 0.209 


HE 
JF 


4.0 











The D.A. integration was started at the values of x, yo+Ay, v,, and v, given 
in this table. 


Appendix C 
Detailed Report on the Operation of the Differential Analyzer 


The following notes are taken from a report by Mr. Concordia who was in 
charge of the operation of the D.A. 
To solve Eqs. (2) to (5) they were written in an integral form as 


v, = (1/K) f (u,—e,)d f (CpR/24) dt+o,, (1C) 
vy = (1/K) J (u,—2,)d f (CpR/24)dt-+oy, (2C) 
x= fo,dtta, (3C) 
y= fodtty, (4C) 


The symbol (d) is inserted in equations (1C) and (2C) to indicate that 
the most convenient way to perform the multiplication or the two variables 
(C,R/24) and (u—v) is to integrate (C,R/25) and then integrate (u—v) with 
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respect to this integral. The components of air velocity, which are required 
at each instant, are functions of both x and y, the coordinates of the drop. 
Families of curves of u, for different values of y were plotted on a single sheet 
against x. (Similarly, u, was plotted against x on a separate sheet). In the 
operation of the Analyzer, the x shaft drove a carriage along the abscissa 
of the curve sheet and the y shaft drove an indicator (counter). Thus an operator 
had to crank an index, holding to the appropriate curve of the family or inter- 
colating between curves according to the y indication. 

Experience with this method indicated that it may be better in any future 
work to plot velocity contour lines on a curve sheet whose coordinates are 
x and y. Each contour line is labeled with the proper velocity and the operator 
cranks a contour to correspond to the proper velocity Both coordinates of 
the index are driven by the machine. 

The drag coefficient C,R/24 was also plotted on an input table against 
the appropriate Reynolds number R. The abacissa R was driven by the machine, 
being a constant R, times the relative drop velocity R/Ry which is given by 
Eq. (6), and an index was held to the proper C,R/24 curve. 

The required R/R, was obtained from an input table, by cranking a counter 
to correspond to the R/R, indicated on a curve sheet as the magnitude of 
the radius vector to a point, the coordinates of which were driven by the 
machine in response to the component relative velocities. R/Ry could have 
been found automatically by integrators but it seemed simpler in the present 
case to use the input method. We are making a device which will automati- 
cally compute and feed into the machine the square root of the sum of the 
squares of any two quantities, as the need for such a combination arises in 
many physical problems. This device, in combination with the use of Eq. 
(17) for C,>R/24 will eliminate two of the four operators. 

In the operation of the Differential Analyzer, the independent variable 
is the time ¢. The shaft ¢ is turned by a driving motor, and the integrations 
are performed automatically and continuously as time increases. When C, R/24 
varied, five integrations and four operators were required; when C, R/24 = 1.0, 
four integrations and two operators were required. Four sets of air velocity 
fields u, and u,, corresponding to a cylinder, a sphere, and a ribbon normal 
to the free stream in a perfect fluid, and to a sphere in a viscous fluid, were 
considered. 

The principles of operation of the Differential Analyzer are described in: 
1, Our ‘Differential Analyzer Manual” by F.J. Maginniss — Data Folder 

No. 63044. (Preliminary). 

2. ‘The Differential Analyzer, A New Machine for Solving Differential 
Equations”, by V. Bush, Journal Franklin Institute, Vol. 212, No. 4, 
October, 1931. 

3. ‘‘A New Differential Analyzer”, by H.P. Kuehni and H. A. Peterson, 
A.I.E.E. Trans., Vol. 63, May, 1944, pages 221-227. 
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Appendix D 
Theorem I 


If tangents be drawn to all the trajectories (for a given set of values of 
K and ¢) at the points where these meet the cylinder (or sphere), these tangents 
have a common point of intersection which lies on the x-axis at a distance 
x, from the origin. The tangents can be drawn simply by graphical methods, 
or the point of intersection x, with the x-axis can be calculated from: 


a, = x-+y0,/0,. (1D) 
The D. A. drew two curves which supplied the values of v, and v, at every 
point along the trajectory. 
When 6, is known, the value of x, can be calculated simply from 


x, = 1/cos6y = secOy. (2D) 


It is also possible by a simple geometric construction to determine the 
angle of incidence a at which the droplets strike the cylinder or sphere, and 
the angle y which the tangent to the trajectory at the point of incidence makes 
with the x-axis. They are given by 


y =a—0 (3D) 
tan y = sin6/(sec 6,—cos6) (4D) 


Theorem II 


Along each of the tangents which meet at x, (as described in Theorem 1) 
place a point at an ordinate y), which is the ordinate of the corresponding 
trajectory at x = oo. It is found that these points all lie on the arc of a circle 
whose center lies on the x-axis at a point at x, which lies within the cylinder 
(or sphere). Let x, be the point where this circular arc meets the x-axis. 

This theorem can be used to calculate E corresponding to any value of 6. 
One draws from the point at @ on the cylinder or sphere a line to the point 
at x,. When this meets the circular arc about the center at x, one measures 
the ordinate y). Then for the cylinder 


E=yp (5D) 
while for the spherical cases 
Pay (6D) 
Similarly one finds for the cylinder 
Bo = (%a—¥e)/(%a— 1) (7D) 
while for the spherical cases 
Bo = (%.—%4)*/(*%.— 1)”. (8D) 
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By this theorem from the values of Ey, 04, and f, given in this report 
for any values of K and ¢ it is possible to calculate x,, x,, and x,. From these 
we can then calculate E and f as a function of 0. 


Appendix E 
Theory of Hz, Hy, and H, 


These quantities were used in the Report to calculate Ey, tan 6 and # for 
large values of K. They were defined as follows in Eqs. (33), (36), and (39). 


H, = 1+0.5708 C,R/24—0.73 x 10-4*R,3* (1E) 
H, = 0.385 +0.615C, R/24—0.51 x 10-4(R,)*38 (2E) 
H, = 0.728 +0.272 (Cp R/24)—0.42 x 10-*(R,,)#8 (3E) 


The numbers (1E), etc., used in numbering the equations refer to Appendix 
E. The derivation of these equations will be given here. 

When K is sufficiently large, we can put v, = 1. The trajectories in this 
case are nearly straight lines, v, = 1, v, = 0, for the trajectories which are 
used to determine H, and H;, y = yo. The value of yo is the value of y at. 
x = 00 for the limiting trajectory (KL in Fig. 6). When K is very large 
Yo = nearly 1. The trajectories are nearly straight lines, v, = 1, v, = 0. 
Then Eq. (8) becomes 


(R/Ry)? = (1-4, +H}. (4E) 

We have from Eqs. (23) and (24) 
us = 1+(%—*)/(# +y°¥, (SE) 
uy = Qxy/(x* +9). (6) 


If we put y = 1 in Eqs. (5E) and (6E) and substitute the values of u, and 
u, from these equations in Eq. (4E), we find that Eq. (4E) reduces to simple 
form 
R/Ry = 1/(1+*). (7E) 
We eliminate dt from Eqs. (6) and (7) in the Report, and then eliminate 
dy from these and Eq. (5), and obtain 


Ko, dv,/dx = (C)R/24) (v,—u,). (8E) 
Now put v, = 1 and neglect v, compared to u, since K is large. Then 
Kdv,/dx = —(C)R/24)u,. (9E) 


We combine this with Eq. (6E), putting y= yo. In deriving Eq. (7E) 
we used y = 1 in order to obtain the simple expression of Eq. (7E). In the 
following derivation we can retain the factor yp in the numerator of the term 
under the integral sign, but not in the denominator. We obtain 


(Ko,).-0 = — f (CoR/24)2ayodx/(1-+24). (10) 
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By differentiating the expression for R/R, in Eq. (7E) we get 
dR/R, = —2xdx/(1+x*)*. (11E) 
Putting this into Eq. (10E) we get ; 
Ry 


(Key),-0/¥o = (1/Re) J (Co R/24)/dR. (12E) 


The limits of the integration in Eq. (12E) are fixed by the following con- 
siderations. Along the trajectory we start at x = oo and end close to x = 0. 
Thus R varies from R = 0 at x = © in Eq. (7E) to R= Ry when x = 0. 


Case for Hy 


The slope of the trajectory at x = 0, which is practically the point of tan- 
gency when K is very large, is given by 


(0,/2,)ea0 = tan (90°—0y), (13E) 
where (90°—6,,) is the angle PX,C in Fig. (6). 
Putting v, = 1 we have v, = cotOy = 1/tanOy. (14E) 
Now put Hy = (K2,),20/¥o- (15E) 
Then tan 04 = K/Hoyo- (16E) 
Putting y, = 1 this becomes tan 04 = K/Hg, (17E) 


which is Eq. (44) in the Report. 
We have from Eq. (22) in the Report 





C)R/24 = 1+A,R*+A,R® (18E) 
where 
A, = 0.197; Pi = 0.63; 
A, = 2.610 4; pe = 1.38. (19E) 
Putting Eqs. (18E) and (15E) in (12E) we get 
H,=1+ sat 7 Re + tt Ri, (20E) 
which is 
H, = 140.1209 RG%+1.092 Ri. (21E) 


This can be combined with Eq. (18E) to give Eq. (2E). Either Eq. (21E) 
or (2E) can be used to calculate values of tan 6,, by Eq. (17E). 


Case for H, 


In this case v, = 1, y = approximately y,. The maximum efficiency Ey 
is equal to yo. 


Digitized by (GO gle INIVERSITY OF MICHIGAN 


Mathematical Investigation of Water Droplet Trajectories 391 


We need to calculate Ay, the total increment in y in going from x = 00 
to x =0. Since Ay = f v, dt and for this case dx/dt = —1, we have 


Ay = —f 0, de. (22E) 
0 


Now we put H, = K < y/yo 
= K(1—y0)/yo- (23E) 
This can be written y, = K/(K+H,), 
which is the same as Eq. (42). 
We can express dx in terms of R/R,. From Eq. (7E) we get 


x = (R,/R—1)", (246) 
dx = —(Ry)"? dR/(2R*?(1—R/Ry)"”). (25E) 

If we put this into Eq. (22E) we get 
Ay = (1/2) (Ry) f v, dR/R®? (1—R/R,}*. (26E) 


Now the value of v, must be the value for any value of x or R, not the final 
value at x = 0 as given by Eq. (12E). We can find it by integrating Eq. 
(12E) between R=0O and R= R (instead of to Ry). Thus we find 
¢ ee 1 Pit neal 
ae. R+ TTF +5, R . (27E) 
For the limit R = R, this reduces to Eq. (19E). 

We now introduce a new variable X defined by 








X = R/R,. (28E) 
Thus Eq. (26E) becomes 
1 
Ay = (1/2) fv, dX/X2(1—X)", (29E) 
Eq. (27E) becomes : 
Kyu, A, R} RY 
= X Xth U_ Xt 30E 
Jo ‘ pitl a P2 a (30E) 


Combining Eqs. (29E) and (30E), 








A= 2/e 2 (1 X)18 dX 4 
Yo 
+348 A, RY a 12) — X12 dX + 
eee 1 Poise: v2) (1—X)-¥2 dX. (31E) 
I aa 
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The solution of the problem depends on the following definite integral which 
is expressible in terms of Gamma functions 


fxd dX = I'(m)I(n)/T'(m+n). (32E) 


Pierce’s Tables, p. 482, give 
10.5) = yx; I(1.13) = 0.9399; (1.88) = 0.9551; 
(1.0) = 1; I(1.63) = 0.8972; I(2.38) = 1.2262. 
Substituting these values in Eq. (31E) we get 


1 [ x+0.197R38 /xI"(1.13) , 2.6 10-4RY9* y/xI(1.88) 
2 1.637°(1.63) 2.381(2.38) 





H, = 
= 5 +0.1122 RY+0.754x 10-4 RY". (33E) 


This can be combined with Eq. (18E) to give Eq. (1E). 


Care for Hz 

In this case we are concerned with trajectories which reach the cylinder 
at points close to 6 = 1. We have v, = 1 but y is very small and the change 
Ay in y is small compared to y. 

We need another expression for R/Ry. We put v, =0 and u,=0 in 
Eq. (8) and get 


R/Ry = 1—1,. (34E) 
Eq. (5E) for case y = 0 is 

u, = 1-1/2, (35E) 
and therefore 

R/Ry = 1/x?. (36E) 


Now in Eq. (6E), we put y = yp and neglect y,? compared to x (since x never 
becomes less than 1, and yp is very small), and we obtain 


uy = 2y,/x. (37E) 
Putting this in Eq. (9E) we have 
(Ke,)/yo— J (CoR/24)(2ds/2*). (38E) 
By differentiating Eq. (36E) 
dR/Ry = —2dx/zx3. (39E) 
Then Kv,/y> = (1/Ry) { (CpR/24)dR. (40E) 


Note that this equation, although derived in a different way, is identical with 
Eq. (12E). 
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The limits for integration are 
For x = © R=0, 
x = 1 (at 6=0, surface of cylinder), R = Ry. 
Thus the limits of R are the same as for Eq. (12E) although the limits 
of x are o to 1 in Eg. (12E) and o to 0 in this equation. 


Eq. (40E) was integrated once in the preceding section to obtain Hy. 
To get By we must carry out a second integration and get by, where 


Ay = —fodx. (41E) 
By differentiation of Eq. (36E) we get 
dX = —(1/2)R¥2 dR- R**, (42E) 
We put this in Eq. (41E) and obtain 
Ay = (1/2) (Ry)? f Ryv, R** aR. (43E) 
0 


The expression for v, is given by Eq. (27E) or (30E) since Eq. (12E) is the 
same as Eq. (38E). 
Substitute as before R/R, = X (Eq. 28E) 


Then Ay = (1/2) feaxyx0n, (44E) 


This is the same as Eq. (29E) except that the radical (1—X¥/?) in Eq. (29E) is 
omitted. 
Introducing Eq. (30E) into Eq. (44E) we get the same expression as in 
Eq. (31E) except that the (1—X)-"? factors are omitted. The solution is 
1 A, RY 1 A,R} 
Ay, = 1+ > 
2 (p1+1)(p:—0.5) © 2 (62+1)(P,+0.5) 
HAH, = 1+0.0535 RGS*+0.2905 x 10-4 Ri*, (46E) 


(45E) 





where Hz = Kv,/yo. 
Combining Eq. (46E) with Eq. (18E) we get Eq. (3E). 
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ABSTRACT 


This report deals with the methods of producing and testing smokes, suitable for 
measurements of filtering efficiency. Smoke particles are caught because they are interceptcd 
by or diffuse to the surfaces of the fibers of the filters. Screening smokes are best made 
by boiling a petroleum oil or oleic acid with boiling point of 360°C or more and allowing 
the vapor to escape into the air from a nozzle with a pressure of 10 Ib/in*. Filters of 
uniform fiber glass have been made by several methods. The filtering action agrees reasonably 
well with the proposed theory of filtration. The finer the fibers and the more uniformly 
they are distributed the better the filtering action. Even by etching the fibers, however, we 
have not been able as yet to get better results than with the impregnated Alpha Webb paper 
as used in the U.S. Standard Canister. 


General Rules 


In our work on filters and smokes we have desired: 

1. To acquire an understanding of the mechanism of operation of filters 
for toxic smokes in order to be able to design a filter that will be more ef- 
fective particularly in ability to remove those smokes which are hardest to 
filter. 

2. To determine the characteristics of smokes (particle size, etc.) that give 
them the greatest possible power of penetrating present and probable future 
filters. 

3. To devise methods for producing these penetrating smokes. 

In attempting to carry out this program we have made studies of the various 
ways in which smoke particles can deposit on stationary and moving solid 
surfaces. We have considered the effects of gravity, centrifugal forces, tempera- 
ture gradients and electric fields in causing particles to move towards surfaces 
of solids. We have measured the rates of deposition of smoke particles on mov- 
ing wires, ribbons and disks. We have constructed filters of fiber glass with 
known fiber diameters and have measured their effectiveness in filtering smokes 
having various particle sizes. 

To test these filters we have had to devise methods of producing smokes 
having spherical particles of uniform diameter and methods for measuring 
these diameters. 

We have reached the conclusion that one of the most important factors 
in determining the penetrating power of a given smoke is the diffusion coef- 
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ficient of the particles. We have devised a method for measuring this diffusion 
coefficient but have not yet perfected a satisfactory experimental technique 
of making these measurements. 


Production of Smokes 


Most methods that have been used for generating toxic smokes and screening 
smokes have produced particles of diameters (3 to 6 microns) that are too 
large to give the best results. Toxic smokes that are hardest to filter should 
have particles of diameter of the order of 0.4 to 0.6 microns, while the particles 
of screening smokes should be from 0.8 to 1.2 microns. If it is desired to 
have a screening smoke which will be reasonably transparent to infra-red 
light (wave length 0.8 microns) the particle diameter should be about 0.3 
microns. 

There are two fundamental difficulties in the production of reasonably 
high concentration of smokes with these small particle diameters: 

1. Evaporation of Particles. When smokes are produced by heating 
vaporizable material small particles disappear by evaporation giving vapor 
which condenses on the larger particles. This is caused by the fact that the 
vapor pressure of small particles is larger than that of emall particles. It is 
this phenomenon that causes the droplets of water in clouds and fog to be 
fairly uniform in size and to have diameters of the order of 30 microns. This 
growth of particle size may occur very rapidly when the substances are heated 
to high temperature during the formation of smoke. 

For example, we shall show that in an oleic acid smoke consisting mainly 
of coarse particles of several microns radius, individual fine particles of 0.3 
microns radius will disappear within 0.003 second if the temperature of the 
smoke is high enough (about 200°C) to make the vapor pressure of the oleic 
acid reach 10 mm of mercury. If is evident, therefore, that if a smoke of 
very fine particle is to be produced by vaporization it is necessary to use 
a process in which the smoke is cooled very rapidly through the range of 
temperature in which the vapor pressure is of the order of a few mm of 
mercury. 

2. Coagulation. After the smoke has cooled to a point where particles 
have no appreciable vapor pressure the square of the number of particles 
per cm®. To produce a smoke of the particles it is therefore necessary to mix 
the smoke with a very large volume of air so rapidly that undue coagulation 
is avoided. A still better procedure is to delay the actual formation of the 
smoke particles until after a large admixture with air has occurred. 

A satisfactory method of overcoming both these difficulties for smokes 
from vaporizable substances is to pass a smoke or mist consisting of coarse 
particles through a heated tube which vaporizes the particles and then to cool 
the escaping dilute vapor very suddenly by an admixture of air. To produce 
smokes of particularly uniform particle size it may be desirable in some cases 
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to pass the diluted smoke through a series of bulbs maintained at a uniform 
temperature sufficient to permit the disappearance of small particles by 
evaporation, the dilution of air having already been sufficient to lower the 
concentration below that at which coagulation occurs. 

A modification of this method is well adapted to the generation of very 
large volumes of smoke of vaporizable materials, the smoke having uniform 
particles of any desired diameters ranging from 0.2 to 2 microns. For example, 
an oil of low vapor pressure such as a lubricating oil is fed to an air brush 
atomizer operated with compressed air at 25 or 50 lb per sq. inch. The spray 
which consists of coarse particles of several microns diameter is then passed 
through a copper tube (5 mm inside diameter, 15 cm long) kept heated at 
350° or 400°C by a gasoline torch. 

The particle size can be controlled by regulating the air pressure, the 
temperature and diameter of the tube and the supply of air and oil. With 
any given set of adjustments the particle size remains very constant. A single 
nozzle of this type will consume about 30 grams of oil per minute, giving 
particles of diameter of about 1 micron. 

To obtain still larger amounts of smoke we have found recently that a far 
simpler method is to put the oil in a boiler containing immersion heaters with 
2.5 kw power supply. The vapor escapes from the boiler through a nozzle 
1/8” in diameter at a pressure a few pounds per sq. inch above atmospheric 
pressure. With a smaller nozzle and a higher pressure finer particles are formed. 
In this way we find it easy to vaporize 100 grams per minute from a single 
nozzle to produce a smoke containing particles of 0.8 microns diameter. 
A single boiler should be able to supply vapor for several such nozzles if they 
are placed a foot or more apart so that the smoke concentration does not rise 
too high in the neighborhood of any one nozzle. We are experimenting with 
the effects of forcing carbon dioxide into the boiler in order to raise the pressure 
at which the oil vapor escapes and so getting a high velocity through the 
nozzle. We are also planning to use a jet of carbon dioxide or air blast gas 
to break up the jet of vapor just where it escapes into the air. This seems 
to be an ideal way to produce screening smokes for the protection of industrial 
or military areas from bombing attacks but it would seem also to be well 
adapted to the production of toxic smokes from liquid substances or solids 
from which concentrated solutions in inert solvents can be prepared. 


Filtration of Smokes 


For smoke particles to be taken up by a filter it is merely necessary that 
some part of the surface of the particle shall come into contact with the surface 
of the fiber of the filter. If the particles are large so that the velocity of Brownian 
movement is small, the center of gravity of each particle moves with the gas 
(air) along the flow lines. A particular particle will thus be caught by the filter 
if its flow line passes within a distance 7 of the surface of some fiber, where 


Google 


Report on Smokes and Filters 397 


r is the effective radius of the particle The effectiveness of the filter in removing 
particles is therefore greater the larger the particle size. 

With very small particles the Brownian movement (due to thermal agitation 
of molecules) becomes very important. The centers of these particles do not 
move exactly along the flow lines but wander irregularly from positions on 
the flow lines. This is the phenomenon of diffusion. With particles of very 
small size (radius less than about 0.2 micron) the rate of diffusion becomes 
so great that its effect in bringing particles into contact with the fibers predom- 
inates over the opposite effect of the decrease in radius. Thus the effec- 
tiveness of the filter begins to increase if the particle size is reduced below 
a certain size. A smoke having particles of an optimum radius of about 0.2 
to 0.3 microns therefore has the maximum power to penetrate a filter. The 
exact value of this optimum radius depends on many factors such as: the 
linear velocity of the smoke in passing through the filter and the size, shape 
and distance apart of the fibers of the filter. 

For the case of a filter consisting of uniformly spaced cylindrical fibers 
with axes parallel to one another and to the surface of the sheet of filter it has 
been possible to develop a quantitative mathematical theory of the filtering 
efficiency for spherical smoke particles of any kind. It has also been possible 
to calculate the pressure drop (or resistance) which any such filter opposes 
to any given rate of flow of smoke through it. 

By increasing the thickness of any filter made from a given filtering material 
the fraction of the smoke particles that are removed can be increased to any 
desired degree. However, this increase in thickness leads to a proportionate 
increase in the pressure drop if the rate of flow is maintained. By increasing 
the area of the filter in proportion to the filter thickness the pressure increase 
can be avoided. 

We are thus led to a method of comparing the filtering efficiency of various 
filtering materials. We first choose an arbitrary but practical set of standard 
requirements as for example that the filter shall let pass only 1/1180th of the 
smoke particles of optimum size when filtering 85 liters of smoke per minute 
and with a pressure drop corresponding to a head of 3.5 cm of water. These 
are requirements that approximate these fulfilled by the standard service 
canister. With a sample of any filter material in the form of sheets of any 
given area and thickness we determine the pressure drop and the fraction 
of smoke particles removed for each of a series of rates of flow of smoke. From 
these data it is possible (by a method that will be discussed later) to calcu- 
late the area Aj, the thickness b, and thus the volume V, that would be needed 
to give a filter that meets the standard requirements. A list of all the meas- 
urements of this type that we have made will be given in a table of the main 
report. In the U.S. Service Canister (MIX, Al) and the Training Canister 
(MI) the filtering material is Alpha Webb Paper impregnated to various de- 
grees with acetylene smoke. We have tested these papers with oleic acid smoke 
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containing particles of about optimum size (0.2 microns radius) with the fol- 
lowing results: 











Tape I 
| Vo | bo | Vo 
cm? = | cm cm/sec 
Unimpregnated paper ; 800 | 571 | 1.41 2.48 


Lightly impregnated paper for | 
Service Canister 

More heavily impregnated paper 
for Training Canister 


242 200 0.73: 43 





| 
116 a6.) 258 | 0.45 | 5.5 





The Service Canister uses 10 layers of paper with a total thickness of 0.45 cm, 
of area 373 cm?, and volume 168 cm‘. 

Tests made with the wool-asbestos mixture (20 per cent asbestos) used 
in the Standard Canadian canisters gave V) = 538 cm’ more than twice as 
great as the value found for the paper of U.S. Standard canisters. 

Our theory of filtration and filter resistance predicts that the volume V) 
required to meet the standard conditions should decrease as the radius of 
the fibers is decreased provided that the distance between the fibers decreases 
in the same ratio as the radius, that is, the space filling factor B remains con- 
stant. Moreover, if the fiber radius is kept unchanged a lowering of V, occurs 
if B increases, that is, if the fibers are packed more closely. A decrease in ra- 
dius with 6 unchanged or an increase in B with radius unchanged increases 
the flow resistance for a filter of given area and thickness, but the improvement 
in filtering action more than affects this disadvantage. The reduction in vol- 
ume V, is thus brought about largely by a reduction in the thickness b which 
is needed to give the desired filtering action. 

To test the usefulness of this theory, and in an attempt to construct a mere 
efficient filter material, large numbers of experiments were made with filters 
constructed of fiber glass ‘‘bulk silk” from the Owens-Corning Fiberglass 
Corp. of Newark, Ohio. The filter diameters were determined by measurements 
of enlarged images given by a microscope projector. These diameters were 
checked by an interferometer method developed by Dr. Blodgett. We found 
that the average radius was 4.4 microns with a standard deviation (root mean 
square deviation) of +0.5 microns. We also used a ‘‘common coarse” fiber 
glass with fibers of average radius 18 microns (+S.D. of 3 microns). 

The space filling factor 6 of these bulk fiber glass materials, when not 
compressed, is very low, about 0.03. By applying pressure 6 can be raised 
to about 0.09 but further pressure, such as is given by a screw press, breaks 
the fibers into short lengths. With a hydraulic press the fiber glass is broken 
up into a fine powder. 

Tests were made of the filtering efficiency of the ‘‘Bulk Silk” glass (radius 
4.4 microns) packed into the container used in the Canadian Canister, using 
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three different degrees of compression. These results enable us to calculate 
(Table II) volume Vz, the filter bed area Ay, the thickness by, and the flow 
velocity v, that are needed for a filter of ‘‘standard requirements”. 








Taste II 
Effect of Compression on Filtering Efficiency 
of Bulk Silk 
2 Ve A, | by | 

cm? cm? | om | ‘ea fise 

0.0245 7200 450 | 160 | 3.13 
0.0453 2280 385 | 3.9 | (3.68 

| 3.70 


0.0906 930 383 | 1.85 





The volume V, of the filter needed to do the standard job decreases rapidly 
as B increases, quite in accord with the predictions of our theory. The actual 
values of V, formed by these experiments are all about twice as great as was 
predicted by the theory. In view of the assumption of a regular distribution 
of fibers which is not well fulfilled by the fiber glass filter, this agreement is 
satisfactory. It was hoped that by the use of an empirical adjustment factor, 
such as the factor mentioned above, that the theory could be applied to al 
types of fiber glass filters. 

Even with the most highly compressed filter (8 = 0.0906) the value of 
V, = 930 cm! falls far short of the value 242 cm of the impregnated Alpha 
Web Paper used in the U.S, Canisters. Evidently a partial increase in B, or 
a reduction in the radii of the fibers should lower the value of V, far below 
the 930 cm? and perhaps bringing it below the 240 cm’. The theory indicates 
that V, should vary in proportion to the 2.3rd power of fiber radius and that 
a value of Vy of 150 cm? could be obtained by raising 8 to 0.3 with a fiber 
radius of 4.4 microns or with fibers of 2 microns radius a value as low as Vy = 1501 
would be reached with 6 = 0.10. 

We have tried two methods of increasing B: 

Hot Pressed Filter Pads. Disks cut out of sheets of ‘‘bulk silk” are stacked 
upon one another and placed between two heavy nickel disks (0.25 inches 
thick). A cylindrical Alundum tube with axis vertical is wound with nichrome 
wire to make a furnace that can maintain a uniform temperature of approxi- 
mately 650° to 700°C. A heavy metal rod supports the nickel disks in the center 
of the furnace and another metal rod provided with guides permits pressure 
to be applied to the top disk by a screw press mounted above the furnace. 
An annular spacing ring placed between the two nickel plates confines the 
fiber glass disks and determines the thickness of the final pressed disk. 

If the fiber glass disks are treated at 650° to 700°C before pressure is slowly 
applied the fibers bend without: breaking and weld themselves into a filter 
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pad having any desired value of 8 up to 0.35. This pad retains its density 
after the furnace is cooled and the pressure is released. These filter disks, 
if made at proper temperature, have sufficient mechanical strength for use 
as filters. In some cases where we used lower temperatures, so that some 
fibers were broken, we have impregnated the filter pad with a 0.3 per cent 
solution of formvar in ethylene dichloride. By blowing out the residual solution 
and drying the pad the formvar acted as a binder which greatly increased the 
strength without appreciably lowering the filtering efficiency. 

Crushed Filter Pads Reinforced with Formvar. In a screw press the disks 
of bulk silk were pressed until a sufficient number of fibers were broken to 
give the desired value of 8. On release of pressure such crushed filter pads 
do not return to their original thickness. They are mechanically weak, but 
may be satisfactorily strengthened by impregnation with formvar. This method 
did not prove to be as good as the hot pressing method. 

Effect of Increasing B by Hot Pressing. The results obtained with filters of 
fiber glass with higher values of 8 (up to 0.36) have been disappointing: the 
decrease of V, as B is increased has not been nearly as large as the theory 
predicted. A series of filters was made from the ‘‘bulk silk” of fiber radius 
4.4 microns by the hot pressing method. The results were: 


B Vo 
0.105 620 cm? 
0.131 450 
0.187 = 470 
0.258 390 
0.326 310 


The discrepancy between experiment and theory‘is apparently due to an 
effect of the non-uniform distribution of the fibers which is postulated in 
the theory. Several glass filter pads were impregnated with solventless varnish, 
baked to harden the varnish, sections cut, and the distribution of fibers exam- 
ined from microphotographs. It was found, particularly at high values of 6, 
that the fibers were distinctly bunched into groups giving conditions far from 
ideal. Theoretical examination shows that the effect of bunching or grouping 
of fibers is to lower the resistance to flow, but to cause such a great decrease 
in the filtering efficiency that V, is raised. 

Since the best filters that we have been able to make from the 4.4 micron 
fiber glass give V, = 310 cm? whereas with impregnated Alpha Webb Paper 
a value of 116 was obtained, it seemed that only by using fibers of smaller 
diameter could we hope to get a really better filter. 

Etched Fiber Glass Filters. Disks were cut from sheets of ‘‘bulk silk” 
(4.4 microns fiber radius) and these were treated in various ways with hydro- 
fluoric acid to reduce the fiber diameter. The filter pads were washed and 
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dried and hot-pressed to increase B. Tests of filtering efficiency gave very 
variable results: 


Filter | Radius Microns B Vy 
$-35 2.9 0.160 560 
S-36 2.9 0.098 1280 
S-38 2.9 0.075 560 
S-40 2.4 0.102 370 
S-41 1.5 0.134 182 
$-45 1.65 0.120 500 


In most cases these values of V, are not lower than those obtained with 
the unetched glass. The filter S-41 with V, = 182, however, is far better 
than the unetched glass which for this value of B gave V) = 450 cm? and is 
in fact about as good as the impregnated Alpha Webb Paper. The reason 
for the failure to achieve a consistent improvement appears to be due to the 
non-uniformity in fiber radius given by the etching. 

Fibers from one of the disks etched in making S-45 were examined micro- 
scopically. The measurements of radius made in this way gave 1.6, 0.7, 3.2, 
2.7, 1.6, 1.7, 0.5, 1.5, 1.4, and 1.7 microns, the average radius being 1.69 + S.D. 
of 0.8 microns or a root-mean-square radius of 1.82 microns. In the etching of 
these filter pads all but 22 per cent of the glass was dissolved which corresponds 
to a root-mean-square radius of 2.06 microns. Any such variation in fiber 
diameter should have a marked effect in raising V, and explains the high 
value of V, = 500 cm® found for this filter. 

The irregularity in the solvent action of the acid probably results from 
the mutual effect of neighboring fibers. With this in mind we have tried some 
experiments in which the fiber glass was broken to short lengths (a few mm) 
by crushing sheets of ‘‘bulk silk”. These were then dispersed in water and 
treated with hydrofluoric acid while stirred. The dispersed glass was then 
filtered out on wire gauze to make filter pads and these were hot-pressed and 
strengthened with formvar. 

Although this method appears to be a promising way of making efficient 
filters from fiber glass our results to date have not been successful in giving 
better results than those cited above. The difficulty appears to be in getting 
good dispersion of the suspended fibers. They show a remarkable tendency 
to clump together into parallel bundles and so nullify the advantages of small 
fiber size. The smaller the fibers the worse this tendency becomes. 

In some preliminary work we obtained a colloidal solution of Karay gum 
used by a paper manufacturer for dispersing of cellulose fibers in water. 
This greatly improved the dispersion of the glass fibers, but by no means 
eliminated the difficulty. The colloidal solution could be kept only a couple 
of days even in an ice box before losing its effectiveness. In any further work 
along these lines a study needs to be made of this and the other ways of avoid- 
ing the clumping of the fibers. 
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In the use of fiber glass for filters there are thus two outstanding difficulties: 
obtaining a more uniform spacing of the fibers and obtaining fibers of uniform 
diameter. In considering the advisability of further work aiming to overcome 
these difficulties one should, however, have in mind the following factors: 

If the diameter of the fibers is to be reduced by etching to say 1.5 microns 
almost 90 per cent of the glass is wasted. At the present time the ‘‘bulk silk” 
costs almost one dollar per pound and after etching it would be about ten 
dollars per pound. Unless V, could be reduced to 100 cm? it would hardly 
be worth while to use fiber glass at a cost of material alone of about two dol- 
lars per canister. Even then the only advantage would be a reduction of the 
volume from 170 to 100 cm! or if preferred the advantage could be taken by 
reducing the pressure drop from 3.5 cm of water to about 1 cm keeping the 
volume unchanged at 170 cm.* With the present Standard Canister to reduce 
the pressure to 1 cm of water would require a redesign of the canister using 
about 290 cm! of filtering material in place of 170 cm’. 

Even with a better filtering material it will not be wise to reduce greatly 
the volume of the filter for it would reduce the capacity of the filter to absorb 
large quantities of smoke (without raising the pressure drop). We have found 
that acetylene smokes rapidly clog all good filters that we have tested. This 
effect, if it should prove troublesome, could probably be overcome by having 
a layer of poorer filter (large pores) placed over the surface of the better filter. 
We have, however, not made any detailed studies of this clogging effect and 
its dependence on filter structure. 

Our studies have thus led us to believe that the present impregnated Alpha 
Web filter is so efficient that there seems no very great need of further at- 
tempts to improve it. If, however, it is felt that it is necessary to lower the 
pressure drop without loss of filtering action or increase in the volume of the 
filtering material, our work indicates that it is necessary to have uniform fibers 
of smaller diameter distributed more uniformly than heretofore. Since writing 
the above paragraphs I have received work from the Owens-Corning Fiber- 
glass Corp. that they are developing ‘‘bulk silk” having fibers with an average 
diameter of 1.7 microns. A very small sample of this material has been received. 
The fibers are very much more uniform in diameter than those we obtained 
by etching with hydrofluoric acid. The fibers were, however, grouped to 
a considerable extent into strands which would tend to reduce the filtering 
efficiency. If this stranding can be overcome in the process of manufacture 
this material should hold considerable promise as a better filtering material. 

Another promising line of attack is to develop filters like the English wool- 
asbestos mixture obtaining, however, a much more uniform dispersal of the 
asbestos fibers than has been done in the English mask. The wool serves only 
the purpose of giving a support for the asbestos fibers. 

The remainder of this report gives the mathematical theories of flow re- 
sistance and of filtration and analyses the various factors that cause smoke 
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particles to deposit on solid surfaces. The experimental procedure for making 
and testing smokes are given. 


Theory of Filtration of Smokes 

Let us consider a filter of area A(cm*) and of uniform thickness 5(cm) 
through which smoke-laden air passes with the linear velocity v(cm sec™}). 
The rate of flow through the filter which we designate by F and express in 
cm sec") is thus: 

F= Av. (1) 

We assume that the smoke entering the filter contains m, particles per cm? 
which are all of the same size and structure. After the smoke passes the filter 
the number of particles per cm? has been reduced to n. The filtering action 
can then be measured by y defined by 


n = ny exp (—7). (2) 

The advantage of using y rather than n/n, to measure filtering action is 
that y increases directly in proportion to b the thickness of the filter, if the 
filter is homogeneous in the sense that its structure is uniform throughout 
its volume. 

Experiment shows that for any given filter y decreases as the velocity 0 
is increased. With a given rate of flow F and a given area A the fraction n/no 
of the particles that pass through the filter can be reduced to any desired degree 
by using a greater thickness of filter. The pressure drop P needed to maintain 
the constant rate of flow F through the filter will then increase in proportion 
to b. In general for a gas-mask filter it is very important to keep P below a de- 
finite limit which, at Edgewood, has been set at the pressure corresponding 
to a head of 3.5 cm or water with a flow rate of F = 1417 cm? sec"! (85 liters 
per minute). 

It would, of course, be possible to maintain P within a given limit if the 
filter area A were allowed to increase in proportion to the thickness 5, but 
in the case of a poor grade of filtering material this might require the use of 
a filter of impracticably large volume. 

It is evident that any rational evaluation of the quality of a filtering material 
must involve a knowledge of the way that the pressure drop P and filtering 
action y depend on the velocity of flow v and on the dimensions of the filter. 


Filter Resistance w 

The flow of gases through capillaries and through porous bodies such 
as filters is in many ways analogous to the passage of an electric current through 
wires and other resistors. The flow of current is given by Ohm’s Law: cur- 
rent = potential difference/resistance, and this equation serves as a definition 
of electric resistance. 

Since the volume of a gas varies with pressure and we wish particularly 
to consider the effect of pressure it is logical to express flow in terms of the 
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amount of gas, measured not by volume but by the product of volume and 
pressure (which is thus unaffected by changes in pressure). 

As a fundamental definition of flow resistance we may write in analogy 
with Ohm’s Law 

a(pV)/dt =P/w (3) 
Where d(pV)/dt measures the rate of flow of gas, in terms of quantity of gas 
i.e. volume at unit pressure; P is the pressure drop and w is the flow resistance. 
Defined in this way w has the dimensions sec/cm® and its value is then in- 
dependent of the unit that is chosen in measuring pressure. The conductance 
of a capillary or filter, which is the reciprocal of the resistance w is thus measured 
in cm® per second. Just as in the case of the electric analog the conductance 
of two conductors in parallel is obtained by adding their conductances. With 
conductors in series, however, we calculate the resistance of the combination 
by adding the two resistances. Thus the resistance w of a filter-increases in 
proportion to the thickness 5 of the filter, but varies inversely as the area A. 
The resistance of a unit area of filter or ‘‘specific surface resistance” is thus 
Aw (not w/A). 

To form a clearer concept of the nature of flow resistance and particularly 
to appreciate the limitations of the analogy between flow resistance and electric 
resistance, let us consider the flow of gas through capillary tubes. This analysis 
of the properties of capillaries is also needed for our use of capillaries as flow 
gauges in the measurement of the flow resistance of filters. 

Poiseuille’s Law for the flow of fluids through capillaries is 


F = 2r'P/8nb, (4) 


where 7 is the radius and 6 is the length of a capillary tube; 7 is the viscosity 
of the fluid, P the pressure drop and F the flow (volume per unit time). To 
use this equation for air at 20°C we put 7 = 1.81 10-4g cm™ sec so that 


F = 2170. r*P/b. (5) 
This is expressed in c.g.s. units so that F is in cm? sec~}, r is the radius in cm, 
6 is the length of the tube in cm and P is the pressure drop in dynes per cm 


(= 980.h where h is the head of water in cm). 
Three points need emphasis in regard to this equation: 


1. Turbulent Flow. When the rate of flow through a capillary exceeds a certain 
limit turbulent instead of laminar flow occurs and Poiseuille’s Law no longer 
holds. This turbulent flow begins when the Reynolds number R, reaches 
a value in the neighborhood of about 2000. This number is defined by 

Ry = 2re0/n, (6) 
where g is the density of air (g/cm-*) and v is the average linear velocity of 
the gas flowing through the capillary defined by 


v = F/ar. (7) 
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We may thus write in place of (6) 


R, = 20F/xnr = or P/4x*b. (8) 

We may also eliminate r by using (4) and obtain 
F°b/P = 2315 Rp /20'. (9) 
To obtain with certainty laminar flow it is best to have R, < 1000. By 
introducing numerical values n = 1.81x10-* poise, @ = 0.00120 g/cm? 


for air at 20°C and expressing the pressure in terms of the corresponding head 
of water (h, measured in cm is P/980) we find for non-turbulent flow in a capil- 
lary the condition: 


F < 2407 (10) 

or 
h/b < 1.1x10-*/78 (11) 

or 
F(h/by3 < 11.6. (12) 


For example if we wish to use a pressure head of 20 cm of water to force 
air through a capillary 20 cm long we have h/b = 1 and thus by Eq. (12) we cannot 
have a flow of more than about 12 cm! per second or 0.7 liter per minute without 
danger of turbulence and consequent deviations from Poiseuille’s Law. The 
radius of a tube needed for this flow under these conditions is given by Eq. (10) 
as 0.050 cm. Only by using a large number of capillaries in parallel can higher 
rates of flow such as 10 liters per minute be had without turbulence. 

When turbulence does occur, the rate of flow instead of increasing in pro- 
portion to P or h, varies with the 4/7 the power of P or h. 

Although turbulence thus disturbs the proportionality between F and P 
in capillaries even for relatively low rates of flow, it should never exist in filters 
such as are used for gas masks. With 85 liters per minute through the area 
(nearly 400 cm*) of the filter of U.S. Standard canister the velocity is only 
v = 3.5 cm/sec. From (6) we then have R, = 33.r where r is the equivalent 
radius of the pores of the filter. The fibers of the filters have radii of the order 
of 10? cm and the distances between the fibers are of about the same magnitude. 
Thus the Reynolds number for the flow within the filter is about 0.03 while 
2000 is needed for turbulence. Even at the highest rate of flow that will ever 
be used in gas mask filters we can therefore be sure that there is laminar flow. 

2. Non-uniform Pressure Gradient. Since the pressure of the gas in the capil- 
lary decreases by the amount P as the gas passes from the inlet to the outlet 
and the total quantity of gas flowing (measured by d(pV)/dt) is the same at 
all points along the tube, it appears that the volume flow F varies in inverse 
proportion to the actual pressure p at any point. Thus Eq. (4) can be applied 
accurately only to an element of length db in which there is a pressure drop 
dp. Since Fp is constant along the whole length of the capillary we multiply 
both sides of the equation by: 87odb and so obtain 


8 (Fp)db = xr'pdp (13) 
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since Fp is constant we thus get by integration over the whole length of 
the tube 

Fp = (xr*/16nb) (Pi—Po), (14) 
where p, and , are the pressures at the inlet and outlet ends. This equation 
can also be written 

F = (ar*/8nb) (p4/P)P (15) 
where 

Pa = (1 +Po)/2 (16) 

is the arithmetic average of the pressures at the two ends of the tube. Here 
F is the rate of flow measured in cm® sec“! at any point where the pressure 
is p. Thus F varies along the length of the tube because p does. This equation 
which differs from (4) only by the presence of the factor P,/p is applicable 
even to capillaries of such length that P is a large fraction of py or py. 

3. End Correction. In the derivation of Eqs. (4) and (15) no allowance 
was made for the power needed to accelerate the gas as it enters the capillary. 
The kinetic energy that must be delivered to the gas per second (obtained 
by integrating over the cross section with the parabolic velocity distribution 
given by the Poiseuille law) is 9F?/x?r* where F is the flow rate and @ the 
density of the escaping gas.1 This must be equal to FP, where P, is the 
increment of pressure needed to overcome the kinetic reaction of the accelerated 
gas. 

The pressure P, needed to overcome the viscous drag can be obtained 
by Eq. (4) or (15). Thus if a capillary connects two bulbs in which the gas 
is nearly stationary, the pressure drop, P = P,+P,, required to produce a flow 
F is given by 


P, = (8yFp/zr'p,) (b+ Ad) (17) 
where 
Ab = 0F/82n. (18) 
For air at 20°C this becomes 
Ab = 0.265 F. (19) 


Thus the effect of the kinetic reaction is equivalent to that of an increase 
in the length of the tube of about 1 cm for each 4 cm? of gas that flows 
per second. It is interesting to note that this correction is independent of 
the diameter of the capillary. Since Ab varies with F and therefore with 
P the flow does not increase in proportion to P. This effect has apparently 
often been overlooked or its magnitude not appreciated by many of those 
who use capillary tubes as flow gauges. We have seen by Eq. (10) that for 
a Reynolds number not greater than 1000, the flow through a capillary of 
radius 7(cm) must not exceed 240 r(cm3/sec). With this flow the end correction 
Ab becomes 63 r or 3.15 cm for a tube having a bore (diameter) cf 1 mm. 


1 Handbuch der Physik, Vol. 7, 105, 141 (1927). 
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We have made a large number of experiments with capillaries of radii 
from 0.05 to 0.2 cm and lengths from p = 1 cm to 50 cm. A flow of air 
F (checked also with a gasometer) was passed in series through two capillaries 
of different lengths and the pressure drop in each capillary was measured. 
By replacing one of the capillaries by a succession of others, keeping F constant 
and plotting the resulting values of P against 6, a straight line was obtained 
whose intercept on the b axis gave —Ab. These experimental values of Ad 
were found to agree within the probable experimental error with those calculated 
by Eq. (19). Thus we may use Eq. (17) with considerable confidence for the 
calculation of flow rates through capillaries. 


Flow Resistance of Capillaries, w and R 

Let us first consider a capillary through which the flow F is very small so 
that Eq. (4) is applicable. The flow resistance w as defined by Eq. (3) is 

@ = 8nb/xr'p (20) 

and is thus not determined solely by the dimensions of the tube, but depends 
upon the pressure. With larger rates of flow where Eq. (4) must be replaced 
by Eg. (15) or (17) w would depend on p/p and on Ab. It is thus of 
interest to inquire whether by another definition of resistance suitable particularly 
for capillaries, we cannot preserve our analogy to Ohm’s Law and yet have 
for the resistance a quantity that is characteristic of a given tube. 

Let us put Eq. (17) in a form adapted to bring out the analogy with Ohm’s 
Law: 








a(pV) PsP. 
dit (8n/nr') (b+ Ab) 2) 


Here p,P becomes the analog of the electric potential drop. The resistance 
which we shall now denote by R becomes 
R= R,(1+ Ab/d), (22) 
where 
Ry = 8nb/ar'. (23) 
The resistance R approaches a lower limit Ry (at low rates of flow) which depends 


only on the dimensions of the capillary. With this definition of resistance 
we have 


Fp = paP/R, (24) 
in complete analogy with Ohm’s Law. 
When the pressure drop P is negligibly small compared to p, this reduces to 


F=P/R. (24a) 
For air at 20°C the resistance R, can be calculated by (23) as 
Ry = 4.61 x 10-4b/r4 (25) 
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Calibration of Capillaries 

We have used many capillaries as flow gauges. Let us consider one 
example. A column of mercury about 20 cm long was introduced into a long 
capillary selected from many because of the uniformity of its bore and its 
close approach to a circular cross section. The length of the mercury column 
was measured at different places along the length of the tube and from 
these data, and the weight of the mercury, the value of r* for each 20 cm section 
of the tube was calculated. The mean radius was 0.06595 cm. 

The tube was then cut into lengths each 20 cm long and these were 
cemented together (in parallel) into a bundle which was joined to a large 
tube at each end. The values of r* for each of the separate tubes were than 
added together (since r* is proportional to the conductance) and the sum was 
introduced as r* in Eq. (25) giving for the whole bundle Ry = 37.5. 

For actual use of the flow gauge we need to know the value of R as a function 
of P, the pressure drop across its ends. 

For a Reynolds’ number of 1000, according to Eq. (10) the flow through 
each capillary should not exceed 240 r which gives for the 13 tubes in the 
bundle F = 206 cm’/sec. Let us consider, however, rates of flow up to 400 
cm*/sec (Reynolds’ number = 1940) for laminar flow may often persist up 
to about this Reynolds’ number. 

Table III shows the method of preparing a calibration curve. The second 
column gives values of Ab calculated by Eq. (19) from the values of F shown 
in the first column (F, is the flow at a point in the tube where the pressure 
is p, as defined by Eq. (16)). The resistance R (Col. 3) is calculated from Ro, 
Ab and b = 20 cm by Eq. (22). The pressure drop P, expressed as a head 


Tasie III 
Calibration of a Bundle of Capillaries 


13 capillaries each of radius 0.06596 cm and length 20.0 cm delivering 
air at normal atmospheric pressure 























1 | 2 | 3 4 | 5 6 
= 0 | 
Pa ed Re | tebe | Pale | 8 
cm/*sec | om | water cm | 
i } 
0 0.00 | 37.5 | 0 1.0000 0 
50} 1.02 | 394 2.01 1.0010 50.0 
100 | 204 | 41.3 | 4.21 | 1.0021 100.2 
150 | 3.06 | 43.2 | 661 1.0032 | 150.5 
200 4.08 | 45.2 | 9.21 1.0045 | 200.9 
250 5.10 47.1 12.00 | 1.0059 | 251.5 
300 6.12 49.0 | 14.99 | 1.0073 | 302.2 
350° | (7.14 50.9 | 1817 | 1.0089 | 353.1 
400 | 8.16 52.8 | 21.54 | 1.0106 | 404.2 
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of water is given in Col. 4 and has been calculated from Eq. (24) by putting 
Fp = F,p, so that P = RF, = 980h. 

A curve can now be prepared by plotting R as a function of hk. It should 
be noted that R is by no means constant: it varies linearly with F, but since 
h is proportional to RF, the curve expressing R in terms of h is a parabola. 

In some cases it is desirable to prepare a curve giving F as a function of h. 
In his case we must take into account that F varies in inverse proportion 
to p. When capillaries are used to measure resistances of filters placed in 
series with them the pressure in the filter may differ by 2 per cent, with a head 
of 20 cm, from the value of p, in the capillary. 

The last two columns of Table III give an example of the way that Fy, 
the rate of outflow from the capillary into the atmosphere, varies with h. Here 
Pa/Po is calculated by Eq. (16) placing p, = p)>+P. If suction were used to 
draw air into the capillary the values of flow F, from the atmosphere would 
be less than the values of Fy. - 


Laminar Flow in Filters 

The foregoing studies of capillaries show that the effect of Ab (the kinetic 
energy correction) is very large, up to 43 per cent in Table III, but the 
corrections that result from p,/p do not often exceed 2 per cent. We have, 
however, desired to obtain a highly accurate calibration in order to test the 
constancy of the resistance of filters as the flow rate F is changed. 

According to statements made at Edgewood the pressure drop in Alpha 
Webb filters was found to be not strictly proportional to the rate of flow. 
Some early measurements that we made with capillary flow gauges which 
had not been properly calibrated gave indications of the same sort. 

We shall see that our, theory of flow resistance of filters treats the problem 
as one of purely laminar flow in which there is no appreciable kinetic correction; 
therefore R should be constant. It thus became important to make accurate 
experimental determinations of R for filters as a test of our theory, particularly 
since our theory of filtration is also based on the assumption of laminar flow. 

We have tested many filters of various types: paper, porous clay, absestos, 
etc. When we used carefully calibrated capillaries we have found in every 
case that the resistance R does not vary appreciably with F. We are thus 
justified in our assumption of laminar flow in filters. 


Theory of Filter Resistance, R 

An extensive study of the flow resistance of filters for liquids has been 
made by Carman’. He finds with a wide variety of filters, and small spheres 
etc., that the flow F is very satisfactorily given by the following equation which 
is based upon one previously published by Kozeny: 


F = AP(1—8)*/kbnS? (26) 


1 P.C. Carman, 7. Soc. Chem. Ind. 57, 225 (1938); 58, 1 (1939). 


Google 


410 Report on Smokes and Filters 


where £ is the fraction of the volume occupied by the solid particles of the 
filter i.e. 1—£ is the ‘‘porosity”, S is the total surface area of all the particles 
in a unit volume of the filter bed and k is a pure number which has been 
found by experiment to have the value 5.0. The other quantities A, F, b. 
and 7 have the meanings we have already assigned to them. 

Comparison of Eqs. (26) and (24) shows that the resistance of a filter ac- 
cording to Kozeny is 


R = kbyS*(p,/p)/A (1—B)*. (27) 


The value of k must depend upon the shape and arrangement of the particles 
that make up the filter. For example, let us consider a filter consisting of a plate 
of thickness 6 through which very fine circular holes of radius r have been 
drilled. The resistance of each hole can be calculated by Eq. (23) and thus 
if there are N holes per cm? the resistance of the whole plate (neglecting end- 
corrections) is 


R = 8nb/ANar'. (28) 


Let us compare this with the Kozeny Eq. (27). We put S = 2arN (the 
surface area of the capillary walls) and (1—f) = 2r*N (the volume of the 
metal removed in forming the holes.) Inserting these in Eq. (27) we find 
(neglecting p,/p) that this equation becomes identical with Eq. (28) only 
if we put k = 2. The form of the Kozeny equation, however, is suitable for 
filters having capillary pores, since the agreement between the two equations 
holds for all values of r and N. 

A simple modification of our perforated plate example shows that the 
Kozeny equation cannot be applied generally. Let us consider that as before 
we drill N holes per cm* but now incline them at an angle of 60° from the 
normal to the plate so that each hole is now twice as long (2b) as before. 
This must evidently double the resistance, but according to Eq. (27) it should 
cut it in half. To reconcile the equations we would have to postulate that 
in the case of tortuous capillary passages in a filter of given thickness the 
value of k would vary in proportion to the square of the length or 1/(cos 6)? 
if 6 is the angle of inclination of the axis of the passage with respect to the 
normal to the surface of the filter. } 

In a similar way we find that if the holes are drilled perpendicular to the 
surface but are not all of the same radius, the effect is to decrease k. For 
example, let half of the holes be of one size (radius 7,) and the other half 
be of larger size (radius 7,). When r,—0.3r,, the value of k becomes a mini- 
mum, k = 1.52. 

On the other hand if the holes are all alike but vary in radius along their 
length the value of k increases above 2. Thus, if each tube for half its 
length has a radius 1.7 times that of the other half the value of & is 4.51. 
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Since variations of this magnitude in the effective radii of the passages 
between grains of sand must occur it is understandable that experiments 
with filters made of such substances have given empirically the value k = 5. 

We may also apply the Kozeny equation to a hypothetical filter consisting 
of parallel plates between which there is laminar flow. Imagine a filter built 
up from microscope slides of width 5 set on edge, parallel to one another, 
with their surfaces separated by the distance a. Let N be the number of plates 
per cm measured in a direction perpendicular to the plates but parallel to the 
surface of the filter. The thickness of the filter is 6. The resistance of such 
a filter, calculated by a method like that used in the derivation of the Poiseuille 
Law is: 

R = 12nb/AadN. (29) 

In Eq. (27) we then put S = 2N and 1—8 = Na. Comparison with (29) 
gives k = 3, for all values of N and a. 

These variations in k with different geometrical constructions are moderate 
in magnitude and we see readily that the Kozeny Equation should be very 
useful, with empirically determined values of k, for many types of filters. 

To understand the serious limitations of the Kozeny equation under some 
conditions let us consider a hypothetical filter consisting of very small spheres 
fixed rigidly in space (by purely imaginary suspensions) at distances apart 
large compared to their radii. Stokes’ Law 

f = 6ayro (30) 
gives the force acting on each particle because of the viscous drag of the gas 
which moves with a velocity v. If there are n particles per cm® and these 
form a filter bed of thickness b we find that the resistance of a filter of 
area A is 

R = 6annbr/A. (31) 

In Eq. (27) we put S = 4anr* and B = (47/3)nr’. Since we must assume 

that the particles are at distances apart large compared to 1, in order to be 

within the range of validity of Stoke’s Law, we can neglect 6 compared to 
unity. A comparison of (27) and (31) thus gives: 

k = 3/8xnr3 = 1/28. (32) 

Thus k varies with the size of the particles and also depends on their 
number in such a way that k can be expressed in terms of the total volume 
of the spheres. If 6 = 0.1, k= 5; but with the much smaller values of 8, 
for which alone Stokes’ Law should apply, & would be very much larger 
than 5. 


The Theory of Filters of Fibrous Materials 


The filters used in the U.S. and British canisters (Alpha Webb paper, 
Wool-Absbestos mixture) consist of well dispersed fibers. Let us therefore 
calculate the resistance of a hypothetical filter model which is of the simplest 
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possible structure having evenly spaced cylindrical fibers. The theory is much 
simpler if the axes of the fibers are parallel to the direction of flow of the 
gas. Later we shall consider how the resistance is changed if the axes of the 
fibers are made to be perpendicular to the direction of flow. 

Fig. 1 is a diagram of an arrangement of fibers which is chosen to facilitate 
the calculation of the flow resistance. The small circles represent the cross- 
sections of the fibers whose axes are perpendicular to the surface of the filter. 
The volume of the filter may thus be divided into a honey-comb of hexagonal 
prisms each of which contains one coaxial fiber. Because of its viscosity the 
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gas must move with zero velocity at the surface of the fiber and the greatest 
velocities will occur along the imaginary prismatic surfaces. Evidently the 
calculated velocity distribution near the surface of the filament will not be 
materially altered if we replace each prism by a cylinder having the same 
cross section. 

The calculation of the resistance of the filter thus involves the solution of 
the problem of the laminar longitudinal flow of gas through the space between 
two long coaxial cylinders of different diameters. 

For cases of cylindrical symmetry the differential equation for laminar 
flow of a fluid? is: 

—dp/dx = (n/r)d(rdv/dr)/dr (33) 
where dp/dx is the pressure gradient in the direction of flow and dv/dr is the 
velocity gradient in the radial direction. We now integrate this equation twice, 
and determine the two integration constants by the conditions r = O when 
r =r, and dv/dr = O when r = 7, where 1, is the radius of a cylinder having 
the same cross-sectional area as that of the hexagonal prisms of Fig. 1. 
We thus find the velocity as a function of the radius r: 


ov = (P/2n b) [Ft In(r/rz)— (1/2)(?*—-7,"))]. (34) 

The total flow F is then obtained by integration of 2x rvdr between r, 
and 7: 

F = (aPrp‘/4nbp?)— (IB +28 —B?/2—3/2), (35) 


1 Handbuch d. Physik, Vol. 7, 103 (1927). 
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where 8, the fraction of the filter volume occupied by the fibers, is 
B= (7;/n)*. (36) 
Let us define a function ® by 
© = 1/(—InB-+28—f/2—3/2). (37) 
A table of this function is given in Table IV. The calculation of ® for values 
of B that are close to unity is facilitated by the series expansion: 


® = (1/a’)/(1/3+-a/4+-0?/5+03/6+ ...) (38) 
where 
a=1-8 (39) 
The resistance R, offered by a single fiber (Fig. 1) in its hexagonal cell 
is thus obtained by Eqs. (35), (37), and (24): 
R, = 4nbB’O@/x rh. (40) 
The cross-sectional area of each hexagonal prism is zr?; but by Eq. 
(36) this is equal to 2r3/8. The resistance R of the filter is obtained by 
dividing R, by the number of prisms, AB/z 7}: 
R = 4nbB@/Ar?. (41) 
Let us now compare this with the Kozeny equation (27). The fiber area 
per unit volume of filter (S) is 


S = 28/r, (42) 
By eliminating 7, between Eq. (41) and Eq. (42) we get 
R = nbS?6/AB. (43) 


Comparing this equation with Eq. (27) we find they agree only if the 
factor of the Kozeny equation has the value 


k = (1—B)°@/6. (44) 
By Eq. (38) for large values of B this becomes 


k = 3/B(1+3a/4+3a02/5+ ...) 
or (45) 
k = 3(1+a/4+17a?/80-+ ...). 
Thus for large values of 8 (small values of a) k approaches the limit 3, which 
is the same as we found for flow between parallel planes, Eq. (29). 

The values of k given in the 3rd column of Table IV calculated by Eqs. 
(44) and (45), are by no means constant, but rise to values far greater than 5 
as B decreases. 

We may conclude that the Kozeny equation (with Constant k) is not 
applicable to filters of fibrous materials if the space filling factor B is less 
than 0.2. We need now to consider whether Eq. (41), which gives the re- 
sistance of an ideal filter, built according to the pattern of Fig. 1, is applic- 
able to actual filters made from cylindrical fibers. 
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Tasie IV 

The function $ and the Kozeny ‘‘Constant” k 
B ¢ k B | 6 k 
1.0 0.0 3.00 0.25 2.82 4.75 
0.95 | 23,100 3.039 |} 0.20 2.04 5.23 
0.90 2774 3.082 || 0.15 1.458 5.85 
0.8 318 3.180 0.10 0.999 7.24 
0.7 85.7 3.305 0.05 0.627 10.76 
0.6 32.4 3.46 |; 0.02 0.408 19.2 
0.5 14.67 3.67 0.01 0.321 31.2 
0.4 7.34 3.96 0.005 0.263 51.6 
0.35 5.30 4.16 0.002 0.212 105.5 
0.3 3.86 4.41 0.001 0.185 184 




















The main differences between an actual filter and our filter models are: 

1. The fibers of an actual filter have their axes approximately parallel to 
the surface of the filter. 

2. The fibers are not parallel to one another but cross at all angles and 
their distribution in space is far less uniform than in our model. 

Effect of Transverse Flow. The effect of the transverse position of the fibers 
with respect to the direction of flow is to increase the resistance by a factor 
not greater than 2. This conclusion may be drawn from an examination of 
the theory of the movement of ellipsoids through fluids.! Let a, b, and 
c be the semiaxes of an ellipsoid. Consider a prolate ellipsoid of revolution 
(a>b=c). Let f, be the force per unit velocity for longitudinal motion 
(parallel to a); f, the force for transverse motion (parallel to 6 or ¢ axis) 
and f the corresponding force for a sphere of radius 6. The ratios f,/f, f/f 
and f,/f, for various values of a/b are given in Table V. The force needed 
to produce transverse motion is always greater than for longitudinal motion 
but the ratio never exceeds 2. It is noteworthy that this ratio approaches the 
limit 2. very slowly: 








TaBLe V 
Forces for Unit Velocity of Ellipsoids 
: ] 
afb | filf | frlf Self 
10 | 10 | 10 1.0 
2.0 1.21. | 1.38 1.14 
5.0 1.79 2.37 1.33 
10 | (2.65 3.81 1.44 
20 | 4.19 6.36 1.52 
50 "8.13 13.08 1.61 
100 13.88 23.0 1.66 
00 6} — 2.00 





1 A. Oderbeck, ¥. reine u. angew. Mathe 81, 62 (1876); Francis Perrin, Jour. de Physique 
et Le Radium 5, 497 (1934). 
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even for a/b = 20 it is only 1.52. Evidently the motion of the gas at a distance 
from the fiber comparable to the major axis must be involved as a factor 
determining this ratio. In the case of the fibers of a filter, neighboring fibers 
are at distances not many times greater than the fiber radius, and it therefore 
seems reasonable to conclude that the resistance does not increase by a factor 
greater than about 1.4 when the flow changes from longitudinal to transverse. 
In place of Eq. (41) we may put 
R= 4Bnbp/Arz (46) 


where B is a numerical factor, of the order of unity, whose value depends 
upon the geometrical arrangement of the fibers. If the cylindrical fibers had 
axes parallel to one another and to the surface of the filter sheet and were 
uniformly dispersed (in a hexagonal close-packed lattice) we estimate that 
B would be approximately 1.4. 

Non-Uniform Distribution. The effect of a random non-uniform distribu- 
tion of fibers is to lower B. Consider for example parallel fibers that are 
gathered into compact strands. This is equivalent to an increase in the 
effective radius of the fibers without any change in 8. According to Eq. 
(41) R then varies inversely as the number of fibers in each strand. Even 
if we take the strands to be of lower density than the fibers (due to loose 
packing) and calculate 8 as the fraction of the total volume occupied by the 
strands, the increase in B® is not enough to compensate for the effective 
increase in radius, and thus the net effect of the stranding is to decrease 
R. This means that stranding, or other factors such as non parallelism of 
the fibers that give a less uniform distribution of fibers than we have postulated, 
will have the effect of decreasing B in Eq. (46). 

The two effects that we have considered (transverse flow and non-uniform 
distribution) act in opposite directions and may approximately balance one 
another. . 

In our studies of fiber glass filters, for which B and r, were known, we have 
measured R and so have been able from Eq. (46) to calculate the values of B. 

In general these empirically determined values of B were found to lie 
between 0.5 and 1. and were apparently not dependent on £. The lowest values 
of B were clearly an indication of greater non-uniformity of fiber distribution. 
When disks of loosely packed fiber glass are compressed to different degrees 
so that b and £ vary, we have found in every case that the observed changes 
in flow resistance R are in good accord with Eq. (46) using a constant value 
of B. Under these conditions 58 remains constant during the compression and 
thus the resistance R varies in direct proportion to ©. 

Non-Circular Fibers. The cellulose fibers of the Alpha Webb paper are 
ribbon-like in shape. Microphotographs of sections cut through layers of 
paper that have been impregnated with solventless varnish and then baked 
showed that most of the fibers have widths of 25 to 30 microns. 
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We can estimate the magnitude of the changes in resistance produced by 
altering the cross section of the fibers from Perrin’s equation for the forces 
which act on small ellipsoids moving through viscous media. 

First we may compare the case of a sphere (a= b=c=r,) with that 
of a flat oblate ellipsoid (a = 6 =7,; c= 0) or circular disk of radius rp 
having the same surface area. For motion of the disk in a direction normal 
to its surface we find f,,/f, = 1.200, where f, is the force (per unit velocity) 
needed for the motion of the sphere. For motion in a direction parallel to the 
plane of the disk f,/f, = 0.800. 

A better estimate of the effect of changing from a cylindrical fiber to a flat 
ribbon can be made by comparing a much elongated prolate ellipsoid of 
revolution (a) >) = ¢y) with a flat elliptical ribbon (a >b; c=0). In 
the latter case Perrin’s equations become indeterminate. Dr. H. Poritsky has 
derived for me the limiting forms of the equations for the case a > 5; c = 0. 
The results may be expressed as follows :— 


fu/f = (ln (xa/b)+1/2]/In (4a/b) (46a) 
= [0.714-+logi9(a/8)]/[0.602-+1ogy9(2/8)] 
fo/f = [n(xa/b)+1/2]/[In (4a/6) +1] (46b) 


= [0.714-+log,,(a/b)}/[1.036-+log,9 (a/b). 


Here fy is the force (per unit velocity) for motion of the elliptical ribbon 
(c = 0) in a direction normal to the plane of its surface, f, is the corresponding 
force for transverse motion parallel to the plane and f, is the force (per 
unit velocity) for transverse motion of a prolate ellipsoid (a) > by = co) 
having the same perimeter of cross section as the elliptical ribbon ice., 
Ay = a; by = Cy = (2/n)b. Values of f,/f and f,/f are given in Table VI. 


Taste VI 


Comparison of Frictional Forces on a Ribbon 
and on a Cylinder having the same Perimeter 
of Cross Section 








ao =| fulf =| Self 
4 1 1,093 | 0.803 
6 ! 1.081 | 0.822 
10 \ 1.070 | 0.842 
20 1.059 0.862 
50 1.049 0.882 





These calculations prove that the resistance offered by a ribbon shaped 
fiber does not differ by more than a few per cent from that of a cylindrical 
fiber having the same length and area. The perimeter of the cross-section 
is thus the factor that determines the resistance. When the ribbon-like fibers 
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have their flat surfaces perpendicular to the direction of ow of the gas the 
resistance is slightly higher than when the plane of fiber surfaces is parallel 
to the flow. 

Let p, be the average perimeter, g the average cross-sectional area and o, 
the actual density of the material of the fibers (1.53 for the cellulose of the 
Alpha Webb Paper). Let 0 be the apparent density of the filter (0.15 g/cm? 
for the standard paper). The total length of the fibers in unit volume of filter 
is thus 

L = 0/405. (47) 

The effective radius of the fiber, i.e. that of a cylinder having the same 

perimeter of cross-section, is 


= p,/2n (48) 
and the effective value of B to use in Eq. (46) is 
B = mL = pro/4nerg. (49) 


Substituting these values of r, and 8, and ® calculated from B by Eq. 
(37) or Table III, into Eq. (46) we may calculate the resistance of any material 
built from homogeneous fibers even if these are not circular in cross-section. 


The Mechanism of Filtration 

There are many conceivable mechanisms by which filters may remove 
solid or liquid particles from gases. To build a better filter for toxic aerosals 
it is important to know which of these mechanisms is most effective in the 
removal of fine smoke particles. 

Screens and Sieves. Crushed rock fragments and even fine powders may 
be graded according to particle size by screens or sieves. The particles that 
are larger than the size of the openings are caught while all the smaller particles 
pass through. It is often thought that filters act in the same way, and that 
it is therefore necessary to have filter pores smaller than the dimensions of 
the particles that are to be removed. 

Microscopic examination of sections of Alpha Webb Paper filters shows 
that the distances between fibers are very much larger than the diameters 
of the smoke particles. Furthermore, calculation proves that if we made a filter 
with capillary openings of 14 diameter the flow resistance would be so great 
as to render it useless. Such a filter also would suffer from the great disadvan- 
tage that the pores would soon be clogged by the particles that are caught. 

With screens and sieves mechanical agitation is used to dislodge particles 
that are caught. The particles are of such size that the gravitational force and 
the forces due to mechanical acceleration greatly exceed the forces that might 
cause the particles to adhere to the screen. 

The conditions that are met in the filtration of smokes where the particles 
have diameters of less than one micron are entirely different. The gravitational 
effects and those due to the inertia of the particles now become negligible 
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compared to surface forces (adhesion, van der Waals forces etc.) and to 
those that cause Brownian movement. With moderate rates of gas flow we 
thus expect that every small particle that comes into contact with the surface 
of the filter will stick to it and be retained regardless of the relative size 
of the particle and the distance between the fibers. 

We need to consider the various mechanisms, by which particles are brought 
into contact with the fibers: 

1. Direct Interception. Since in any filter the gas moves by laminar or 
stream-line flow we may think of the whole space between the fibers as con- 
taining an infinite number of definite flow lines, just as we may picture an 
electric field by lines of force. 

Consider now that the gas carries spherical smoke particles of radius 7. 
If the inertial effects due to the mass of the particle can be neglected, the 
path of the center of each smoke particle will coincide with a flow line in 
the gas. The condition that any particle shall come into contact with a fiber 
of the filter is that its path or flow line, at some point along its length, shall 
pass within the distance r of a fiber. 

Imagine, for example, that the flow lines in the gas before it enters the 
filter are uniformly spaced. The flow lines can now be divided into two groups, 
those that pass, at some point along their lengths, within the distance r of 
a fiber and those that do not get within this distance. If n/n, is the fraction 
of the flow lines that are of the second type, then n/n, is-also the fraction of 
the smoke particles that pass through the filter. 

Evidently the larger the particles the smaller n/n, will become, but just 
what the theoretical relation will be between n/n, and r can only be determined 
by detailed knowledge of the shapes of the flow lines near the fibers. 

If this factor (interception) were the only one involved in filtration we 
should expect that n/n, would be independent of the velocity v with which 
the gas passes through the filter, since with laminar flow, the shapes of the 
flow lines are not changed. 

2. Inertial effects. If the mass of the smoke particle and the gas velocity are 
sufficiently high, the paths of the centers of the particles will not coincide 
with the flow lines of the gas. The flow lines have to pass around a fiber and 
are therefore highly curved near the surface of a fiber. However, the paths 
of heavy particles, which are headed towards a fiber, do not curve away so 
rapidly and therefore the particle may come into contact with the fiber even 
if the flow line which it started to follow does not come within the distance 
r from the fiber. 

To estimate the magnitude of this effect let us consider the motion of a spher- 
ical particle in a gas moving with the velocity v when the gas is suddenly 
brought to rest. The particle, because of its inertia, continues at first to move 
with the velocity vp, but the frictional force exerted by the gas causes an ex- 
ponential decrease in velocity. The particle thus comes to rest after having 
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moved through the stationary gas a finite distance, X, which we shall call 
the stopping distance. The force which acts on the particle during this time 
is given by Stokes’ Law 


f = 6anrv. (50) 

Equating this to the product of mass m and acceleration and integrating, we 
find 

v = v, exp (—6anrt/m) (51) 


where vp is the initial velocity of the particle at the moment when the gas 
stopped moving. The stopping distance is then obtained by integrating vdt 
between the limits t = 0 and t = o, giving 

X = mog/6ayr = Zovgr?/9q (52) 
where @ is the density of the particle. 

For air at 20°C this gives 

x = 1230r%ov,. (53) 
For particles of oleic acid smoke (9 = 0.89 g/cm *) of a diameter of 1p (r = 
0.5x10-4cm) and a velocity of 3.5 cm sec? (maximum in U.S. Standard 
Canister) we thus calculate X = 8.9x10-*cm. This distance is so very small 
compared to the effective diameters of the fibers that we can be very sure 
that inertial effects play no part in the filtration of smokes with particles as 
fine as this. However, with particles of 10 microns in diameter X becomes 
8.9 microns and thus for particles larger than this the inertial effect may be 
important. 

Albrecht has considered these inertial effects in developing a theory of the 
deposition of hoar frost or rime on wires and cylinders exposed to wind. He 
calculates that thete is no deposition at all if the stopping distance X is less 
than a critical value equal to 0.090 of the diameter of the wire. With higher 
velocities giving greater values of X deposition occurs along a band of a width 
which increases gradually with velocity until it covers the whole of the wind- 
ward side. The effective target area, which determines the wind cross-section 
from which all particles are removed, rises to 0.48 of the projected area of the 
wire when X equals the wire diameter. 

Albrecht suggests that the removal of particles of dust or smoke by a filter 
is dependent upon this same inertial deposition and he gives several designs 
of curved surfaces which would aid in such action. 

Albrecht bases his calculation of the paths of the particles upon the perfect 
fluid theory of flow near a cylinder. According to this theory the gas at the 
surface of the cylinder has a maximum velocity which is twice as great as the 
velocity in the body of gas at a large distance from the cylinder. Actually vis- 
cosity must make the tangential as well as the radial velocities approach zero 
at the surface. This fact invalidates Albrecht’s quantitative theory. 

I have revised some of Albrecht’s calculations determining the flow lines 
around the cylinder by Lamb’s theory of the flow of a viscous fluid around 
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a cylinder. I find that the critical value of X at which deposition begins is 
0.27 of the diameter of the cylinder (instead of 0.090 as calculated by Albrecht). 

With this modification of Albrecht’s theory we can calculate from Eq. (53) 
that with a gas flow of 3.5 cm/sec and a fiber diameter of 8.8 microns (as in 
our ‘‘bulk silk” filters), oleic acid particles could be caught only if they have 
diameters of more than 5.0 microns. 

Of course, in actual filters, because of the variation of fiber size and par- 
ticularly because of irregularities in distribution, we would not expect to have 
a definite critical velocity at which filtration begins. However, the essential 
characteristic of the inertial effect is that the fraction of particles which pass 
the filter must decrease as the velocity increases. All our experimental data 
on filtration (and that which Dr. Rodebush has sent us) shows that n/n in- 
creases when the velocity increases. We therefore have complete proof that 
Albrecht’s theory is not applicable to the filtration of fine smoke particles. 

3. Diffusion. Particles of very small diameters show considerable Brownian 
movement and therefore do not move uniformly along the flow lines of the gas 

Let us imagine a point A which moves with the gas as it passes by laminar 
flow through a filter. The point A thus moves along a flow line. Now let us 
consider the motion of the center, B, of a sperical particle which, at the time 
t = 0, coincides with the moving point A. Because of Brownian movement 
the path of B will not continue to coincide with A, but the distance B—A, 
which we may call x, will gradually increase. If we consider a large number 
of particles, which follow one another in time, we find by the laws of pro- 
bability that the mean value of x* increases in proportion to the time ¢ accord- 
ing to the equation , 


x = 2Dt (54) 


where D is the diffusion coefficient of the particles. 

This diffusion or migration of the particles from the flow line tends to in- 
crease the number of particles whose centers come within the distance r of a fiber. 
The effect will be most marked when the velocity is low for the particles then 
remain longer in the neighborhood of each fiber and by Eq. (54) can thus 
travel greater distances to reach it. 

The effect of diffusion is thus to make a filter more effective in removing 
very fine smoke particles than coarser ones. It also accounts for the decrease 
in filtering action observed with high velocities of flow. 

Diffusion Coefficient D. The diffusion coefficient of molecules of a gas, 
according to the kinetic theory, depends on the free path 4 and the molecular 
velocity w,. 

If after each collision a molecule starts to move with a velocity vp in a new 
random direction, unrelated to its previous motion, the diffusion coefficient is 


D = (1/3)Ae,. (55) 
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This equation is applicable directly to the diffusion of a very light gas in 
a much heavier gas, whose molecules are not appreciably set into motion by 
the impact of the lighter molecules. In all other cases the ‘‘persistence of 
velocities” after collisions must be taken into account, 

If the free path A is defined as the average distance that a molecule moves 
between successive collisions with other molecules, the effect of the persist- 
ence may be taken into account by a suitable increase in the numerical factor 
in Eq. (55) above the value 1/3. 

The Stefan-Maxwell theory of diffusion has led to an equation! which is 
in excellent agreement with experiment. Let us use this equation to calculate 
the diffusion coefficient of smoke particles in air or other gas. In this case 
we may assume that the mass and the diameter of the smoke particles are 
very large compared to the masses and diameters of the gas molecules. The 
Stefan-Maxwell equation then takes the simple form 


D = 0,/30nR?. (56) 


Here r is the radius of the smoke particle, n is the molecular concentration 
of the gas (molecules per cm*) given by 


n = p/kT (57) 
and v, is the average molecular velocity of the gas molecules 
v, = (8kT/2m,)¥? = 1.455 x 104(7/M)# (58) 


where m, is the mass per molecule and M is the molecular weight of the gas 
(0 = 16). For air at atmospheric pressure (p = 10*dynes/cm or 750. mm 
of Hg) and 20°C the equations give n = 2.47 x 10! molecules cm-? and v, = 
4.64 x 104 cm sec"! so that Eq. (56) reduces to 


D = 1.99 x 10-6/r? cm? sec"? (59) 


It should be noted that the diffusion coefficient of smoke particles given 
by Eqs. (56) and (59) depends upon the size of the particles but not upon 
their mass. 

We need to consider carefully the limitations of the Stefan- Maxwell theory 
as applied to the diffusion of smoke particles. The mean free path A, of the 
smoke particles, according to the definition used by Jeans, is to be taken as 
the average distance that the particle moves between succession collisions 
with air molecules. The rate at which gas molecules strike a surface (mole- 
cules cm~* sec“) is (1/4) nv,. 

The number per second that strike a slowly moving smoke particle is there- 
fore xR*nv,, and the reciprocal of this is the average time between successive 
collisions. The free path 4, of a smoke particle moving with the velocity », 
is thus 

A, = 0,/n*nv, = (m,/m,)*/nrn. (60) 


1 J. H. Jeans, Dynamical Theory of Gases, Cambridge University Press. 
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It is evident that single collisions with gas molecules do not cause a heavy 
smoke particle to be appreciably deflected from its path. The motion of the 
particle is therefore better described in terms of the stopping distance X, 
which we may define as the average distance (component in the original di- 
rection) which the particle moves bcfore its direction of motion changes by 
90°, i.e. it loses its forward momentum. The diffusion coefficient D can then 
be calculated by Eq. (55) without the need for modifying the numerical factor 
1/3 if we replace the free path A by the stopping distance X: 


D = (1/3)0,X. (61) 
By comparing this with Eqs. (56) and (60) we find: 
X = (m,/m,)""/ax1'n = 1, (m,/m,). (62) 


Thus the stopping distance increases but the frce path decreases as the 
particle size increases. 

In the Stefan-Maxwell theory of diffusion that led to Eqs. (56) and (59), 
the motions of the gas molecules which collide with a heavy particle were 
assumed to be uninfluenced by the motion of the particle. This condition 
is fulfilled only if 4,, the free path of the gas molecules, is large compared 
to the radius of the particles. Since the mean free path for air at p = 10* dynes 
per cm-* and 20°C is A, = 1.31 10-5 cm the Stcfan-Maxwell theory is ap- 
plicable only to particles smaller than those usually occurring in smokes. 

For the case of particles having radii large compared to A,, Einstein’ has 
derived from Stokes’ Law, Eq. (50), an equation for the diffusion coefficient: 


D = kT/6xnr. (63) 
For air at 20°C this gives: 
D = 1.185 x 10-4/r, cm? sec”. (64) 
It is interesting to compare Eqs. (63) and (61). For the large particle we 
are now considering the stopping distance X may be calculated by Eq. (52) 
putting the initial velocity v, equal to the root-mean-square velocity u of the 
smoke particle defined by: 
(1/2) m,u? = (3/2)RkT. (65) 
X = (3m, kT)!2/6anr = (rpkT/x)!2/3n (66) 
For particles of density 9 and radius r having the energy of thermal agita- 
tion in air at 20°C the stopping distance in c.g.s. units is 
X = 2.09 x 10-4 (r9)"*. (67) 
Thus for oleic acid (9 = 0.89) droplets of radius 10 4cm X is 1.97 x 10-8cm. 
When we put in Eq. (61) the value v, = u as given by Eq. (65) and the 
value of X from Eq. (66) we find that the equation becomes identical with 
Eq. (6). 
1 A. Einstein, z.f. Elektrochem. 14, 235 (1908). 
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Cunningham Correction to Stokes’ Law: Within a distance from the surface 
of a particle comparable with the free path A of the air molecules the tangential 
velocity is greater than one would calculate from the viscosity on the assump- 
tion that the air is a continuous medium. To allow for this “‘slip”’ Cunningham 
introduced a correction to Stokes’ Law:- so that Eq. (50) was changed to 


v = f(1-+Ai/r)/6xnr, (68) 


where A is a numerical factor that is of the order of unity. 

In connection with the determination of the elctronic charge by Millikan 
and others, careful studies have been made of the laws of fall of spherical 
particles. Knudsen and Weber by experiments with spheres in gases at low 
pressures found that the quantity A of Eq. (68) is not constant but varies 
with r according to an equation of the form 

A = A,+B exp(—Cr/d). (69) 

Many investigators have measured Ay, B, and C, but their values are 
not directly comparable unless they use the same values for the free path A. 
Jeans has considered in detail the corrections that are needed to allow for 
the effect of the persistence of molecular velocities after collisions. His equa- 
tion for A is 

A = n/0.2480, 0. (70) 


For air at 20°C and normal atmospheric pressure (760 mm of Hg) this 
value of 4 is 1.31 10-°cm. 

Knudsen and Weber defined A by an equation like Eq. (70) except that 
the numerical factor was 0.3097 instead of 0.248. Millikan used 0.3502; Re- 
gener 0.491, and J. J. Thompson 0.333. 

Table VII gives values of Ay, B and C that I have obtained from published 
equations of type of Eq. (69) by reducing them all to a common basis by adopt- 
ing Jeans equation for A, Eq. (70). 











Taste VII 
Cunningham Correction. Based on Feans Free Path 
Equation 
Source Year Ay B c A,+B 
= I - ten: a 
Knudsen | i 
and Weber 1911 0.545 \ 0.281 2.31 0.826 
Millikan 1912 0.620 0.248 2.40 0.868 
1913 0.620 0.227 2.18 0.847 
4; 1923 0.613 0.206 1.77 0.819 
Mattauch 1925 0.637 0.221 3.35 0.858 
Mean Value 0.62 0.22 2.2 0.84 
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For our calculations we shall use the weighted mean given in the last line 
of Table VIT. The Cunningham factor A, although not strictly constant, changes 
only from A, to A,+B, that is, from 0.62 to 0.84, as r decreases from large 
values to zero. 

To allow for the Cunningham correction in calculating the stopping distance 
X the right member of Eq. (52) should be multiplied by the factor (1-+.AA/r) 
and therefore by Eq. (61) the Einstein equation for the diffusion coefficient, 
Eq. (63), becomes 

; D = kT(1+-Ad/r)/6xnr. (71) 

The diffusion coefficient is thus the sum of two terms: one is the limiting 
expression for large particles as given by Eq. (63) and the other is the limiting 
expression for very small particles which becomes 


: lo = ARTA/6xnr*. (72) 

Let us compare this with Eq. (56) which we deduced from the Stefan- 
Maxwell theory for particles of small radius. In Eq. (72) we may eliminate 4 
by Eq. (70), kT by Eq. (58) and m/o by the relation g = mm. We obtain 
Dy = Av,/11.97°n. (73) 


This is identical with Eq. (56) if A = 1.26. However, the value of A for 
small radius from the data of Table VI is 0.84 and thus the diffusion coefficient 
from Eq. (73) is 0.67 of that given by Eq. (56). The reason for this difference 
is not apparent. 

Table VIII gives the values of the diffusion coefficient calculated by Eq. (71) 
for spherical particles of radius r. 

The velocity of fall of spherical particles under the influence of gravity 
may be obtained from Eq. (68) by inserting the value of f = 4rgo/3 giving 


v = (2gor*/9n) (1+AA/r). (74) 
The last column of Table VIII gives the velocity of fall of spherical oleic 
acid particles (g = 0.89, g = 980) calculated by this equation. 


Flow Lines and Velocities in a Gas near a Cylindrical Fiber 
The theory of the transverse motion of a cylinder in a viscous fluid has 
been developed by Lamb (H. Lamb Phil. Mag. 21, 120 (1911)). His equations, 
when modified to give the transverse motion of a fluid near the surface of a sta- 

tionary cylinder, became 

dx/dt = C[2 \n (1/a)+(1—a?*/r?) cos 20] (75) 
dy/dt = C(1—a?*/r*) sin 20. (76) 
Here the x-axis is parallel to the direction from which the gas flows, a direc- 


tion that is perpendicular to the axis of the cylinder. The equations give the 
velocities of particles of fluid which are at distances r from the axis, a being 
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Tasie VIII 


Diffusion Coefficient and Velocity of Fall of Smoke 


Particles in Air at 20°C and 1 Atmosphere 


(A = 1.31x 10-5 em) 

















r ! D 2 : 

inicron A 1+AA/r cm*/sec for pera faa 
0.05 0.715 2.875 6.80 x10-* 7.70 x10-* 
0.1 0.661 1.866 2.21 x10-* 2.00 x10-* 
0.15 0.638 1.557 1.23 x10-* 3.74 x10-* 
0.2 0.628 1.411 8.35 x 10-7 6.05 x10-¢ 
0.25 0.623 1.326 6.28 x10-7 8.88 x 10-4 
0.3 0.621 1.271 5.03 x 10-7 1.221 x 10 
0.35 0.621 1.232 4.18 10-7 1.618 x 10-* 
0.4 0.620 1.203 3.56 x10-7 2.04 x 10-* 
0.45 0.620 1.180 3.10 x10-? 2.56 x10-* 
0.5 0.620 1.162 2.76 10-7 3.09 x10-* 
0.55 0.620 1.148 2.47 x10-7 3.72 x10-* 
0.6 0.620 1.135 2.24 x10-7 4.36 x10 
0.65 0.620 1.125 2.05 x 10-7 5.65 x10 
0.7 0.620 1.116 1.89 x 10-7 5.86 x10-* 
0.8 0.620 1.101 1.63 x10-? 7.51 x10 
0.9 0.620 1.090 1.435 x 10-7 
1.0 | 0.620 1.081 1.280 x 10-7 1.059 x 10-* 
1.2 0.620 1.068 1.053 x 10-7 1.65 x10-* 
1.5 0.620 1.054 8.33 x 10-* 2.54 x10-* 
2 0.620 1.040 6.16 x10-* 4.46 x10? 
3 0.620 1.027 4.05 x10-* 9.90 x 10-* 
5 0.620 1.016 2.41 x10-* 0.272 

10 0.620 1.008 1.193 x 10-® 1.08 
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the radius of the cylinder; the angle 6 is the angle between the y-axis and the 
radius vector to the point, so that tan 0 = x/y. The parameter C has the di- 


mensions of a velocity. 
The radial and tangential velocities are 


dr/dt = CR, sin 0 

7d0/dt = CR, cos 6 
where R, and R, are functions of r/a defined by 
R, = 1—a?/r?—2 In (1/a) 


Ry = 1—a?*/r?+2 In (r/a). 


The values of these functions are given in Table IX. 
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Tasie IX 


Functions R,, Ry and E for the Transverse 
Flow of a Viscous Fluid around a Cylinder 











of Radius a 

rla | R, | Re | E 
1.0 0 0 ; 0 

1.01 —0.000197 | 0.0396 0.0066 
1.05 —0.00458 0.1906 0.0325 
1.1 —0.0171 0.364 0.0633 
1.2 |  —0,0590 0.670 0.1206 
13 | 0.1164 0.933 0.1721 
1.4 —0.1831 1.163 0.2210 
1.5 0.2554 1.366 0.2652 
1.6 —0.331 1.549 0.3077 
1.8 —0.484 1.867 0.384 
20 | 0.636 2.136 0.452 
2.5 —0.993 2.673 0.595 
3 —1.308 3.086 0.712 
5 —2.259 4.179 1.041 
10 —3.615 5.595 | — 











To calculate the flow lines shown in Fig. 2 we divide Eq. (77) by Eq. (78) 
so as to eliminate dt. Integration then gives 


In cos 6 = f (Ry/R,) (dr/r) (81) 
where r, is the minimum value of r, at x = 0 (6 = 0°). 
To evaluate this integral we introduce an auxiliary variable E defined by 


dE/de = 2/e+(R,/R,)/(1+e) (82) 
where 
e=r1/a—l. (83) 


For small values of ¢ the functions R,, R,, and E can be expressed as series 
in powers of e: 


R, = —2e*[1—(5/3)e-+(9/4)e*—(14/6)®-+(20/6)e* ... ] (84) 
Ry = 2e[2—(4/2)e+(7/3)e?—(11/4)e2-+(16/5)e* ... ] (85) 
E = (2/3)e—(13/36)e* +0.259e*—0.207¢t... (86) 


For large values of ¢ where these series do not converge rapidly, E was 
obtained by numerical integration of Eq. (82) using Simpson’s Rule. In terms 
of this variable FE, Eq. (81) reduces to 


cos 6 = (€,/e)? exp (E—E,). (87) 
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This equation enables us to calculate @ for any given value of r if we have 
selected a value of r, at 6 = 0°. 

To calculate the actual velocities of smoke particles as they pass close to 
the surface of a cylindrical fiber in a filter we need to know the coefficient C 
in Eqs. (77) and (78). Lamb shows that C is not strictly proportional to the 
velocity v of the ambient gas, but depends also upon Ine(n/avg). The presence 
of other cylinders within distances comparable to 7/vo must have a marked 
effect upon C, but unless those other cylinders are very close the motion of 
the gas near the suiface cf each cylinder should be approximately in accord 
with equations (77) and (78), if we choose the proper value of C. 

The flow resistance of a filter consisting of parallel fibers must depend 
on the velocity gradients in the gas at the surfaces of the fibers. Thus if we 
know the resistance we should be able to calculate C. 

Eq. (78) gives the tangential component of the velocity. By differentiation 
with respect to r we get the velocity gradient. The maximum velocity gradient 
occurs at the surface of the cylinder at 6 = 0°. Its value which we shall denote 
by G is 

G =4C/a. (88) 


At other points on the surface the gradient varies in proportion to cos 0. 
The total frictional force (component in x-direction) exerted by the gas per 
unit of length of the cylinder is thus 


+2/2 
f = 2nGa f cos" -d0 = anGa = 4anC. (89) 

aia 
According to Eq. (49) the total length L cf the fibers per unit volume of 
filter is B/nrF*. The pressure drop P through the filter of thickness b is therefore 


P = Lof = 4nBbC/r_ 
or solving for C, C = Pry/4nfb. (90) 


Thus if we measure or calculate the pressure drop P through a filter and we 
know the space filling factor 8 and the fiber radius r, we can determine C from 
this equation and can then calculate the velocity distribution near the fibers 
by Eqs. (77) and (78). 


Filtration by Interception of Large Particles 

In our preliminary analysis cf the mechanism of filtration it was shown 
that direct interception of a large smoke particle occurs if the flow line initially 
associated with the particle passes within a distance r, of the surface of a fiber 
where r, is the radius of the smoke particle. 

According to Eq. (78) the tangential velocity of the gas that passes close 
to a fiber, which is placed transversely to the gas current, is CR, for 6 = 0. 
Per unit of length of the fiber the amount of gas (cm*/sec) that passes within 
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the minimum distance 7,—a@ or &@ of the surface of the fiber at @=0 is 
F,= 2C f Redr = 2C[—(r3—a?)/r, +215 In (r,/a)]. (91) 


Expressed as a series in &), defined by Eq. (83), this becomes 
F, = 2Cae[1/(1+€,)+1—(1/3) eo +(1/6)e8—(1/10)e8+(1/15)ef ...] (92) 
Let us now consider a filter made up of fibers lying with their axes parallel 
to the surface of the filter. In any thin layer of thickness db and of unit area 
the total length of the fibers is Ldb. Let n be the concentration of particles 
in the smoke that enters this layer. The total number of particles per unit 
area per second passing through this layer is nv,, where v, is the average velocity 
of the gas. If all the particles initially associated with flow lines that pass within 
the distance e,a of a fiber are caught then the decrease in the particle con- 
centration in passing through the layer db is 


—v, dn = nF,Ldb (93) 


where F, is given by Eq. (91) or (92). 
Differentiation of Eq. (2) gives 


dinn = —dy. (94) 
By comparison with Eq. (93) we have 
v, dy = F,Ldb. (95) 


If the fibers in successive layers are out of step with one another or are 
randomly distributed we may take F, and L as constant and thus by integration 
of Eq. (95) we obtain for the filtering action of the filter 


y = F,Lb/e,. (96) 
Let us now apply this equation to calculate the filtering action of a filter 


for large spherical smoke particles of radius 7,. If we let r, be the radius of 
the fibers of the filter we have in Eq. (92) 


a=r, and €=7,/rp. (97) 
Introducing the value of C from Eq. (90) and L from (49) we then have 
y = (Pr/anre?,) [1— (2/3) €o+ (7/12) 5 «--] (98) 


If the pressure drop P is compared to the absolute pressure p so that p, = p 
in Eq. (24) then from Eq. (1) we have 


P = ARo, (99) 


where P is the flow resistance of the filter or AR is the specific surface resist- 
ance. Combining this with Eq. (48) we have 


y = (ARP /renry) [1—(2/3)€0-+ (7/12) «J (100) 
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Filtration by Diffusion of Small Particles 
Very small smoke particles gradually diffuse away from the flow lines in 
the gas initially associated with them. The net mean square distance to which 
the particle moves in time ¢ is according to Eq. (50) 
x? = 2Dt. (101) 


However, in general a particle which has reached a distance x in time t has 
at times been at distances greater than x from its origin. We wish to estimate 
the number of particles which reach the surface of the fiber (only once!) from 
the smoke which is passing the fiber. It is theoretically possible and perhaps 
practicable (but difficult) to solve the partial differential equations for the 
diffusion in the moving gas near a cylinder and so calculate exactly the number 
of smoke particles that reach the surface and are caught. However, for our 
purposes an approximate solution will suffice. To form a clearer concept 
of the factors involved let us first consider an elementary diffusion problem. 

A large volume of smoke containing initially n, particles per cm® is brought 
at time t = 0 into contact with a plane surface. The number of particles per 
cm? that reach the surface within the time ¢ is then 

o = 2n,(Dt/x)"? particles cm~* (102) 
and this number of particles was originally contained in a layer of thickness x 
given by 
x = (4Dt/n)"2. (103) 
This distance is about 80 per cent of that given by Eq. (101). 

The smoke that passes near a fiber along the flow lines shown in Fig. 2 
does not stay in contact with the fiber for a definite time. We may however, 
calculate the time that it takes to pass from any point P, to another point P, 
thru the point P, which lies at the minimum distance OP, = 7, from the 
axis. By proper choice of P,, P;, and P,, we may take x = ae, as the ‘‘effective” 
minimum distance for the layer from which the particles diffuse and the time 
of passage from P, to P, as the ‘‘effective” time during which this diffusion 
occurs. This distance and this time will then be related by an equation like 
(103). Any uncertainty in the determination of the effective distance and time 
will produce merely an uncertainty in the numerical coefficient in Eq. (103). 

The particular points P, and P, selected for illustration in Fig. 2 correspond 
to 6 = +45°, and 7,/a = 2, or e) = 1. In this case the value of the exponential 
factor in Eq. (87) is 1.072 and ¢/e, is 1.23. For applications of our equations 
under conditions actually met in filters we shall need to consider only rather 
small values of ¢) and ¢. We may then neglect the exponential factor in Eq. (87) 
and may take only the first order terms in Eqs. (84) and (85). The velocities 
in the gas near the surface of the cylinder according to Eqs. (77) and 78) are 
then given by 

ade/dt = —2Cé* sin 6 (104) 
ad6/dt = +4Ce cos 0 (105) 
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and the equation of the flow line is 
& = &4(sec 6)", (106) 


For 6 = 45° this gives « = 1.189e, and for 0 = 60°, « = 1.41ep. 
A series expansion for Eq. (106) yields 


&/€) = 1+-(1/4)6*+(7/96)64+-0.0181 6°+ ... (107) 
- (€/€o)® = 1+(1/2)6?+-(5/24)64+0.0847 6+ ... (108) 
The mean value of (¢/e))* over the range from 0° to 6 is 
(€/€o)* = 1+(1/6)0?+(1/24)64+0.0121 6° ... (109) 
For 6 = 60° this root-mean-square value is 
Em = 1.120 e 9. (110) 


Let us now calculate the time ¢ needed for a particle to move along a flow 
line from —0 to +6. In Eq. (105) we introduce the value of e from Eq. (106) 
and obtain 

dt = (a/4Céq) (cos 6)-¥? dé. (111) 


A series expansion of (cos 6)? gives again the series of Eq. (107). Integra- 
tion between —6 and +6 gives: 


t = (a0/2Ce) [1+(1/12)6*+ (7/480) 64+-0.00266°]. (112) 
For 6 = +60 this becomes 
t = 0.556a/Cey. (113) 
The root-mean-square distance of the moving particle from the surface 
during this time ¢ is according to Eq. (110) 


x = 1.120e)a. (114) 


It should be noted that both ¢ and x depend on our choice of ¢9. If we intro- 
duce these values of x and t into Eq. (103) we obtain an equation which can 
be solved for ¢ giving 

& = 0.56D/Ca. a (115) 

If we take a value of ¢, much larger than that given by Eq. (115) we should 
have a shorter time ¢ and a greater distance x and thus by Eq. (103) there 
would not be time enough for particles in the thicker layer bounded by this 
flow line to diffuse to the cylinder. Similarly if e, is too small particles even 
from outside the selected layer will have had time to diffuse to the cylinder. 
We may thus take the value of e9@ calculated from Eq. (115) to represent the 
effective thickness of the layer from which the smoke particles diffuse to the 
cylinder. The value of the coefficient in Eq. (115) must be regarded as a rough 
approximation to the true value that might be given by a rigorous treatment 
of the diffusion problem in the moving gas. It is unlikely, however, that the 
value 0.56 is in error by more than +20°/,. The coefficient should be constant 
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for small values of ¢9, but when terms involving higher orders of ¢ in Eqs. (84) 
and (85) can no longer be neglected it is to be expected that the coefficient 
will undergo some change. In problems of filtration such high order terms 
are probably unimportant. 

Introduction of the value of C from Eq. (90) into Eq. (115) gives 


(€9a)® = 2.24n Dpb/P. (116) 


The quantity e9@ is the effective thickness of the layer of smoke (at 6 = 0) 
from which smoke particles have been removed by diffusion to the surface 
of the fiber. In our theory of filtration the distance ea should here play the 
same role as the distance 7, in our previous theory of filtration by direct inter- 
ception. Therefore in Eq. (100) we may substitute 2,4 = e97, in place of 7, 
and obtain for the filtering action 


y = er, AR/nn. (117) 


Here the higher order terms in the series of Eq. (100) have been omitted since 
in the derivation of Eq. (115) we have considered only first order terms. Eqs. 
(115) and (117) thus enable us to calculate the filtering action for very fine 
smoke particles having radii very small compared to e9a as given by Eq. (116). 


Combined Effect of Interception and Diffusion 

To apply our theory of diffusion to spherical particles of radius r,, we need 
only assume that any particle is caught if its center comes within a distance r, 
from the surface of the cylindrical fiber. Thus to calculate the effective diffusion 
distance x, to be used in Eq. (103), we should modify Eq. (114) by replacing 
&)a@ by e9a—r,. The quantity (e)a)* in Eqs. (116) and (115) must therefore 
be replaced by e9a(e,a—r,)*. In place of Eq. (116) we therefore obtain 


&o(€o—1,/7,)* = 2.24anDBb/r2P (118) 


where a is a numerical factor presumably close to unity, that allows for the 
approximations or inaccuracies in our theory. Lack of uniformity in the shape 
or distribution of the fibers may also produce effects that can be taken into 
account by changing the value of a. 

Equations (117) and (118) contain a general solution of our problem of 
filtration. Thus experimental determinations of the filtering action y and 
the flow resistance AR of a filter having cylindrical fibers of known radius 
r, enables us to calculate e, by Eq. (117). When this is substituted into Eq. 
(118) together with experimentally determined values of 7,, 5 and P and values 
of D from Table VIII we can calculate a. If our theory is complete a should 
be close to unity and constant for any given type of filter. 

Conversely if we can from previous experience assume a value of a we 
can calculate 9 by solution of the cubic equation (118) and then with this 
value can obtain y by Eq. (117). 
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Effect of Slip 

Kundt and Warburg? in a study of the viscosity of gases at low temperatures 
showed experimentally and theoretically that there is a certain apparent slipping 
of the gas along a surface. The thickness of the layer in which this slip occurs 
is approximately equal to 4 the free-path of the gas molecules. Smoluchowski 
studied a corresponding temperature drop at the surface in case heat flows. 
Langmuir? showed that in diffusion to or from a surface there is an analogous 
concentration drop at the surface. 

For the case of laminar viscous flow near a solid surface the velocity at 
any distance x from the surface is 

v = (dv/dx),(x+0.68A) (119) 

where 4 is the mean free-path defined by Eq. (70) and (dv/dx), is the velocity 
gradient close to the surface (but at a distance x greater than 4). Taking into 
account this slip, Eqs. (78) and (80) for the tangential velocity close to a fiber, 
should be modified by replacing a the radius of the fiber, by a+0.684. This 
correction would also effect Eq. (118). A similar modification would be pro- 
duced in the value of F,, Eq. (92), and A by Eq. (117). With these changes 
the equations become 


(€9+¢A) (€9-—€,)*? = 2.24 anDBb/r2P (120) 
¥ = (rAR/nn) 0(&0+2¢,) (121) 
where 
=n /tr (122) 
and 
& = 0.684/r, = 0.9 10-5/r;. (123) 


The discontinuous drop in the concentration of the smoke particles close 
to the surface of the fiber may be taken to be equal (in analogy with the slip 
in Eq. 119) to the normal drop in a distance 0.684. If this free path A for the 
smoke particles were the same as that of air molecules an analysis shows that 
the effect of the concentration drop would just balance the effect of the slip 
so that ¢, in Eqs. (120) and (121) would drop out leaving us the uncorrected 
equations (117) and (118). However, our discussion of Eq. (67) showed that 
the effective freé path of smoke particles (of radius 10-4 cm) is 2x 10-* cm 
which is only about 1/6 of the free path of air molecules. For this reason we 
shall neglect the effect of the concentration drop and use Eqs. (120) and (121) 
in our further discussion of filtration. 


Calculation of Filtering Action y 

Eqs. (120) and (121) contain the general solution of our problem of filtra- 
tion. However, they are not in a convenient form for showing the many 
variables that characterize filters and define the conditions under which 
they are used. 


1 Pogg. Ann. 156, 177 (1875). 
2 I. Langmuir, ¥. Am. Chem. Soc. 37, 426 (1915). 
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For the applications we shall make we may put 7 = 1.81 10-4 cgs. units 
for air at 20°C and eliminate e, and eA by Eqs. (122) and (123). 


P/apb = 4.05 x 10-4D/(e97p-+9 X 10-*) (eg7,—1,)?, (124) 

and 
rpy/AR = 1760 e97p(€97p +18 x 10-*). (125) 
Since Eq. (124) is a cubic equation with respect to e, it is not convenient 


to eliminate this auxiliary variable. 
Table X contains values of P/afb and r,y/AR for selected values of E97; 


and r;. 
TasLe X 


Functions ryy/AR and P/aBb in the Theory of Filtration of Smoke (based on 
n = 1.81X10-4 for air at 20°C) 




















10-*P/a b 
éorF 10° rFy . 
micron AR 7, in microns: 
0.1 0.15 0.20 0.25 0.30 | 0.35 | 0.40 | 0.50 
0.15 | 0.87 | 1490 
0.20 1.34 | 309 687 | | | 
0.25 | 1.89 | 117 146.5 | 398 | 
0.30 | 2,54 57.5 | 56.7 86.5 | 261 | 
035 | 3.26 | 326 | 28.2 341 57.9 | 186 
040 | 409 | 203 | 16.2 17.2 23.1 41.6 |138 
0.45 | 4.99 13.5 | 10.2 10.0 11.8 168 | 31.4 |107 
0.50 | 5.99 9.48 | 6.89 6.36 6.90 3.65 | 128| 244 
0.55 | 7.08 6.90 | 4.86 4.30 4.42 5.10 | 6.61| 10.0 | 70.0 
0.60 | 8.24 5.18 | 3.56 3.06 3.01 3.28 | 3.92| 5.23) 16.2 
0.65 | 9.50 4.00 | 2.69 2.26 2.15 2.25 | 2.54) 3.12) 6.74 


























0.70 10.84 3.14 2.08 1.71 1.59 1.61 1.75| 2.03! 3.54 
1 ' 





The data of Table X enables us to test theory of filtration by direct com- 
parison with experimental data using a filter constructed of fiber glass where 
the fiber radius r, and the space filling factor B are known. If we now measure 
the specific surface resistance AR = P/v and determine the filtering action y 
(equal to In (yy) according to Eq. (2) we can calculate the function (10*7;y/AR) 
in the second column of Table X. For a smoke of measured particle size the 
table then gives P/afb. By comparing this with the actual pressure drop P, 
thickness 5 and space filling factor 8 we can then calculate the factor a. If our 
theory is correct and applicable we should find a to be of the order of unity 
and reasonably constant when pressure P or particle size 7, is altered. In a later 
section we shall give the results of this test of the theory. 
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Fig. 3 gives a double logarithmic plot of P/afb as a function r,y/AR, for 
each value of r,, from the data of Table X. It should be noted that in each 
horizontal line of Table X, P/afb falls to a minimum at a certain value of r,. 
Fig. 3 shows that for any given value of P/afb, r,y/AR. has a minimum value 
at an optimum smoke particle size r, which corresponds to the smoke having 
the greatest penetrating power for the given filter. 

We may examine more closely these optimum conditions, which correspond 
to the envelope of the family of curves of Fig. 3, by differentiating Eq. (120) 
and imposing the condition de,/dr, = 0. The minimum value of y thus occurs 
when 

€o/€, = (N+2)/N (126) 
where N is defined by 

= —dlogD/d logr,, (127) 
D being the diffusion coefficient as given in Table VIII. The 2nd column 
of Table XI gives the values of N obtained from applying Eq. (127) to Eqs. 
(71), (69) and (70). The values of €57,, which is equal to T,(€,/e,), were calculated 
from Eq. (126) and are given in Col. 3. The two functions P/afb and r,y/AR 
in cols. 4 and 5 were then calculated from ég7, and r, by Eqs. (124) and (125). 


Tasie XI 


Data for Filtration of a Smoke having Particles of Optimum size, t.e., which 
give the greatest penetration 






































1 2 | 3 4 5 6 7 8 
* 10-P | tomy | @/BN | GiBymBy | (alByMA 
Ts fo Tr palit 14 gr pe ge 
afb AR microns cm? cm* 
| 
o1 | 4151 | 0.232 | 165 1.68 1.53 5.52 266 
0.15 | 1.38 | 0.367 | 23.2 3.54 3.77 45.9 311 
0.20 | 1.30 | 0.507 6.00 6.14 711 19.3 338 
0.25} 1.25 | 0.650 245 9.50 11.7 567 353 
0.30 | 1.22 | 0.794 0.95 13.62 18.6 1330 368 
0.40 | 1.17 1.08 0.26 24.1 31.9 5050 386 
0.50 | 114 | 1.38 0.10 37.6 51.0 13700 396 
| 





It is seen that the optimum particle size decreases as the pressure P increases. 
A double-logarithmic plot of P against 7, gives a nearly straight line having 
a slope —0.22, i.e. the optimum particle radius varies in proportion to 1/r?”. 

The data of Col. 5 of Table XI plotted in Fig. 3 as a function of P/aBb 
(Col. 4) gives the envelope which is nearly straight with a slope of —0.43 i.e. 
the filtering action y varies in proportion to v-°4 when the optimum con- 
ditions prevail. 
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Application of Filtration Theory to the Design of a Filter which is to Meet Given 
Specifications 

The foregoing theory of filtration is based on the assumption that our 
filtering material consists of uniform cylindrical fibers (radius r,) uniformly 
distributed with their axes parallel to the surface of the filter bed. The frac- 
tion, 8, of the volume occupied by the fibers is a characteristic property of 
the filter material. 

When a given material is used for constructing a filter a definite choice 
of dimensions must be made, i.e. the area A and the thickness 5b must be fixed. 
In the operation of the filter the pressure drop P can be varied at will. 

With this large number of variables it becomes a rather complicated problem 
to determine the relative merits of different filtering materials. 

We may greatly reduce the number of variables that need be considered 
if we adopt standard specifications for the filter. The Service Canister used 
by the U.S. Army is required to have a pressure drop P equivalent to a head 
of 3.5 cm of water (3430 dynes/cm*) when 85 liters per minute of air is passing 
(i.e. F = 1417 cm/sec). To be satisfactory the filter must reduce the number 
of smoke particles of a given radius 7, by a ratio n/n, =In(—y). The speci- 
fications thus call for a definite value of y. 

To design a filter which will meet these specifications (P, F, y and r,) 
using a material characterized by r, and # will require the proper choice of 
dimensions A and b. Whether or not the resulting filter is satisfactory will 
depend largely upon the values of A and 6 that are found. In general neither A 
nor 6 in itself will be decisive, but the volume (V = AB) must not exceed 
a reasonable limit. For example, in the present Service Canister the volume 
of the filtering material is about 200 cm*. 

A material which would permit the construction of a filter meeting the 
standard with a volume of say V = 50 cm® would obviously be more satis- 
factory. With such a material it would be possible either to use a smaller amount 
of material or it would be possible to design a filter having a lower pressure 
drop P than 3.5 cm of water at the standard rate of flow. 

Let us therefore, provisionally, set ourselves the problem of determining 
the volume V and the area A of a filter which will meet certain standard speci- 
fications defined by chosen values of P, F, y, and 7,. For this purpose we 
need to replace the functions tabulated in Table X and XI and plotted in Fig. 3 
by others from which R and b have been eliminated. 

Our filter resistance theory, Eq. (46), gives for the specific resistance, 
AR/b, (an intrinsic property of the filter material) the value 

AR/b = 4BnBO/r3. (128) 

The definition of flow resistance R, Eq. (24), gives (when the pressure 

drop P is only a very small fraction of one atmosphere): 


R= P/F. (129) 
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The volume V is: 


AP #P 
FB VP 
V = Ab. (130) 
Eqs. (128) and (130) can be solved for 6 and A giving 
b = 1,(VP/4BnpOF)}", (131) 
and 
A = (4BnpOFV/P)"2/r,. (132) 


By combining the functions (r,y/AR) and (P/afb) of Tables X and XI 
in various ways we can obtain functions which contain only r;, V and A: 
and quantitites a, B, and # that characterize the filter material: 


(a/BY*r,/@*8 = [(4nP/y) (rp7/AR)/P/apb)}, (133) 

: (a/B)-8 4/48 = [(4nF%*/P2)/(rpy/AR)(P/apb)}*, (134) 
an: 

a(a/B)*BV/¥ = [4nPF*4/(r,y/AR)(P/opb)'P, —* (135) 


These equations reduce to identities if we introduce the values of R, b 
and A given by Eqs. (129), (131) and (132). They may be used to calculate r;, 
V and A in terms of the function already tabulated and the standard values 
of P, F and y». 


Standard Filter Specifications 
We shall adopt 
P = 3430 dynes/cm* (3.5 cm of water) 
F = 1417 cm*/sec (85 liters per min) 
y = 7.06 which corresponds by Eq. (2) to n/n = 1163. 
This value of y was chosen as a result of experiments we made to measure 
y for ten layers of the impregnated paper used in the Service Canister with 
an oleic acid smoke having particles of r, = 0.25 microns radius. 
With these standard values the coefficients in Eqs. (133), (135) and (134) 
are (in cgs units): 


(4nP/y)* = 0.7044 (136) 
4nPF*y* = 7045 (137) 
4nF*2/P? = 2.059. (138) 


The last three columns of Table XI give the values of the three functions 
calculated from the data of Cols. (4) and (5) by Eqs. (133), (135) and (134) 
using the foregoing numerical values of the function containing P, F and y. 
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